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Introduction 

Weierstrass approximation theorem has played a key 
role in the development of approximation theory [1]. With 
the help of this theorem, the approximation theory of 
linear positive operators has emerged by using suitable 
sequences defined by several mathematicians. 
In [2], Bernstein defined the linear positive operators and 
showed that these operators converged smoothly to a 
continuous function in a closed interval. 
In [3], for 𝑓 ∈ 𝐶[0,1],  Stancu introduced the following 
linear positive operators 
 

𝑆𝑛
𝛼,𝛽(𝑓, 𝑥) = ∑ 𝑓 (

𝑘 + 𝛼

𝑛 + 𝛽
) (

𝑛
𝑘

) 𝑥𝑘(1 − 𝑥)𝑛−𝑘

𝑛

𝑘=0

              (1) 

 
where 𝑥 ∈ [0,1],  the parameters 𝛼 and 𝛽 satisfy the 

conditions 0 ≤ 𝛼 ≤ 𝛽. He examined the convergence 
properties of the operators (1), which are called Bernstein-
Stancu type operators, in the interval [0,1]. 
In [4], for 𝑓 ∈ 𝐶[0, ∞), 𝑛 ∈ ℕ,  Baskakov defined the 
linear positive operators as follows: 
 

𝐵𝑛(𝑓, 𝑥) = ∑ 𝑓 (
𝑘

𝑛
) 𝑃𝑛,𝑘(𝑥)  

𝑛

𝑘=0

                                        (2) 

 

where  𝑃𝑛,𝑘(𝑥) = (
𝑛 + 𝑘 − 1

𝑘
) 𝑥𝑘(1 + 𝑥)𝑛−𝑘 ,   𝑥 ∈ [0, ∞)  

is the core of the Baskakov operators.  

The convergence theorems of the bounded and 
continuous functions for the operators (2) were studied by 
Baskakov.  

In [5], Mihesan introduced the generalized Baskakov 
operators with a constant 𝑎 ≥ 0  independent of  𝑛 and 
defined as follows:  
 

𝐵𝑛
𝑎(𝑓, 𝑥) = ∑ 𝑊𝑛,𝑘

𝑎 (𝑥)𝑓 (
𝑘

𝑛
)                                          (3)

𝑛

𝑘=0

 

  
where  
 

𝑊𝑛,𝑘
𝑎 (𝑥) = 𝑒−

𝑎𝑘
1+𝑥

𝑃𝑘(𝑛, 𝑎)

𝑘!
𝑥𝑘(1 + 𝑥)−𝑛−𝑘                      (4) 

 
and  
 

𝑃𝑘(𝑛, 𝑎) = ∑ (
𝑘
𝑗

) (𝑛)𝑗 

𝑘

𝑗=0

𝑎𝑘−𝑗                                             (5) 

 
with  (𝑛)0 = 1,     (𝑛)𝑗 = 𝑛(𝑛 + 1)(𝑛 + 2) … (𝑛 + 𝑗 − 1)  

for  𝑗 ≥ 1.  
He proved that these operators converged uniformly 

on [0, 𝑏] for functions that had exponential growth. Also, 
he discussed a pointwise estimate. In addition, Wafi and 
Khatoon [6] calculated the rate of convergence of the 
operators (3) and obtained the Voronovskaja-type 
theorem. Erencin and Başcanbaz-Tunca [7] studied the 
weighted approximation properties and estimated the 
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order of approximation in terms of the usual modulus of 
continuity for the operators (3). They derived a recurrence 
relation for the moments of these operators.  

To approximate the space of the integrable functions, 
Durrmeyer [8] defined Durrmeyer operators, which is an 
integral type generalization of Bernstein operators, and 
Lupaş [9] developed these operators independently.  
In [10], for 𝑓 ∈ 𝐶𝐵[0, ∞), 𝑛 ∈ ℕ, Erencin introduced the 
Durrmeyer-type modification of the operators (3) as 
follows: 
 
 𝐿𝑛

𝑎 (𝑓, 𝑥)

= ∑ 𝑊𝑛,𝑘
𝑎 (𝑥)

1

𝐵(𝑘 + 1, 𝑛)
∫

𝑡𝑘

(1 + 𝑡)𝑛+𝑘+1
𝑓(𝑡)𝑑𝑡 

∞

0

∞

𝑘=0

    (6) 

 
where  𝐶𝐵[0, ∞) stands for the space of all bounded-

continuous functions on the interval [0, ∞), and this space 
is equipped with the norm ‖𝑓‖ = max

𝑥∈[0,∞)
|𝑓(𝑥)|, and the 

beta function 𝐵(𝑘 + 1, 𝑛) is given by 
 

𝐵(𝑥, 𝑦) = ∫
𝑡𝑥−1

(1 + 𝑡)𝑥+𝑦
𝑑𝑡 =

Γ(𝑥)Γ(𝑦)

Γ(𝑥 + 𝑦)
,    𝑥, 𝑦 > 0  (7)   

∞

0

 

 
In this study, Erencin gave some approximation properties 
of the operators (6).  

Furthermore, the approximation properties of the 
modified forms of the operators (6) have been reviewed 
by Agrawal et al. [11]. 
In [12], Kumar et al. defined the following Stancu-type 
generalization of the Durrmeyer-type modification of the 
operators (6) for 𝑓 ∈ ℒ and 𝑛 ∈ ℕ, 
 

 𝐺𝑛,𝑎
𝛼,𝛽

(𝑓, 𝑥)

= ∑ 𝑊𝑛,𝑘
𝑎 (𝑥)

1

𝐵(𝑘 + 1, 𝑛)
∫

𝑡𝑘

(1 + 𝑡)𝑛+𝑘+1
𝑓 (

𝑛𝑘 + 𝛼

𝑛 + 𝛽
) 𝑑𝑡  (8)

∞

0

∞

𝑘=0

 

 
where 𝛼 and 𝛽 are non-negative numbers with 0 ≤ 𝛼 ≤
𝛽, and  ℒ denotes the class of all Lebesque measurable 

function such that 𝑛 > 𝑚 with ∫
|𝑓(𝑡)|

(1+𝑡)𝑚 𝑑𝑡 < ∞,     𝑚 ∈
∞

0

ℤ+. 
They studied some direct local approximation properties 
of the operators (8). They obtained local direct results in 
terms of the second-order modulus of smoothness, the 
rate of convergence in terms of the modulus of continuity.  
Several studies have been carried out some approximation 
properties for these types of operators are given  
in [14-17]. 
In this study, we examined the asymptotic behavior of the 
generalized Baskakov-Durrmeyer-Stancu type operators 
defined by (8) with the help of the Voronovskaja-type 
theorem.   

 
Some Auxiliary Lemmas 

 
In this section, some lemmas will be given for examining the approximation properties of the generalized    

Baskakov-Durrmeyer-Stancu type operators defined by (8). The proofs of Lemma 2.1 and Lemma 2.2 given   
below are routine  
 

Lemma 2.1 For  Wn,k
a (x)  given by (4), we have the following equation:

∑ Wn,k
a (x) = 1.

∞

k=0

 

 
The Korovkin test functions for the Baskakov operators expressed in (3) are given below. 
 
Lemma 2.2 Let em(t) = tm,  for  m = 0,1,2,3,4. For  n ∈ ℕ  and  a is a non-negative integer, we have the following 

equations: 
 
(i) Bn

a(e0(t), x) = 1. 
 

(ii) Bn
a(e1(t), x) =

x

n
{

a

1+x
+ n}.    

 

(iii) Bn
a(e2(t), x) =

x2

n2
{

a2

(1+x)2 +
2an

1+x
+ n(n + 1)} +

x

n2
{

a

1+x
+ n}. 

 

(iv) Bn
a(e3(t), x) =

x3

n3
{

a3

(1+x)3 +
3a2n

(1+x)2 +
3a(n+1)

1+x
+ n(n + 1)(n + 2)} 

+
3x2

n3
{

a2

(1 + x)2
+

2an

1 + x
+ n(n + 1)} +

x

n3
{

a

1 + x
+ n} .     
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(v) Bn
a(e4(t), x) =

x4

n4
{

a4

(1+x)4 +
4a3n

(1+x)3 +
6a2n(n+1)

(1+x)2 +
4an(n+1)(n+2)

1+x
 

+n(n + 1)(n + 2)(n + 3)} +
6x3

n4
{

a3

(1 + x)3
+

3a2n

(1 + x)2
 

       +
3a(n + 1)

1 + x
+ n(n + 1)(n + 2)} +

7x2

n4
{

a2

(1 + x)2
+

2an

1 + x
 

+n(n + 1)}  +
x

n4
{

a

1 + x
+ n}.                                             

 
Now, we give the following lemmas that give the Korovkin test functions and continuity modules for the generalized 

Baskakov-Durrmeyer-Stancu type operators defined in (8). 
For the sake of shortness, the following abbreviations will be used in the next steps, 

Mβ(n) = (n + β)    ,        Us(n) = ∏(n − i).

s

i=1

 

Lemma 2.3 Let em(t) = tm for m = 0,1,2,3,4,  and we get the following equations for the Gn,a
α,β(f(t), x)  operators 

defined in (8): 
 

(i)   Gn,a
α,β(e0(t), x) = 1. 

 

(ii)   Gn,a
α,β(e1(t), x) =  x {

n

Mβ(n)U1(n)
(

a

1+x
+ n)} +

n

Mβ(n)U1(n)
+

a

Mβ(n)
 . 

 

(iii)    Gn,a
α,β(e2(t), x) = x2 {

n2

[Mβ(n)]
2

U2(n)
(

a2

(1+x)2
+

2an

1+x
+ n(n + 1))}  + x {

4n2+2na(n−2)

[Mβ(n)]
2

U2(n)
(

a

1+x
+ n)}  

    + {
2n2 + 2na(n − 2)

[Mβ(n)]
2

U2(n)
+

α2

[Mβ(n)]
2}.                                                       

 

(iv) Gn,a
α,β(e3(t), x) = x3 {

n3

[Mβ(n)]
3

U3(n)
(

a3

(1+x)3
+

3a2n

(1+x)2
+

3an(n+1)

1+x
+n(n + 1)(n + 2)) } 

+x2 {
9n3 + 3n2a(n − 3)

[Mβ(n)]
3

U3(n)
(

a2

(1 + x)2
+

2an

1 + x
+ n(n + 1))}                

+x {
18n3 + 12n2a(n − 3) + 3na2(n − 2)(n − 3)

[Mβ(n)]
3

U3(n)
(

a

1 + x
+ n)}     

          + {
6n3 + 6n2a(n − 3) + 3na2(n − 2)(n − 3)

[Mβ(n)]
3

U3(n)
+

a3

[Mβ(n)]
3}. 

 

(v)   Gn,a
α,β(e4(t), x) = x4 {

n4

[Mβ(n)]
4

U4(n)
(

a4

(1+x)4
+

4a3n

(1+x)3
+

6a2n(n+1)

(1+x)2
 

  +
4an(n + 1)(n + 2)

1 + x
+ n(n + 1)(n + 2)(n + 3))}        

+x3 {
16n4 +  4n3 α(n − 4)

[Mβ(n)]
4

U4(n)
(

a3

(1 + x)3
+

3a2n

(1 + x)2
          

                                                           +
3an(n + 1)

1 + x
+ n(n + 1)(n + 2))} 

                                                        
 

+x
2

{
72n4 +  36n3 α(n − 4) + 6n2α2(n − 3)(n − 4)

[Mβ(n)]
4

U4(n)
(

a2

(1 + x)2
 

                                                       +
2an

1 + x
+ n(n + 1))} + x (

a

1 + x
+ n) {

96n4 +  72n3 α(n − 4)

[Mβ(n)]
4

U4(n)
 

                                                       +
24n2α2(n − 3)(n − 4) + 4nα3(n − 2)(n − 3)(n − 4)

[Mβ(n)]
4

U4(n)
} 

                                                      +
24n4 +  24n3 α(n − 4) + 12n2α2(n − 3)(n − 4)

[Mβ(n)]
4

U4(n)
 

+
4nα3(n − 2)(n − 3)(n − 4)

[Mβ(n)]
4

U4(n)
+

a4

[Mβ(n)]
4 .                                
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Proof:  (i) Taking em(t) = tm,   m = 0  in operators   Gn,a
α,β(e0(t), x) and using the beta function in (7) and Lemma 2.1, 

we can write the following equation: 

           Gn,a
α,β(e0(t), x) = ∑ Wn,k

a (x)

∞

k=0

1

B(k + 1, n)
∫

tk

(1 + t)n+k+1

∞

0

dt, 

 

                                    = ∑ Wn,k
a (x)

∞

k=0

1

B(k + 1, n)
B(k + 1, n) = 1.                                               

 

(ii) Substituting em(t) = tm for m = 1  in operators  Gn,a
α,β(em(t), x), we have 

 

Gn,a
α,β(e1(t), x) = ∑ Wn,k

a (x)

∞

k=0

1

B(k + 1, n)
∫

tk

(1 + t)n+k+1

∞

0

(
nt + α

n + β
)  dt.                                  

 
Using the beta function in (7), we get 

Gn,a
α,β(e1(t), x) = ∑ Wn,k

a (x)

∞

k=0

1

B(k + 1, n)

1

(n + β)
{n

(k + 1)

(n − 1)
B(k + 1, n) + αB(k + 1, n)}. 

 
Hence, we find 
 

Gn,a
α,β(e1(t), x) =

1

(n + β)
{

n

(n − 1)
∑ Wn,k

a (x)(k + 1)

∞

k=0

+ α ∑ Wn,k
a (x)

∞

k=0

},                                              

 

                                 =
1

Mβ(n)
{

n

U1(n)
[nBn

a(t, x) + 1] + α},                                                  

 

=  x {
n

Mβ(n)U1(n)
(

a

1 + x
+ n)} +

n

Mβ(n)U1(n)
+

a

Mβ(n)
.                    

 
Similarly, (iii)-(v) equations are obtained. 
To obtain approximation velocities of generalized Baskakov-Durrmeyer-Stancu type operators with Voronovskaja 

type theorem, Lemma 2.4, which gives the continuity modules of these operators, will be given first as follows: 
Lemma 2.4 We have the following limits; 

(i) lim
n→∞

n Gn,a
α,β(t − x, x) = (

a

1+x
+ 1 − β) x + a + 1, 

 

(ii) lim
n→∞

n Gn,a
α,β((t − x)2, x) = 2x2 + x , 

 

(iii) lim
n→∞

n2 Gn,a
α,β((t − x)4, x) = 12x4 − (

12α2

1+x
− 24) x3 − (6α2 − 6α − 12)x2. 

 

Proof:  (i) Using the linearity property of the  Gn,a
α,β(t; x) operators from Lemma 2.3, we have  

lim
n→∞

n Gn,a
α,β(t − x, x) = lim

n→∞
n {x (

na

(1 + x)Mβ(n)U1(n)
+

n2

Mβ(n)U1(n)
− 1) +

n

Mβ(n)U1(n)
+

a

Mβ(n)
}, 

 

lim
n→∞

n Gn,a
α,β(t − x, x) = (

a

1 + x
+ 1 − β) x + a + 1.                                                                                  

 
 (ii) Similarly, using linearity and Lemma 2.3, we obtain 
 

   Gn,a
α,β((t − x)2, x) = [{

1

[Mβ(n)]
2

U2(n)
(

a2n2

(1 + x)2
+

2an3

(1 + x)
+ n3(n + 1)) −

1

Mβ(n)U1(n)
(

2na

1 + x
+ 2n2) + 1} x2 

 + {
4n2 + 2n(n − 2)α

[Mβ(n)]
2

U2(n)
(

a

1 + x
+ n) −

2n

Mβ(n)U1(n)
−

2α

Mβ(n)
} x +

2n2 + 2n(n − 2)α

[Mβ(n)]
2

U2(n)
+

α2

[Mβ(n)]
2]. 
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When necessary arrangements are made in the last equation, the equation is multiplied by n, and the limit is taken 
as n approaches infinity, we get  

 

 lim
n→∞

n Gn,a
α,β((t − x)2, x) = lim

n→∞

n

[Mβ(n)]
2

U2(n)
[{

1

(1 + x)2
(a2n2) 

                                           +
1

(1 + x)
(4an² + 4anβ − 2an²β) + 2n³ + n²β² + 2n²β 

                                         +2n² − 3nβ² − 4nβ + 2β²}x2 + {
1

(1 + x)
( 4an² − 4anα + 2an²α) 

                                        +4αβ − 4nβ − 4nα+2n²α + 2n²β + 4n² + 2n³ −  6nαβ + 2n²αβ}x 
                                        +n²α² + 2n²α + 2n² − 3nα² − 4nα + 2α²}]=2x2 + 2x. 
 
(iv) Equation (iii) is easily obtained when the operations in (i) and (ii) are similarly performed in 

Gn,a
α,β((t − x)4, x).  

We give the weighted Korovkin- type theorems which were proved by Gadzhiev [13]. Let Bσ[ 0, ∞ )  be the space of 
all g functions with real values, where function g  satisfies the growth condition |g(x)| ≤ Ngσ(x) and σ(x) = 1 + x2,  

Ng is a constant dependent on g. According to the ‖g‖σ = sup {
|g(x)|

 σ(x)
: x ∈ ℝ}  norm, Bσ[ 0, ∞ ) is a normed space. It is 

a subspace of  Bσ[ 0, ∞ )  space, with Cσ
∗[ 0, ∞ )  being a space of continuous functions satisfying the condition 

lim
|x|→∞

|g(x)|

 σ(x)
. 

Now, using Lemma 2.3 and Lemma 2.4 we give the following Voronovskaja-type theorem for Gn,a
α,β(g(t), x). 

Theorem 2.5: For any  g ∈ Cσ
∗[ 0, ∞ )  such that   g′, g′′ ∈ Cσ

∗[ 0, ∞ )  we have the following limit: 
 

lim
n→∞

n( Gn,a
α,β(g(t); x) − g(x)) = g′(x) {(

a

1 + x
+ 1 − β) x + a + 1} +

1

2
g′′(x){2x2 + x}. 

                                                                                        
Proof: From the Taylor’s expansion of g, we get  
 

 g(t) = g(x) + g′(x)(t − x) +
1

2
g′′(x)(t − x)2 + δ(t, x)(t − x)2                                                                     (9) 

 

where  δ(t, x) → 0  as  t → x.  If we apply operators Gn,a
α,β

 to equation (9) using the linearity property of the operators 

Gn,a
α,β

, then we obtain 

 

Gn,a
α,β(g(t); x) − g(x) = g′(x)Gn,a

α,β
((t − x); x) +

1

2
g′′(x)Gn,a

α,β
((t − x)2; x) + Gn,a

α,β(δ(t, x)(t − x)2; x)        (10) 

 

Then, if the Gn,a
α,β(δ(t, x)(t − x)2; x) term of the equation (10) is multiplied by n and the Cauchy- Schwarz inequality 

is applied, we find 
 

 nGn,a
α,β(δ(t, x)(t − x)2; x) ≤ (Gn,a

α,β
δ(t, x)2; x)

1
2 (n2Gn,a

α,β((t − x)4; x))

1
2

.                                                                (11) 

 

We have lim
n→∞

Gn,a
α,β(δ(t, x)2; x) = 0, and from (iii) of Lemma 4, we have 

 

 lim
n→∞

n2Gn,a
α,β((t − x)4; x) is finite.  

 
Then, taking the limit of the inequality (11) while n approaching infinity, we get 
 

lim
n→∞

n Gn,a
α,β(δ(t, x)(t − x)2; x) = 0.     

 
Therefore, when the limit of both sides of (10) is taken for n approaching infinity, we get 
 

lim
n→∞

n( Gn,a
α,β(g(t); x) − g(x)) = g′(x) {(

a

1 + x
+ 1 − β) x + a + 1} +

1

2
g′′(x){2x2 + x}. 

                                                                      
As a result, it is seen that the proof is complete. 



Torun, et al. / Cumhuriyet Sci. J., 43(1) (2022) 98-104 

 

103 

Some Graphical Analysis 
In this section, the graphs below show the convergence of the of the Generalized Baskakov-Durmeyer- Stancu type  

Operators to the considered function 

𝑔(𝑥) =  √𝑥𝑒−2𝑥  
For different values of n, k, a, α and β. 
 

  

 

Figure 1. Convergence of Gn,a
α,β

(g; x) for different values of n, k, a, α, and β 

The graph below shows the convergence of 𝐵𝑛
𝑎(𝑔, 𝑥) (BO), 𝐿𝑛

𝑎 (𝑔, 𝑥) (BDO) and 𝐺𝑛,𝑎
𝛼,𝛽

(𝑔; 𝑥) (BDSO) to the 𝑔(𝑥) function 

for 𝑛 = 20, 𝑘 = 40, 𝑎 = 10, 𝛼 = 1, and 𝛽 = 7. 

 

Figure 2. Convergence of 𝐵𝑛
𝑎(𝑔, 𝑥), 𝐿𝑛

𝑎 (𝑔, 𝑥), 𝐺𝑛,𝑎
𝛼,𝛽

(𝑔; 𝑥) to 𝑔(𝑥)  for 

𝑛 = 20, 𝑘 = 40, 𝑎 = 10, 𝛼 = 1  and 𝛽 = 7 
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