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parameter on prey population. Particularly, we study existence and local asymptotic stability of the unique
positive fixed point. Furthermore, the conditions for the existence of bifurcation in the system are derived. In
addition, it is shown that the system goes through period-doubling bifurcation by using bifurcation theory and

center manifold theorem. Eventually, numerical examples are given to illustrate theoretical results.

Copyright

©2022 Faculty of Science,

Sivas Cumhuriyet University

affﬁfigen.kanga/gfl @deu.edu.tr https://orcid.org/0000-0003-01 16-8553

Introduction

Modelling the prey-predator interaction of a simple
ecosystem is one of the important applications of the
nonlinear system of differential equations in
mathematical biology and ecology. The dynamics of such
a system are observed by using the population data which
is obtained by the interaction between a pair of prey-
predator. The classical predator-prey system is known as
Lotka-Volterra model which is first studied by Lotka [1]
and Volterra [2]. For implementing more realistic
assumptions in prey-predator model, a lot of
modifications and extensions were introduced by several
researchers [3-10].

As is well known, differential and difference equations
are used in the theory of dynamical population models.
Differential equations are used to describe continuous-
time models while the discrete-time models are described
by difference equations. Recent works showed that,
researchers are more interested in discrete-time models
than continuous-time models since the dynamics of
discrete time models can produce a richer set of patterns.
Additionally, many studies have proposed that the
mathematical model of population dynamics becomes
more suitable and practical when discrete-time equations
are used for modelling. Besides they have the basic
characteristics of the corresponding continuous-time
models, they also provide a significant decrease of
numerical simulation duration. Moreover, the discrete
time models are more suitable for populations with
nonoverlapping generations. In fact, nonlinear continuous
models are discretized since nonlinear systems generally
do not have analytic solutions expressible in terms of a
finite representation of elementary functions. Authors in
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[5-11] analyzed dynamical analysis of different types of
discrete-time predator-prey systems.

In [12], the discrete-time prey-predator model
represented by the following nonlinear system of
difference equations is studied:

Xny1 = .uxn(l - xn) —XnYn
(1)
Yn+1 = yn(l —a)+ BXpYn

In (1), x, and y, represent prey and predator
population densities in the n®® generation, respectively.
The parameter y is the intrinsic growth rate of the prey
population with carrying ability one in the absence of
predator. While a reflects the predators death rate;
denotes the growth rate of predator in the presence of the
prey. All the parameters a, § and u have positive values.

In this study, system (1) is improved with Allee effect
and immigration on prey species and the following
nonlinear system of difference equations is held:

Xt
Xeyr = 0%, (1 —x;) _xthx Tm +s
t

(2)

Verr = Vel — @) + Bx,y,

In (2), & is the intrinsic growth rate of prey population
X;, @ and 8 are the death rate of predator and the growth
rate of predator in the presence of the prey.

The parameter s > 0 represents the immigration
parameter. Prey immigration is the number of individuals
of the same species added to the prey population from
another place in a certain period of time and it increases
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the size of the population of prey. The immigration factor
is an effect that makes the predator-prey population
model more realistic [13-17]. So, many researchers
studied the role of immigration and its impact on
population dynamics. Detailed investigations relating to
immigration may be found in the papers [18-22].

The term

Xt
X, +m

is called Allee effect where m > 0 is Allee constant.
Allee effects are encountered among many species such
as mammals, plants, insects etc. It describes a positive
correlation between the density of the population and the
per capita growth rate. It means that, as the population
gets smaller survivals of individuals and reproductive
diversity decrease. In [23], it is pointed out that on
different prey predator systems according to different

The Existence and Stability of Fixed Points

mechanisms the impact of the Allee effects can vary, too.
In [24] and [25], it is shown that a ratio dependent prey
predator model including Allee effect removes the
possibility of population cycles. In [26] and [27], a new
population model and a Lotka-Volterra commensal
symbiosis model with Allee effect are studied,
respectively. Allee effect and the immigration parameter
have an important role in increasing the realism of the
population models, besides they help to gain a more
accurate description of the model.

This study is organized as follows: In Section 2, we discuss
the existence and stability of fixed points of the system (2)
and we give some numerical examples. In section 3, the
existence of period-doubling bifurcation is shown with the
help of bifurcation theory and center manifold theorem.
The numerical simulation results are illustrated to confirm
our analytical results and display the irregular dynamical
behaviors of system (2).

In this section, the existence of fixed points is studied and the stability properties for system (2) is investigated. With
the help of a simple calculation, it can be shown that the following system

6x(1—x) —xy +s=x

X
xX+m
yd—a)+pxy=1y

has three fixed points:

(5— 1+./(8 —1)% + 43s 0)
28 ’

L=

(3)

( -5+ 1+/(6 —1)% +46s )
P,=|— 0
and
2 2 _ 3 _ 52 2 3 2p )
P3=(x*’y*)=(%’(aﬁ+amﬁa2ﬁa amﬁ)6+saﬁ +Sm‘8a2ﬁa‘8 amﬁ) )]

P, is the unique positive coexistence fixed point of the system (2) where the parameters a, 5, §, m, s are all positive,
B —a < 0and(sp —a) > 0. We focus on the coexistence fixed point P; when studying stability analysis of the system

2).

It is well known that the local stability of the discrete-time system (2) is determined by calculating the eigenvalues of
the Jacobian matrix which is evaluated at the coexistence fixed point P;. The Jacobian matrix of system (2) at P; is given as

follows:

_ 11 ]12
J(P2) = [121 ]zz]
where

_ 8a®—a’f+ (6m—2m+s)B*a + 2smf®
Ju=- Bla+mpa
2
Jiz = _a—
B(a +mp)

(5)

89



Kangalgil, Gimiisbogda / Cumhuriyet Sci. J., 43(1) (2022) 88-97

_ (ala +mpY(B — )8 + B(sp — a)(a + mp)

a?

21

Jaz =1

The matrix J(P;) yields the characteristic equation:

FA) =22 —tr(J(Py))A + det(J(P3)) (6)

where

er(J(Py)) = Sad —2a%B + (s —3m + dm)B%a N 2smp3 7
Bla+mp)a Bla +mp)a

and

—sa2+(—B—8+6B—mBla? (B —mpB? +sp? + dmP?)a

det(J(P) = Bla+mp) t T Bt mp
(=6mpB? + 2mp? — sp? + smPB>)a — 2smp3 8
+ Bla+mpa ®

Definition 2.1. Let A, and 1, are the roots of the characteristic polynomial F(1) = A2+ BA+ C, B,C € R. Then the
fixed point P; of the system (3) is called

i) sinkif|d;] <1land|1,| <1,

ii) sourceif|A;|>1and]|1,|>1,

iii) saddleif [A;] < 1and|A,] > 1or|A;| > 1and|A,| < 1.

iv) non-hyperbolicif [A;]| = 1or |1, =1.

Definition 2.2. A fixed point is locally asymptotically stable if [1;]| < 1and |4, < 1.
With the help of the following lemma, the stability of the coexistence fixed point of the system (2) is investigated.

Lemma 2.1. [28] Assume F(1) = A% + BA + C, where B and C are two real constants and let F (1) > 0. Suppose that
A and 4, are two roots of F(1) = 0. Then the following statements hold:

i) 1Al < 1land|A,| < lifandonlyif F(—1) > 0andC < 1,

i) [A,] > 1and |A,]| > Lifandonlyif F(—1) > 0and C > 1,

iii) [A;] > 1and |A,| < 1ifand onlyif F(—1) < 0,

iv) 4, and A, are a pair of conjugate complex roots and [2,| = |A,| = 1 if and only if

B?— 4C<0andC = 1.

By using Lemma 2.1, we determine stability conditions for the fixed point P; of the system (2).

sB? + Béa — Pa — Sa?

F(1) = B >0 9)
If conditions § < 63, 8 < aands > % hold where
_(p-a)p
37 a(—f +a)
F(—1) = —ad+ (-24+B—-—mpB)a? mP(a—2) 4q? + 6ampB — 4smp?
= )_< Bla+ mp) + (a+m/3)) (@ +mB)a

—2saB + sa?B + saf?m — a?(a + mp)
(a + mB)a

(10)

We define §; as a root of F(—1) = 0 where
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5 = (—a?+ (@ +sp—mB))p ((6mp — 2sB + smp?)a — 4smfB?)B T
7 (a3 + (2 - B +mP)a? — ampP? + 2mpB?) * a(a® + (2 - +mp)a? — ampB? + 2mpB?) ab

Let K is the coefficient of & in F(—1) where

=+ (=2+p-mpla* mp(a—2)

= BGarmp @t mp)
F(O) = —a®+(—1+p—-—mp)a® mpP(a—1) —2smpB? + 2ampP — saf
© = Bla +mp) + (a +mp) (a + mB)a
a+saf + sp?m — a? — apfm 12
(a +mp) (12)
Let us &, is the root of F(0) — 1 = 0 where
5 (—a? + (s —mB)o)B o ((nB = sp + smp?a — 2smpZ)p (13)
2 (@ + (A - +mPla® —amPB?+mpP?)  a(a® + (1 - +mpP)a® — amp? + mB?)
We assume that S is the coefficient of § in F(0) — 1 where
G -+ (-1+p-mpB)a®* m(a—1) (14)

B(a+mp) (@ +mp)

When the sign table according to § is examined, we conclude the following results:

Theorem 2.1. Assume that § < 65, ¢ > S and s> % . Then for the coexistence fixed point P; of the system (2) the

following hold true:
i) P; is a sink if the following condition holds
K <0,S<0and§, < 8§ <min{d,,65}
ii) P; is a source if the following condition holds
K <0,§ <0and§ < min{8;,8,,65}
iii) P is a saddle if the following condition holds
K<0,S<0andd; <8 <84
iv) Assume that A, and A, are roots of F(1) then A; = —1 and |A,| # 1 if and only if
K<0,5<0,6 =6, and

Q Q  2aB(mp+a)
St ppt—
where
Q = (=2smp — saf + sa?B + asmP? — a® — a’*mpP + ampP)p

P=mp?+a?(1—p)—amB(B —a) + a*(1 + amp))a.

Example 2.1. Taking parametersa = 0.8, 8 = 0.6,m = 0.2,§ = 0.3,s = 1.8 and initial condition (x,, y,) = (1.3, 1),
the coexistence fixed point of the system (2) is obtained as P; = (1.333333333,0287500000). Using these parameter
values, we can get below values:

6, = 0.5230142566, §, = —0.7167597768, §; = 1.050000000, K= —2.846376811<0, S= —1.556521739 <
0. Characteristic polynomial of the system (2) at fixed point P, is obtained as F(1) = 1> — 0.21739130444 —
0.5826086952 and the roots of the characteristic polynomial are 1; = 0.8796842643 and 1, = —0.6622929599 that
verify |[1;] < 1 and [4,] < 1. Also, the fixed point P; = (1.333333333,0287500000) of the system (2) is local
asymptotically stable for 0 < § < 0.5230142566 which shows the correctness of the Theorem 2.1. From Figure 1, (a)-
(b) fixed point P; of the system (2) is local asymptotically stable that graphs represent x; and y, populations. If the
parameter 6 = 0.8 is selected, the fixed point (1.333333333,0.09583333333) of the system (2) is unstable. For this
situation, phase portrait of the prey and predator densities are exhibited in Figure 1 (c)-(d).
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Figure 1. (a)-(b) A stable fixed point of the system (2) for « = 0.8, = 0.6,m = 0.2,6 = 0.3,s = 1.8 and initial
condition (xq,v,) = (1.3, 1). (c)-(d) An unstable fixed point (1.333333333,0.09583333333) of the system (2) for
a=0.8,=0.6m=0.26 = 0.8,s = 1.8 and initial condition (xy,y,) = (1.3, 1).

Period-Doubling Bifurcation

When it comes to case of dynamical systems, various types of bifurcation can occur as a result of changing stability of
a fixed point, in other words, when a particular parameter exceeds its critical value. Depending on the bifurcation, various
dynamical properties of the system under consideration can be studied. In this section, we investigate the parametric
conditions for existence and directions of period-doubling bifurcation for the unique positive fixed point of system (2).
When a discrete dynamical system goes through a period-doubling bifurcation, a small change in a parameter value in the
system’s equations causes a new behavior with twice the period of the original system undergoes.

In references [29-38], similar type of bifurcation analyses for discrete-time dynamical systems are studied.
We discuss period-doubling bifurcation of unique positive fixed point P; of the system (2) by using bifurcation theory and
the center manifold theorem and taking & as a bifurcation parameter. We suppose the condition

(—8a® +2a%p+ B3m —s — Sm)B%a — 2smPB3)?
> [—45a* + (—4p — 46 + 468 — 4dmpP)a® + (4B — 4mPB? + 4sp? + 46mB?)a?
+ (—46mpB? + 8mp? — 4sp? + 4smPB*)a — 8smPB31(B(a + mB)a) (15)

holds.
Then, 4, and 4, be distinct real roots of (6). Also, we assume that

5= (—a?+ (@ +sBp—mB))B ((6mp — 2sB + smp?)a — 4smfB?)B
T (@3+ Q2 -B+mp)az —amP? +2mp?)  a(ad + (2 — B+ mP)a? — amfB? + 2mpB?)

(16)
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Then, the roots of equation (6) are 1; = —1 and

_ —4a® + (—4mpP + 2sp + 38 — 2)a?
A2 = a3+ 2-B+mpB)a? + (2 — a)ymp? a7)

Furthermore, |1,| # 1 under the following conditions:

—4a3 + (—4mpB +2sB + 3B — 2)a?  (BmpP? + 2smP? — sp?)a — B3sm — 2mp? 1 18
_a3+(2—ﬁ+mﬁ)a2+(2—a)mﬁ2 at+2—-pB+mB)a?+ (2 — a)ymp? *x (18)

B+ Q2-B+mBa?+ 2 —a)ymp? #0

Let us consider period-doubling set as follows

Qpps = {(@,B,6,5,m) ER3:K,S <0,(16),(17)and(18) are satisfied}.

For the aim of discussing the period-doubling bifurcation for the system (2) at its unique positive coexistence fixed point

P;, we take § as bifurcation parameter. Then, variation of parameters «, , §, m and s in small neighborhood of Q5 gives
emergence of period-doubling bifurcation. Furthermore, we set

5. = (—a?+ (4 +sp—mpB)a)B ((6mpB — 2sB + smB?)a — 4smp?)p 19
Fo(@+Q2-B+mBa?—ampB?+2mp2)  a(a® + (2 — B + mPla? — amB? + 2mf2) (19)

Then, for (a, 8,8z, m,s) € Qppp, system (2) can be expressed by the following two-dimensional map:

();)_) 6FX(1—X)—ny+m+s (20)

Y(1—a)+ BXY

Let us assume that § be a small bifurcation parameter such that |5| « 1, then corresponding perturbed map for (20)
is given by:

(X) L Gr+&HXA-X) - XY f
Y Y(1— a) + BXY

m+s 1)

Then, map (21) has unique fixed point

oo (o (@B +amB®—a®— a?mpB)(8p +68)  saf? +smp? — a?f — amf?
“”‘%' F ¥ <2F )

For translating the fixed point to the origin, the transformations x = X — X, y =Y — Y isdone at point
(x,y) = (0,0), then we get the following map:

G)- G a6+ (20 D) @
where

91(%,y,8) = ai3x% + ayxy + byx® + byx?y + dyx8 + dyx?8 + 0 ((lxl + |yl + |5|)4)

9:(%..8) = azxy + 0 (1l + Iyl +18])")

where

(87 + &)a* + (2mé8y + 2m8)pa® m2a?5B%  (m%8r —m?)B3a + m?sp*
B (a + pm)?a? (a + pm)?a? (a + pm)?a?

(23)

a3 =
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_ (a+2m)a
e =T

m?B3(=6pa® + (=B + BSp)a + B2s)
b, =
a?(a+ pm)3

p>m?y

b2 =~ ¥ pm)?

(Bam(—p + 2a) — a?(B + 2a))
B Ba(a + pm)

d1=

2Bam + a* + a?p*m?
(a + pm)?a?

d2=

Ay =
For converting the coefficient matrix

a;; Qqz
A=(ay )
az1 Az

in map (22) into normal form, the following translation is used

(;) =7(;) 24)

where

T=( a2 a2 ) (25)

“l1—a;; 4;—ay,

be an invertible matrix. From (22) and (24), we obtain

()=(5 ) +(E0d) @)

94(x,,8)
where
2 (=2, + a;1) (a3 + d,8) 2 (=22 +a11)Q14 + 012054 (=242 + a;)b; 3
g3(u,v,6)—— x2 — xy — X
a;;(A; +1) a; (A, +1) a;, (A +1)
(=4, + a;1)b, 2 (=4, + ay,)d; 6 sN4
- - 0 é
a4, +1) Y a;; (A, +1) X ((|U| *tlol+ | |) )
9a(1,0,8) = (1+ a;,)(as; + d,6) , (L4 a;)ay, —a,az, 1+a; )by , (I+a)b, ,
4 Vo -

x X x x
a;;(4, +1) a;;(A; +1) Y a;;(A; +1) a;;(A, +1)

1+ a;)d, 6 o
mx + O((Iul + IUI + |6|) )

x = a;,(u+v),

y=—-0+aJu+@; —a)v.

In order to apply the center manifold theorem, we assume that W¢(0,0,0) be the center manifold of (26) evaluated at
(0,0) in a small neighborhood of § = 0. We know

we(0) = {(x,y) € R° X RS|y = h(x), |x| < §,h(0) =0,h'(0) = 0}

then W¢(0,0,0) can be approximated as follows:

w<(0,0,0) = {(a,8,8) € R®:v = h(u) = mu? + myud + m;52},
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where

m. = A12014 2+ a-a a2 (a4 — ay3) + 2a44 ta ais + a12(az4 — a43)
1 2Z-1)4 12811 21 12 2Z—1

m. = — (a, + Dd;
’ (1, + 1)?

m3 = 0

Therefore, the map is restricted to the center manifold W €(0,0,0) is given by

Fru — —u+ ku? + kyud + kau?8? + kyub? + ksu® + 0 ((Iul + |S|)4)

where
e = — (@11 — 43)a12013 _ (a1 — A3)as, G2 (-1 —a,,)a
1 A, +1 a,(A,+1) 2, +1 e
(ay; — 4;)dy
k2 e —

(_/12 + an)aM Ay ) 5
(_ (&SP (/‘{2 + 1) N /12 +1 (1 + all) d1a12

k= (A, + D2
(_ L tada,  ay )
_ a;; (4, +1) 1, +1 (A, —a;)(1 + ayy)day,
(12 + 1)? (12 + 1)?
Q12014 \ 2 2 ((a2s — ay3) +2a4,
(=42 + a41)d4 _1—4_/1% afy (=4 +a1)daf, 1+ 12 a1
B A +1 - A +1
_ A4 +a15(a5, — a13)>
_ (T2 + aadaans ( -1+43 n 2(=2; + a;1)a,,a43(1 + a;1)d;
A, +1 (A, + 1)3
_ (=4, + ayq)aypd,
(=4, +a;)di(1 +a;4)
k, =

(1, +1)°

(=Az+ai1)a1s  azs a12a14 2a14+ag2(azs—as3)
k = (_ —_— —1—a a —_— a2 a —_— ) a
5 Ut gl ( 11)012 Tieaz) i1 +ay; 1423 11+

a2(aze—aiz)+asy (=A2+aj1)a14 az4 a14 2 2a14+0a12(a24—013)
a2 (—)> + (_— - (A —a;1) | as, __1”% aiy, T ap\———;

-1+2% a;,(A+1) Ap+1 —1+43

a (a14+a12(a24—a13)) - (Az2+ajn)aizhy(=1-a1;)  (=Ap+ay1)afzby -1+23
12 -1+A2 12 Ap+1 Ap+1 Ap+1
2aj34+ajz(azs—ag3) a.,[d1ate12(az4-0a13)
2 2 12 5
2(-Az+a11)a11a1,a13 —1+43 —1+43
Fre] A1 Ap+1

Next, the following two nonzero real numbers are defined:

945 298 o2

_(193F  (10°F\° k0
M2 = 66u3+ 2 0u? = ks T ki #
©0,0)

<62g3 19F 62F> 1+ ayq)d,
©.0) A,+1

27)

)a11+

a
2(—12""’-11)"-12‘113(‘112( 14 )“&1)
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As a result of the above analysis, the following theorem gives the parametric conditions for existence and direction of
period-doubling bifurcation for the system (2) at its positive coexistence fixed point P; [39].

Theorem 3.1. Suppose thatn, # 0 andn, # 0 then system (2) goes through period-doubling bifurcation at the unique
positive fixed point P; when parameter § varies in small neighborhood of 6. Moreover, if n, > 0, then the period-two
orbits that bifurcate from positive fixed point P; are stable, and if n, < 0, then these orbits are unstable.

Example 3.1. Taking parameters a = 0.9, = 0.6,m = 0.2, s = 3 the coexistence fixed point of the system (2) is
(x*,y*) = (1.5,1.020300088). The critical value of period-doubling bifurcation point is obtained as &§p =
0.1994704325. By taking these parameters the characteristic polynomial of the system is obtained as F(1) = 1% +
0.405119152 A — 0.5948808467 and the roots of the characteristic polynomial is 4; = —1 and 1, = 0.5348808472

that verifies the theoretical knowledge.

x(t)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
é

0.1 0.15 0.2 0.25 0.3 0.35

Figure 2. Bifurcation diagrams for x; and y, for the system (2) for values of &« = 0.9, = 0.6,m = 0.2, s = 3 and initial

condition (x4, v,) = (1.45, 1.01)

Conclusion

Allee effect and immigration have an important role in
increasing the realism of the prey-predator model. So, we
have considered a discrete-time prey-predator model with
both Allee effect and immigration in this paper. We have
investigated the complex dynamical behaviors of the
system (2). Firstly, we have obtained existence conditions
of the fixed points of the system (2). We have focused on
coexistence fixed point due to biological meaning for
showing complex dynamics of the system (2). We have
analyzed topological classifications of the coexistence fixed
point of the system (2). Later, we have obtained the
required conditions on the parameters for period-doubling
bifurcation of the system (2) by choosing § as a bifurcation
parameter. For period-doubling bifurcation analyses, we
have used center manifold theorem and normal form
theory [40]. Finally, we have given numerical simulations to
support obtained theoretical finding. In Figurel, we have
observed that the coexistence fixed point of the system (2)
is local asymptotically stable on some conditions
demonstrated in Theorem 2.1 (i). Also, in Figure 2, we have
shown that the stability of the fixed point P; of the system
(2) changes from stable to unstable when the bifurcation
parameter §, crosses a critical value 8. Thus, the period-
doubling bifurcation arises from the fixed point P;.
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