| csj.cumhuriyet.edu.tr | Founded: 2002

ISSN: 2587-2680 e-ISSN: 2587-246X

Cumbhuriyet Sci. J., 43(2) (2022) 277-282
DOI: https://doi.org/10.17776/csj.1025269

Cumhuriyet Science Journal

Publisher: Sivas Cumhuriyet University

On Gaussian Jacobsthal-Padovan Numbers

Nusret Karaaslan 12"
1 Kalkandere Dagdibi Secondary School, Rize, Tiirkiye.
*Corresponding author

Research Article ABSTRACT

History
Received: 18/11/2021
Accepted: 13/04/2022

Gaussian Jacobsthal-Padovan numbers have been the central focus of this paper and firstly this number
sequence has defined. Later, we have given the proof of the generating function of the Gaussian Jacobsthal-
Padovan sequence. After that by using generating function, we have given the proof of the Binet formula for
this number sequence. Additionally, we have investigated some properties such as Simson identity, summation

formulas of this sequence. Finally, we have obtained some matrices whose elements are Gaussian Jacobsthal-
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Padovan numbers.
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Introduction

In recent years, there have been many studies on a
variety of number sequences in the literature. Some of the
famous examples are Fibonacci, Lucas, Pell, Pell-Lucas,
Jacobsthal and Jacobsthal-Lucas etc. Details can be found
in [1-5]. In [4], Jacobsthal and Jacobsthal-Lucas number
sequences are given respectively by

n=2,
n=2.

Jo=0 /=1,
Jo=2j1=1,

Jn=Jn-1+ 2]n—2,
Jn=Jnat 2jn—2,

Gaussian forms of these sequences are also available
in the literature. Gaussian forms of these sequences as
well as their properties have been inquired into by many
authors, see [6-10] for details. In [9], Jacobsthal and
Jacobsthal-Lucas sequences’ Gaussian forms are defined
by the recursion formulas

GJn = Glp-1 + 26—, GJo = % G =1, nz2,

Gln = Gjn-1 + 2Gjng, Gjo=2—5Gj1 =1+2i,n =2,

respectively.

Also, Cerda-Morales [11] defined Gauss third-order
Jacobsthal numbers and investigated some properties of
this sequence.

Additionally, the Padovan (sequence A000931 in [12]),
Pell-Padovan (sequence A066983 in [12]) and Jacobsthal-
Padovan (sequence A159284 in [12]) sequences are given,
respectively, by the third-order recurrence relations

Pn=Pn_2+Pn_3' P0=P1=P2=1’ n23’
RTl = ZRTI—Z + RTl—3, RO = Rl = Rz = 1, nz= 3,
JP =P +2]P, 5 JPh=]P,=]P, =1, n=3.

Keywords: Jacobsthal numbers, Jacobsthal-Padovan numbers, Gaussian Jacobsthal-Padovan numbers,
Generating function, Binet formula

Also, Tasci [13] defined Gaussian Padovan and
Gaussian Pell-Padovan sequences as follows:

GPn = GPn_z + GPTl—3, GPO = 1, GPl =1 + i,
GP,=1+i, n>3
GRp = 2GR, + GRp_s  GRo=1—1,

GRy=1+1i, GR, = 1 +1, n>3,

respectively.

Moreover, in [13], some properties of these sequences
are investigated. In addition, Yasar Kartal [14] studied the
Gaussian Padovan sequence.

In this study, we extended the Jacobsthal-Padovan
sequence to Gaussian Jacobsthal-Padovan sequence.
Then, we have derived generating function and the Binet
formula for this sequence. Also, we have found numerous
sums and various equalities for Gaussian Jacobsthal-
Padovan sequence.

Main Results

First, we give the definition of Gaussian Jacobsthal-
Padovan number sequence based on the recurrence
relation.

Definition 1. The sequence {GJP,}m-, of Gaussian

Jacobsthal-Padovan numbers satisfies the following third-
order recurrence relation:

GJBy = G]Pp_p +2G]Pp_3

with initial conditions GJPy, =1, GJP, =1+1, GJP, =
1+iandn = 3.
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Then we get the Gaussian Jacobsthal-Padovan sequence

/By ={1,1+i1+i3+i3+3i,5+3i,9+5..}
Also, note that forn = 0

GJP, =]B, + iJP_4

where JP, is the n-th Jacobsthal-Padovan numbers.

Theorem 1. The sequence {GJP, },s0 can be extended to negative subscripts by defining

1 1
GJP_, = _EG]P—(n—l) + EG]P—(H—S)

forn > 1.

Proof. From the recurrence relation of Gaussian Jacobsthal-Padovan sequence, we have

1 1
GJPy—3 = EG]Pn _EG]Pn—Z-

Then, for n = —n + 3, we obtain
1 1
GIP_p = 2 GIP_ps5 =5GPy
1 1
= EG]P—(n—a) - EG]P—(H—l)

1 1
= 5 6Py + 5GP -3

as required.
Presently, we deliver the generating function of Gaussian Jacobsthal-Padovan sequence with next theorem.

Theorem 2. The generating function of Gaussian Jacobsthal-Padovan sequence is obtained as

()_1+(1+i)x+ix2
g = 1—x%2—-2x3

Proof. Assume that g(x) the generating function of {GJP,};=,. By considering the recurrence relation of Gaussian
Jacobsthal-Padovan sequence, and deriving x* Y'%_, GJP,x" and 2x3 ¥_, GJP,x" from Y%, GJP,x" we get

(1—x?-2x%) z GJP,x" = z GJP,x" — x? Z GJP,x" — 2x3 z GJP,x"
n=0 nzog OOn:O oc>n:0

= Z GJP,x" — Z GJP,x"*2 — 2 z GJP,x"*3

= (G]PO + G]PIX + G]szz) - G]P()Xz + Z(G]Pn - G]PH—Z - ZG]Pn_3)Xn
n=3

= G]PO + G]P1X + (G]PZ - G]P())XZ.

Thus, by using the initial conditions, we obtain
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ZG]P 1+(1+1)x+1x

1—x2-—2x3

which is desired.
We now find the Binet formula for Gaussian Jacobsthal-Padovan sequence in the following theorem.
Theorem 3. n*" Gaussian Jacobsthal-Padovan number is

x+ D +1) X+ D +1) (X3 + D(x3+1)

L Ty L o T L R cap eap b

where x;, X, and X3 are the different roots of the equation x3 — x — 2 = 0 and whose roots are

X1=\/1+—+\/1——, Xp =0 3\/ - X3—u)\/1+\/_ \/1——

—1+4iV3

where w =

Proof. Suppose that g(x) = 1 — x? — 2x3. Then using the roots X;, X, and X5 of the equation, we can write g(x) as
g(x) = (1 —xx)(1 — x,x) (1 — x3%),
namely,

1-x2-2x3=(1-x3)(1 —x,%)(1 — x3%) (1)

Thus, we find all roots of g(x) as which Xl, L and =
1

X2 X3
Now, we write the equation (1) and the generating function of {GJP, }3, as:

1—x2%—2x3

- 14 (14 D)x + ix?
Z GJP,x" =
;)

3 1+ (1 +i)x+ ix?
B (1 =x)(1 = %) (1 — x3%)

A B C

= + +
1—x1x 1-—xx 1-—x3x

(2)
Hence,
1+ (@ +Dx+ix? =A01 — x,x)(1 — x3%) + B(1 — x;x)(1 — x3%) + C(1 — x;x)(1 — x,%).

Then, for x = L wehave 1+ 1+ i)l + ii2 = A( ) (1 - —) From here, we find
X1 X1 X1 X1

X1

x1 + (1 +i)x, +i %, + D%, +1)

(x4 —%X2) (X1 — X3) (X1 —Xp) (X — X3) (g — %) (%1 — Xs).

2 1+(1+i)l+i L
A= X1 X, 2

In a similar way, we obtain

X+ D(xy +1) (X3 + 1D (x3 +1)
B (X2 =X (X2 —X3)’ B (X3 = %) (X3 — Xp)’

Consequently, we can write the equation (2) as in the following way

Z GJP,x" = A(1 — x;x) "1 + B(1 — x,x) "t + C(1 — x3x) !

n=0
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[oe] [ee) [ee)
=A E x."x" + B E x,"x" 4+ C E x3"x"
n=0 n=0 n=0

= Z(Axln + Bx,™ + Cx3™)x™.

n=0
Thus, we obtain foralln > 0
G]Pn = AXln + Bin + CX3n

(1 + D)(x1 +1) n (X, + 1)(x, +1) n (x3 + 1)(x3 +1)

B (X1 = X2) (X1 — X3) ! (X2 = %1) (X2 — X3) 2 (X3 = %) (X3 — X2) :

as required.
The following theorem gives the Simson formula for Gaussian Jacobsthal-Padovan sequence.
Theorem 4. For n € Z, we have

G]Pn+2 G]Pn+1 G]Pn
G]Pn+1 G]Pn G]Pn—l
G]Pn G]Pn—l G]Pn—z

=-=-2"(1-1).

Proof. We show the proof of this theorem by induction over n. For n = 1, the statement is true. In fact

GJp; GJP, GJP
GJP, GJP,  GJP,
GJP, GJP, GJP_,

=—242i=-2'(1-1).

Now, let this statement be true for n = k. That is,

Pz GlPiar  GIPg
GPtr  GIPc  GJPy
GF  GBs GlP,

= =2K(1 -i).

Finally, we must show that the statement is correct for n = k + 1. We obtain from induction hypothesis and the
properties of determinant function.

GJPcy3  GJPey2  GJPciq GJPeys +2GJPc GJPyz  GJPeys
GJPey2 GIPyr  GJPc | =| GPc+ 2GRy GJPyr GIR
GJPeys  GJPc GJPeql  1GJP—y +2GJP;  GJPB GJPey

GJPcr1 GlPetz  GJPiysq
=|GP  GPur  GJR
GJP—1  GJPc  GJPcq

+[26)P; Py GIR

2GJP—> G GJPy

2GJR, mmzmmw

GFc  GlPss GlPeys
GPei GPiws  GIB
GPo GF  GJPy

=2

GJPer2  GJPc  GJPysq
GJPt1 GIRy  GJR
GJP.  GJP—; GJP4

=2

GJPey2 GJP1  GJB
GJPy1 GJBe  GJPy
GJPc  GJPy GJP,

=2
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=2[-2*1 - D]
= —2K+1(1 ).
Therefore, the statement is also correct forn = k + 1. O

In the next theorem, we give some summation formulas of Gaussian Jacobsthal-Padovan sequence.
Theorem 5. For n > 1, we have the following sums:

n
1
) G =5 (GPass + GlPass) = 2+,
k=1

n
1
ll.z G]sz = EG]P2n+3 - (3 + 1),
k=1

n
1
lll.z G]PZk—l = EG]P2n+2 - (1 + l).
k=1

Proof (i). From the recursive relation of Gaussian Jacobsthal-Padovan sequence, we have
1 1
GJP,_3 = EG]Pn - EG]Pn—Z- (3)

Thus, we have from the equation (3)

1 1
GJP, = -GJP, — - GJP,

2 2

1 1
GIP, = 5 GIPs = GIP,

1 1

1 1
GIPy = 5GPy = 5GPy

After performing necessary calculations, we obtain

C 1 1
> GR = 5 (@Pasz + GPais) = 5 (G + GIP)
k=1

1
= E(G]Pn+2 + GJPy43) — (2 +1)

which is desired.
The proof of (ii) and (iii) can be done similarly to the proof of (i).

Theorem 6. For n € Z*, we have

0 1 2\" /1+i GPJ sz
1 0 0) .[1+i]=|GPJns1 |
010 1 GPJ,

Proof. We can prove the theorem by induction on n. For n = 1, we get

0 1 2\ /1+i 341 GPJ3
(1 0 0) .<1+i>=<1+i>=<GP]2>.
010 1 1+i GPJ,

Assume that the equality holds for n = k, namely,
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0 1 2\ /1+i GPJys s
1 0 0).[1+i)=(GPJs ).
010 1 GPJy

Now, we need to show that it is true for n = k + 1. Hence, we obtain

o

0 1 2\ /1+i 0 1 2 0 1 2\F
(1 0 0) .<1+i>=<1 o>.<1 0 o).(
01 0 1 01 0 010

o

0 1 2\ /GPJki2
(1 0) ) (GP]k+1>
010 GPJy

GPJyy1 + 2GJ P
GPJy42 )

GPJi41

GPJy43
(GP]k+2>-

GPJis1

The proof is completed.
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