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The elasto-plastic contact problem with an unknown contact domain (UCD) has attracted mathematicians,
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mechanics and engineers for decades. So, the problem of determining the stresses in the UCD is very important
nowadays in terms of engineering and applied mathematics. To improve the finite element model, the
remeshing algorithm is used for the considered indentation problem. The algorithm allows the determination of

the UCD at each step of the indentation with high accuracy. This paper presents the analysis and numerical
solution of the boundary value problem for the Lame system, and the modeling of the contact problem for rigid
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Introduction

The mathematical model of many engineering
problems is expressed by undetermined bounded elliptic
equations [1-3]. The most important feature of such
problems is that some of the boundary conditions are
given in the form of inequalities. Therefore, the general
solution of the boundary problem satisfies not the integral
identity but the integral inequality called the variational
inequality [3]. Since the boundary conditions are in the
form of inequalities, the generalized solution of the
problem is sought in a closed convex subset of this space,
not in any subspace of the Sobolev space. The solution of
the equilibrium problem of an elastic body in any closed
convex set (displacement set) was studied by the Italian
mathematician Antonio Signorini in 1933 by bringing the
functional to the minimization problem [4]. His study
contributed greatly to the analysis of the boundary value
problems of the elasticity theory in terms of variational
inequalities. The variational inequalities of the elasticity
theory were examined mathematically in G. Fichera's
monograph [5], and then, the theory of variational
inequalities was investigated by G. Duvaut, J.L. Lions [2],
D. Kinderlehrerand, G. Stampacchia [3], J.L. Lions [6] and
other authors. The extensive analysis of the numerical
solutions of variational inequalities with undetermined
bounded was given in various studies in the literature [1,7-
9]. However, in all studies, when a numerical solution was
found, a static mesh was used. That is, the indeterminate
part of the boundary (contact domain) would be
considered between the points of the static mesh. One of
the most important difficulties of the problem is to
determine the boundaries of the contact domain. The

materials. By using barycentric coordinates, the finite difference approximation of the mathematical model of
the deformation problem with undetermined bounded is obtained and the relations between the finite
elements and finite differences are investigated.

Keywords: Barycentric coordinates, Finite Difference, Finite Element Method, Lame Equations.

behavior of the solution at the boundary nodes for
undetermined bounded elliptic equations was
investigated previously [10]. The obtained results
revealed the need to use adaptive (quasi/local-static)
meshes in the solution of indeterminate bounded
problems [11]. Weng P. et al. considered the elastic
deformation of the indenter [12] in the contact process to
establish a more accurate elastic-plastic transition model.

This study presents the processes of obtaining the
numerical approximation of the variational inequality
related to an elasto-plastic plane contact problem and its
numerical solution. The main aims of the study were to
obtain the finite difference approximation of the
mathematical model of the deformation problem with
undetermined bounded by using barycentric coordinates
and investigate the relation between the finite elements
and finite differences. The boundary value problem for
the Lame system is detailed, and its variational
formulation is given in Section 2. The local stiffness matrix
(LSM) obtained by using barycentric coordinates and the
finite difference equation (FDE) at any point obtained
using the LSM are presented in Sections 3 and 4,
respectively. Finally, the numerical solutions are
presented, and the relations between the finite elements
and finite differences are given in Section 5.

Materials and Methods

Formulation
In the case of plane deformation, the equilibrium
problem of the object deformed by the effect of a rigid
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punch is modeled mathematically with the boundary filled by the rigid body in the Oxy plane (Figure 1). The
value problem for the Lame equation: contact domain of the rigid body with the punch is at the

—(A+ wgraddivu — pdu = F, (x,y) €2 c R2 (1) Ynknown boundary r,= {(x,y)| 0<x<a, y= 0} ,

where a is an uncertain constant, and the boundary of
the contact domain is denoted by I, .
X Supposing that the material deforms as much as a >0
through the Oy axis when it is compressed by the punch

under the effect of any force P, that is, the maximal
displacement of the apex of the punch is &, in case the
§ s T, ‘. cross-section of the punch is y=¢@(x), the contact

y ~ "y domain of the material with the punch will be
! ]:cz{(x,y)|OSxSa, y=—a+<0(X)}-

The components of the stress tensors are

e, o; =/1div(u)+2y2—zj, ot =u[%+%},
Ly iL,j=12.
Figure 1. Geometry of the spherical indentation. while the components of the deformation tensors are
1| ou, Ou
u,(s)<@(s), o,(u)<0, o,(u)=0, %75 §j+ ox, |
[uz (s)—go(s)]022 (u) =0 , sely; @ The Lame constants A and g are defined as follows:
e Bv. B
O'U(u)n‘/.zfi, i,j=12, (1+v)(1-2v) 2(1+v)
u S)E(MI(S),ZIZ (S))zO, seFu; ) Here, E is the modulus of elasticity, and v is the

Poisson’s constant. The Lame constants A and u are

non-linear in the case of plastic deformation, and they are
O (“) =0, u (S) =0, sel. (4)  defined depending on displacements as follows:

i=1 +§uw(eu W), fi=u[1-ole,w))]

where @(e,) is the function that characterizes the

Here, let ') ={(x,y)| O0<x<(_,y =O},

r, ={(x,y)|0£x<fx,y=—fy},
r, ={(x,y)|x=€x,—£y <y<0} and

plasticity case [13]:

d
0<a)(eu)<m<l, e, >e,
e

I, z{(an’)|x=0,—fy <y<0} be the boundaries of )0 de, 3
w(e,)=0, e, <e,.

u

the rectangular region
Q={(xy)0<x<l,,~f,<y<0, .0, >0}

Here, ¢, is the elastic limit, and the intensity of deformation is

e,(u) = g{(é‘“(u) — £, ()’ + (8 (1) — £33 (1)) + (£33 (u) — &, ()" +6[ &y () + & () + &3, (u)]}% .

When @(e,) =0 corresponding to the elastic case, even though Equation (1) is linear, the fact that the contact domain
is not certain causes the problem to be non-linear.

Variational Formulation
It is known from the variational principle that the solution of problem (1) is minimized by the following functional:

J(u)z%a(u,u)—b(u) s)
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where the bilinear and the linear parts of functional (5) are as follows, respectively:

a(u,v)z” Adivudivv+2u %%-‘r%% +u %Jr% %-ﬁ-% dxdy,
o ox Ox Oy Oy ox oy Jlox oy

(©)
b(v)z”F;vids-i- J'fl.vids, i=1,2.
Q r,

So, the problem turns into a minimization problem duel J(u)zmin](u) in the set
velV

V= {v eH' (Q)‘ v(s) =0,sel;v, (s) < (o(s), S € FO} . When the problem is being solved, the contact domain

I', is determined as in the study by A.A. llyushin [13]. Since the contact region is assumed to be certain at each step,

the inequalities in the boundary conditions turn into equalities, and the problem becomes linear.

Obtaining Local Stiffness Matrix by Using Barycentric Coordinates

Suppose that the region Q in which the problem is defined is divided into quadrilateral finite elements. In this case,
we define the equal-step mesh as follows:

D ={{(xi,yj)

In the quadrilateral finite elements, the barycentric coordinates are equal to the form function, which is the

X, =x +h, Vin =Y, +T,(xl,yl)z(O,—Ky),(xN,yM)=(€x,0),i=1,N—1,j=1,M—1}.

projection of the Lagrange basis function &, (x,y) on the finite element ¢, = {(x,y)|xm <x<x,,,y,<y< yn+l},

and it can be defined as

L(xy)=¢&(xy) . g=1234. (7)

emn

Since this form function is the same as the barycentric coordinates in the quadrilateral finite element, it can be
written in general with single indices as follows [14-15]:
a,+bx+c,y+dxy

L (x,y)= S , q=1234. 8)

Here, ¢ is the local number of the vertices of the finite quadrilateral element e (from down to up and from left
to right), and § is the area of this finite element. It is ascertained that
A =X b, = Vi G =X d =1
Ay =X b, =7V G =X d, =-1

, ©)
a3 =X )i b, =V G =X, dy =-1;

ay =Xy, b4=_y_," ¢, =-x, d, =1

for the finite quadrilateral elements ef/, since the components of the local stiffness matrix corresponding to the finite

element % are calculated with the help of the bilinear form a(u,v),
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oL, oL, oL, oL,

4, (LP’Lq): I (ﬂ+2ﬂ)§§+ﬂgg}dxdy ;

OL_ OL OL_ OL
a),(L,.L,) = [[{A—=L—L + p—L—* bdxdy
S, Oox 0Oy oy O
OL_ OL OL_ OL (10
3 _ .
@y (Lp’Lq)_gn:[{/l 5‘;6_): H 8xp —q}dxdy,
OL_ OL OL_ OL
4 _ y
a,, (LP’L(’)_;‘;-H(A—FZ'L[)@_;#JF'U 6xp a—x"}dxdy.
Given that
0 b +d.y 0 c.+dx .
—L = —L =+t =1,2,3,4.
ax l(x’y) S 5 ay ,(xsy) S s L 9 &9~y

The expressions for the components of the local stiffness matrix are obtained as follows:

a’l" (Lp ’Lq) = h_g%{(ﬁ“ + 2/“)[6bpbq + 3(bpdq + qup )(y./'+l + y./’ ) + 2dpdq (y.iﬂ + y/+1y/ + y./2' )]

,u[6cpcq + 3(cpdq +ed, )(xH1 +x,)+2d,d, (xA2 + X, + X )J} ,

i+l i

afn (Lp,Lq)th:%{inpcq +2b,d, (xm +xi)+20qdp (y].+1 +yj)+dpdq (xi+1 +xi)(yj+1 +yj)]

,u[4chp +2¢,d, (yj+1 +yj)+2qup (xH1 +xl.)+dpdq (xH1 erl.)(yj+1 +yj)}},

afn (Lp,Lq)th:%{ﬂqucp +2¢,d, (yj+1 +yj)+2qup ()ci+1 +xi)+dpdq (xi+1 +xi)(yj+1 +yj)]

,u[4bpcq +2b,d, (xl.+1 +x,.)+26qdp (yj+1 +yj)+dpdq (xH1 erl.)(yj+1 +yj)}},

a (Lp,Lq)zh%%{(ﬂ +2,u)[6cpcq +3(cpdq +chp)(xi+1 +x,)+2d,d, (xl.z+1 + XX + X )]
ul6b,b,+3(b,d, +b,d,) (v, +,)+2d,d, (¥ + 7, +y§)]},

where p,g=1,2,3,4.

Finally, considering (9) for any finite element e, , the components of the local stiffness matrix A4 defined as

A, A
aLade 2 3]

are obtained as follows:
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ok T h T h h 7]
—+(A+2u)— —u—+(A+2u)— —— (A —  —u——(A+2u)—
ﬂ3r+( " 'u)3h ﬂ3r+( " 'u)6h 'u6r ( " ﬂ)S 'u6r ( " ,u) h
h T h T h T h T
—u—+(A+2u)— —+(A+2u)— —u——(A — —_—— 2u)—
ﬂ_'u3r+(+ﬂ)6h e G v Rl el e
e T h T h T T
—— (A —  —u——(A+2u)— —+ (A +2u)— —u—+(A+2u)—
a ( " 'U)3h 'u6z' ( " 'u)6h ,u3 +( " ,u)3 H ( " 'u)6h
T h T T T
—u——(A — — (A +2u)— —pu—+(A+2u)— —+(A+2u)—
R G il G vl Cw G il e G v
A+u -A+u A-u _/1+/1_
4 4 4 4
A—u A+u A+u  —A+u
T 4 4 4 4
Az (ﬂﬂ) - “A+tu A+u A+u A-u
4 4 4 4
Atu A-p A+p A+p
L 4 4 4 4 |
s h T h T h T h |
T T h T h T h
—_ 2u)— — 20U)— —u—-— 20)— —u— 2u)—
e oA g (Ae2p) o = (A 2u) o —p (A4 20)
2o T h T h T h T h
—sU—+(A+2u)— —u——(A1+2u)— —+(A+2u)— ——(A+2u)—
H +( " ﬂ) T 'u6h ( " ﬂ)6r 'u3h+( " 'u)3r 'u6h ( " 'u)3r
T h T h T T h
- —— 2u)— —u— 21)— —_ 21)— — 2u)—
gy ) mug A 2u) e = (A 2u) 2 ug (A2 |

Obtaining the Finite Difference Equation (FDE) at Any Point Using the Local Stiffness Matrix

3 (ig+1)
(1), 'f o (i+1,j+1)

Oy
+
GT e(i-l.jl eu.j;
(1) (i), il
(irld) iy | T4
o,
G e(i—l,j—ll e(i.;—la

 (i+11)

(i-1g-1) ® .
(ig-1)

Figure 2. The interlayer finite elements.

In order to obtain the approximating expression of both normal o, and tangential o, components of the stresses,
A; needs to be multiplied by u; and v;, where u, and v, are the displacement vectors on the x-axis and y-axis

directions, respectively. Then, the results of these multiplications need to be summed up.

0 0
Firstly, the normal component of the stresses o, =0,, = (/1+2,u)a—v+/l—u has to be obtained. For the sake of
v

simplicity, the top and bottom parts are considered separately in Figure 2. For this purpose, the FDE for the stress
340
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tensors o, =0, +0, is obtained in the normal direction by processing the relevant lines of the local stiffness matrix
A and grouping them according to the displacement vectors u and v. So, to obtain the FDE of &, the 6" and 8" lines

of the local stiffness matrix 4 have to be multiplied by unknown vectors belonging to each finite element e

i and
€, 11, respectively (Figure 3).
(i-1j) (i) (i+ly)
e(i-l,j-l) e(id-l)
L) (gD (#14D)

Figure 3. The bottom parts of interlayer finite elements.

Here, the unknown vectors U, vy belonging to the finite elements e, . ,
as follows:

€

and e, ; , onthe nodal points (x,,y,) are

i1 (ui—l,j—ﬂ Wi Wi Wiio Vicj-s Vicnj Vij-1o Vi,j)

’
€ = (ui,j—19 Wi Wi Wi Vi Vi Vienj-to Vi+1,j)

Then, the results of these multiplications have to be summed up, and o, is obtained as follows:

Oy = Am“i,j—l + A62ui,j + A63ui+1,j—1 + A64ui+l,j + Assvi,j—l + A66vi,j + A67vi+1,j—1 + A68vi+l,j

+ AXlui—l,j—l + AXZui—l,j + A83”i,j—1 + A84”i,j + A85vi—l,j—l + A86vi—l,j + A87vi,j—1 + A88vi,j

iy (/'t n Z,U)V(;’j) +/1u£i,j) _ 1 (/1+,u)u£;j) _T%(V(i,m) +2vg_’j))+h2 (;L + 2/“) N

T 5 X X

Similarly, in order to obtain the FDE of o, the relevant lines (5 and 7*") of the local stiffness matrix 4 have to be
multiplied by unknown vectors for the finite elements e and I respectively (Figure 4).

(i-1,j+1) (ij+1) (it+1,j+1)

C (i-1) c (ig)

(i-1d) (i) (i14)

Figure 4. The top parts of interlayer finite elements.

(ui—l,j> Wi et Wijo Wiias Vicyjs Vienjeo Vigjo Vi,j+1)

Cj = (ui,j’ Wi Wign i Wi jes Vijo Vi Vienj» Vi+1,j+l)

Then, the results of these multiplications have to be summed up as above, and o, is obtained as follows:
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.
oy =451, ; + Agu; o+ Agu,,, A,

i,j+1 i+, i+1,j+1

+ Apu, T A, e T A73” + A, gnt A5V,

+ A5, + Asgvi

11/+A76V

+ AV, + Ay,

i+l,j+1

+ A4,V +A78v

i-1,j+1 i,j+1

2 .
=—h{((/1+2,u) (”)+Au(”))+;r(ﬂ+y) (57 )+r/g( o7+ +2v("))+h2(/1+—6'u)vi;’)}

Hence, o, =0, + oy =0 is satisfied for the normal component of the stresses, and

0';,+0';,=h{(/1+2,u) D a0 - ;(/1+,u)u§;")—r

ﬁ(vg’j_l) + 207 ) + 1 —(/1 i Z,u) w)
6\ " = 6

XX

XX

_h{((ﬂﬁtzﬂ) i +,1uz/))+;f(/1+#) )+12‘( NN )*hz(/1+62ﬂ)v(""")}=0.

ou

0
Secondly, the FDE of the tangential component of the stresses o, =0, = y[a—+a—vj is obtained. o, is calculated
Y

X

sothat o, = 0, + 0, , by the same way as o, . In order to obtain the FDE of o, the 2" and 4™ lines of the local stiffness

matrix 4 have to be multiplied by unknown vectors belonging to each finite element ¢,

, and e, respectively.

i-1,j-17

Then, the results of these multiplications have to be summed up, and o is obtained as follows:

A2lul ,Jj-1 +A u' it A23ui+l ,Jj-1 + A24ul+1j + A25vz ,Jj-1
+A41ul -1,j-1 +A42ut L,j +A43ulj 1 +A44u +A45vt -1,j-1

+A4,v.

+A4.v

+A V it A27V 28 Vi+l, )

i+1,j-1

46 "i-1,j +A47vlj 1 +A48vi,j

:h{ ( g/)+v( )) |:h21uuyxx (ﬂ,+2/u)( (.j=1) +2u}(;/)):|_zz_(l+lu)v£;/)}

Likewise, to obtain the FDE of o, , the relevant lines (1%t and 3™) of the local stiffness matrix 4 have to be multiplied

by unknown vectors for ¢;; and e

i-1,j7

+

. is obtained as follows:

Accordingly, o

=4, WUt Ay, gnt Ay, gt Aqu

+ Ay, + Ay,

i+1,j+1

+ A31”z T Ay, 1,j+1 it A5V,

+A5v + AV,

L) + Ay,

respectively, followed by summing up the results of these multiplications.

+ AV J

+ Ay, + Ay,

i,j+1

+ AV,

i,j+1 i+1,j+1

i-1,j+1

:—h{ ( )+v( ) [hZﬂum +T(ﬂ+2ﬂ)(2”g€j)+”$'/+1))}+5T(l+y)v§;-’)}

Hence, the tangential component of the stresses o, = o, + 0, =0 is satisfied, and

o, +o) = h{,u(ui’?") + ) ) + %[hﬁmi

(ﬂ+2[u)( (l/ 1) +21/!)((:]))}-%T(ﬂ-ﬁ-ﬂ)v&”}—i—

—h{ ( Ayl )) 6[h2yuw +r(ﬂ,+2y)(2u_5;j)+ (””))J+21(/1+y) )}zo.

Numerical Results

The numerical solution of the problem is obtained
using barycentric coordinates for the quadrilateral finite
elements. The size mesh N xN, as N =50 and

N, =21s considered in the rectangular region Q to
obtain the numerical solution. A local adaptive mesh is
used to find the contact area I, with less error, and
therefore, the mesh steps are considered smaller in the

area close to the contact area (number of points in the

contactareais N, =19).

For the numerical experiments, the modules of
elasticity, Poisson’s constant and elasticity limit of these
materials are E=210GPa, v=03 and ¢,=0.027,
respectively. The geometric parameters of the region and
then defined as R=0.2x10"m,

I, =1x10"m that

the punch are

lx=1.5><10’2m, such

@(x) =+ R* —x* . In the case where the punch deforms

the rigid body by a =0.5x10"*m, the initial value of the
contact zone is taken as @, =0.2x10m, and the contact

zone is found as @, =3.1935x107m in seven iterations.
Since the force acting on the punch to deform the rigid
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body by as much as a=0.5x10"m is defined as
Pla]= I oywdx, it be

I'(a)
P(a) =4.953x107 GPa . The values of the stress tensors

o, and o, are calculated in each layer of the mesh

is found to

defined in the region, and it is determined that the

1 e L U O T O S SO RO O S
*
>
¥
~ o
-
ua_m:ul
R
000054 s )
VRO e 686000000 0 0 0 &
0.6
04 [ 7,(0.65)
11(0.65)
74(0)
0.2 w1
0 L & % sa & &
0 0.5 1 1.5

(a)

equilibrium conditions
P (a) =4.9532x107° GPa

P () =4.9584x102GPa ).

The plots of the functions o, and o, atthe top of the

are satisfied (

and

deforming body and the thickness y =0.65 are given in
Figure 5. (a) and (b), respectively ( N} =23).

1 A o B S S B JE S SE S5 SR R N R SN Sk St S 3

08

PR 66656 BEEE0 B0 00000 00 00 B
06 - PR oo O

04l o

a7(0.85)
-,;[u.ss)
v a.(0)
* ay(1)

02

(®)

Figure 5. The plots of the functions (a) oy and (b) o at the top of the deforming body and y=0.65.

09+
08
07t
06 f
051
04
031
02f

01—

0.4 0.6

Figure 6. The distribution of plasticity in the rigid body.

Conclusion

Finite difference equations of the mathematical model
of the elasto-plastic plane contact problem with
undetermined bounded corresponding to the Lame
equation system were obtained by using barycentric
coordinates. Then, the geometric interpretations of the
numerical solution obtained with the help of the prepared
computer program were presented.
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