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Research Article ABSTRACT
In this paper, we derive new identities which are related to some special numbers and generalized harmonic
History numbers H, (&) by using the argument of the generating function given in [3] and comparing the coefficients of
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wheno= , we have the relationship between generalized harmonic numbers and g -Daehee numbers.
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Introduction

In [1], for any @ € Rt and n € N, the generalized Forr =1, D}l = D,, are called Daehee numbers.
harmonic numbers H, () are defined by The Stirling numbers of the first kind S;(n, k) are
defined by
o1
Hy(a) = 0and H,(a) = Z_’ forn > 1. @)) n
= Xt = Z S, (n, k)xk,
k=0

For @ = 1, the usual harmonic numbers are H,,(1) =
H,, and the generating function of H,, () is and the Stirling numbers of the second kind S, (n, k)
are defined by

Z (a)t | (1 —tt)' @ n= E S,(n, k)xk
X n, k)xx,
i k=0 ’

The works of Cauchy numbers of order r C};, Daehee
numbers of order r Dy, ¢ — Changhee numbers Ch,, g,
q — Daehee numbers D,, , are given. Their combinatorial
identities and relations have received much attention [2-
7].

The Cauchy numbers of order r, denoted by CJ, are
defined by the generating function

where xo stands for the falling factorial defined by
x8=1and x2=x(x—1)-(x —n+1). It is known
thatS;(n, k) =0fork >nand S, (n,n) = 1.

The generating function of the Stirling numbers of the
first kind S; (n, k) is given by

ZSl(n,k)ﬁzw,kZO, (5)

= tn t r 4 n! k!
cr—= (—) 13]. 3 n=
Z " nl In(1 +1t) [13] ®)
n=0 and the generating function of the Stirling numbers of

Forr =1, C} = C, are called Cauchy numbers. the second kind S, (n, k) is given by

The Daehee numbers of order r, denoted by D}, are

. . . © tTl et _ 1 k
defined by the generating function z S,(n,k) - _ ( - ) k>0 [10]. 6)
] ! !

iDr ¢_(mato r 11-13 4
"l t [11 = 13]. ) Let |S; (n, k)| be the unsigned Stirling numbers of the
first kind given by
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n

X" = ZISl(n, k)|x*,

k=0

where x™ stands for the rising factorial defined by
2 =1andx®" =x(x+ 1) (x + n—1). It is clear that
S (n, k) = (=" kS, (n, k)| [5].

The generating function of |S; (n, k)| is given by

(o0}

n —1In(1 — k
> lsim ol = TRCZO

n=k

The numbers associated with S;(n, k) are given as
follows: Forn < k,

1S, (k, ke — )|
k—1\
)
and forn > k,

p(n, k) =nlo,(k),

p(nk) =

where g, (x) is the Stirling polynomial [5]. The
generating function of these numbers is
© tn k
Y o= =(—) - %
n=0

It is clearly that p(n, k) = B,Sk)(k) is known as the
classical Bernoulli polynomials of order k [9].

Let p be a fixed odd prime number. Z,, Q,, and C,, will
denote the ring of p — adic integers, the field of p — adic
rational numbers and the completion of the algebraic
closure of Q,,. The p — adic norm |[. |, is normalized by
Ipl, =%. Let g be an indeterminate in C, such that

-1
|1 —ql, <pr-i. The q— extension of number x is

X
defined as [x], = 11—‘2. It is clear that lin}[x]q =x.
Z P

The g — Changhee polynomials Ch,, (x)[4] are
defined by the generating function

Z Chog () o

When x = 0, Ch,4 = Chy,,(0) are called q—
Changhee numbers and when q = 1, Ch,, = Ch,; (0)
are called Changhee numbers.

The q — Daehee polynomials D,, , (x)[7] are defined by

the generating function

t" 1+q

1+ (1 +1t) @+ ®)

i ¢n —-q + l ln(1 +t)
Dn,q (%) =
= n! q qt

In the special case, whenq = 1, D, (x) = D, ;(x) are
called Daehee polynomials and when x = 0, D,, =
D, 4(0) are called ¢ — Daehee numbers.

1+1t)*.(9)

Let f (t) be a generating function (a power series) for
a sequence {4,}, the sequence of coefficients of the

expansion of f(t)" is defined by A(T) where 7 is a fixed
real nonzero number:

[oe]

FO=Y 4 for= Y ars
n=0

n=0

(10)

absolutely convergent in a neighborhood of the origin.
Suppose f(t) has a subsidiary generating function
g(t) so that

f@O=(1+ g®) ", g@"

— Z (n) e (11)

m ml'

lg(®)[<1 and

m=M(n)
where M(n) is a non-negative integer. Note that

8(0) = Siaco a1y 181
In [2], let
M‘l(m)
a(m, k) = (—1)k —Sl(n k) al®, (12)

where M~1(mm) indicates the inverse function of M (in

most cases, it is simply M~1(m) = m). Then
M~1(m)
AD = Z a(m, k)rk,m > 1. (13)
k=1
Also Liu gave the sum as follows:
M~1(m)
) _ A0
AD = Z (7). (14)
i=0

In [3], Kim et. al. gave obvious formula for coefficients
of the expansion of given generating function, when that
function has a suitable form, the coefficients can be
represented by the Daehee numbers of order r and the
Changhee numbers of order r. By the classical method of
comparing the coefficients of the generating function,
some identities related to these numbers were shown. For
example,

n

DI = Z B,(nr)Sl(n,m),

m=0

where B,(lr) are the Bernoulli numbers of order r.

In this paper, we derive new identities which are
related to some special numbers by using the argument of
the generating function given in [2]. For example, for any
positive integer n and any positive real number g # 1,

i+1 D (1 _ q)n
( ) 1nq<Dn‘qW— 1),

n-1
i=0
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and for any positive integersn and r,

i = Z i(—l)k YT o

Some identities with special numbers
In this section, we will give some identities involving generalized harmonic numbers, Cauchy numbers of order r,

q —Changhee numbers and g —Daehee numbers.
Theorem 1. For any positive integer n and any positive real number g > 1, we have

q \_ 1-qr
H, (—q — 1) =Ing (1 — Dn_q —n! 7" .

Proof. From (2) and (9), we have

i i: 1—gq 1-q 1-t In(1-1¢)
( 1) an +
“nl 1-q+qt Ing 1—q+qt 1-—t

1—-gq 1—-q 1-t X
1—q+qt Ing 1—q+qt

1— 1 1- = =
T1- -|C-It+l_1— ft<ZH’ftk+1_sztk>
q+qt Ingl—q+qt\& o

and by Y50, x*k = %, equals to

Z( 1)" t"+—Z( 1)” t”(ZHk Ltk —ZH,J")
Z( ek qu( T t"ZHktk+—Z(— T t"ZHk Lt

n=0

and by some combinatoric operations,

ic—nnnn,q%
Z( 1)"(1_q)n lanZ( e kwﬁi (D s i
e q~
Z(( Va-ar q)" lnqz( V™ q)"nlk>tn

Hence, by comparing the coefficients of t™ above gives

an qn Z( )n+k+1 qk 1
n A-qn lnq A-Qkn—k

Thus, from (1), the desired result is obtained.
Corollary 1. For any positive integer n and any positive real number g # 1, we have

Z( ) =lnq(Dn'q%—1).
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Proof. From Theorem 1, we obtain

(1 _ q)n B n (_1)i(1 _ q)i B n-1 (_1)i(1 _ q)i+1 il
lnq(l—Dn,q n! qn >_; lql - qi+1 (l+1)|t

i=0

_1\n
and by Daehee number D,, = ;l-:-)l n!,

| (1-q)" O (/l-aq\* D,
N\Pna T T4 W

as claimed.
Theorem 2. For any positive integers n and r, we have

p(n,r) = Z Z Z (—1)ktn (r + i B 1) (;{) S,(n,m)Ck.

i=0 m=0 k=0

t

Proof. For f(t) = — by (11) and Binomial theorem, we have

i

P ef-1 i_ i—k (1 e’ -1 '
98 = (ln(l +et-1) 1) - Z () (ln(l + (et - 1))) '

k=0

From (3) and (6), we have
90 = Z (1)K (;{) Z ck (e—tﬂ_l! 1)m
=SS o (Y eksm

n=0 m=0 k=0

and by (11),
n i )
as) = Z Z (=1)i-k+n (;{) cks,(n,m).
m=0 k=0

Note that for integersr > 1andj > 0,
AN (r+j-—1
(-7 e
Then, by (14), we have
n n
+i—1\ (i
A = z Z Z o (TN (1) s.umock.
i=0 m=0 k=0

(7) and (10) give that

A t"
DA a—(l_e—t) =2, P o
n=0

n
Thus, comparing the coefficients of —, the desired result is obtained.

t
n
Theorem 3. For any positive integers n and r, we have
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Proof. We take f(t) = for using (11). From Binomial theorem and (4), we have

l(1 t)

9 = (ln(1+t) ) Z( 1)11{ (ln(1+t))
=Y ot ()Y nE =3 o ()

n=0 n=0 k=0
which equals by (11),
i
. . l'
as) — Z (—1)i-k (k) Dk
k=0
From here, by (14) and (15), we obtain that
A(r) ZZ( 1)k T+l—1)D1;:,
i=0 k=0

and from (7) and (10),

ZA(T)t =Z ol
nl

Thus, we have the proof.
Theorem 4. For any positive integers n and r, we have
n noi ' '
D s =3 3 0 () (7 otk
Proof. By (11), we note that

et—1 d 900 t—1+et
an =
In(1+ (et — 1)) g 1—et

f@ =

From Binomial theorem, (6) and (7) , we have

I
T
=
~
|
=
/\
v
)
~
3
k‘
N

=0
ZZ( D+ () k)—

n=0 k=

and using (11),

a® = Z( D+ (1) 0.
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Hence, (14) and (15) yield that

AD = ZZ( 1)" r“. )p(n,k).

i=0 k=0

From (3), (6) and (10), we obtain that

(oo}

(V)ﬁ_ r — e_t_l ’
ZA” = W= <ln(1 +(e7t— 1)))

n=0

[oe]

i S iCTZ( 1S, n,0)

i=0

50
—ZZ( "8, D] =

n=0i=

n
Thus, comparing the coefficients of % we have the proof.

Now, for any positive integers r, we have g — numbers (n :i I 1) Ch,, 4 given by

1+gq " N n+r—1 e
(q(1+t)+1) _;( r—1 )Ch’wnr (16)

Theorem 5. For any positive integers n and r, we have

T

(W2, G e = (”quhanZ DT

i=0 i=0 k=
Proof. For f(t) = M , by (11), we have
t)=—— .
IO =TT +1

From Binomial theorem, we have

g1+ +1\

1
£(©) =( Tre ) =y @O

(1+q)r2()q(1”)"(1+ )rzz qt" (17)

which, by Binomial theorem and (16), we write

o _.(q(11++t)q+1 ) Z( 1)lk <q(11++t)q+1>
=220 (LA by

Hence, with the help of (11), by comparing coefficients of t™, we obtain that

k

(L) Z( 1)1 k n+k I 1) Chn_q-

By (10), (14) and (15), we get
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AD = Z):kz:( 1)k T‘+l—1) (nZEzl)Chn,q.
and
=y S ()L enn

Finally, (17) and (18) give that

2 (D()at= a +q)r Chan

i= i=0 k=0

i

(=]

o ()

By the equality (1;) (l) = (r) (r : n), we have the proof.

n n/\t—n

Theorem 6. For any positive integers n and r, we have

>3 e (DT -

Proof. The proof is similar to the proof of above theorems, taking f(t) = (1 + q) 11+

function
Z n+r—1 =" _ A+qr
r—1 (1+q)” 1+qg+0)"
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