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1. Introduction

Framed curves in n-dimensional Euclidean space were first introduced by Honda and Takahashi [1]. Framed curves in Euclidean space
are used to investigate singular curves and are important for singularity theory. A framed curve in the Euclidean space is a curve with a
moving frame. It is a generalization not only of regular curves with linear independent condition but also of Legendre curves in the unit
tangent bundle. There are many studies in the literature for framed curves in three-dimensional Euclidean space. In three-dimensional
Euclidean space, there are studies such as existence and uniqueness conditions of framed curves [2], evolutes of framed immersions [3],
framed rectifying curves [4, 5], framed normal curves [6], Bertrand and Mannheim curves of framed curves [7].

Frenet and Bishop frames are important in classical differential geometry. Frenet frames cannot be built as the curvatures vanishes at some
points and the Bishop frame is used [8]. In [9], this situation is extended to the four-dimensional Euclidean space and a parallel frame
is formed. In four-dimensional Euclidean space, this frame is called the parallel transport frame and it can be [10]- [13] etc. studies are
available.

In this paper, we introduce framed curves in four-dimensional Euclidean space. Also, we give some new results for the relation of framed
curves with Frenet curves in four-dimensional Euclidean space. Moreover, we introduce Bishop-type frame of framed curves with the help
of Euler angles. Also, by using Bishop-type framed curves in four-dimensional Euclidean space, we introduce framed rectifying curves,
framed osculating curves and framed normal curves.

2. Framed curves in n-Euclidean space

A framed curve in the n-dimensional Euclidean space is a space curve with a moving frame which may have singular points, in detail see [1].
Let y: I — R”" be a curve with singular points. The set

At = (= (1, 2, 1) € R X X R (i) = 85, iyj = 1,20n— 1}
is an (n,n — 1)—type Stiefel manifold. Let u = (1, M, ..., Uy—1) € Ay—1. Take the unit vector defined by v =ty A ... A ly—q.

Definition 2.1 (Framed curve). (,1t) : I — R" x A,_, is called a framed curve if (Y (s), i(s)) = 0 forall s € L and i = 1,2,....n—1[1].
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Let (y, 1) : 1 — R" x A, be a framed curve and v(s) = t; (s) A... A lt,—1. By definition (it (s), v(s)) € SO(n) foreach s € I and {u(s), v(s)}
is called a moving frame along the framed base curve ¥(s). Then, Frenet-Serret type formula is given by

where A(s) = (a; j) € o(n) for i, j=1,2,...,n and o(n) is the set of all skew-symmetric matrices. Moreover, there exists a smooth mapping
o : I — R such that:

¥ (s) = als)v(s)

In addition, s is a singular point of the framed curve 7 if and only if a(sg) = 0. (A, &) : I — o(n) x R is called the curvature of the framed
curve.

3. Framed curves in R* x A3

Let us take the vectors x = (x1,x2,%3,%4),y = (¥1,¥2,¥3,4) and z = (z1,22,23,24) in four-dimensional Euclidean space R* with Euclidean
inner product. The ternary product (or vector product) is defined

(4] e e3 ey
X1 X2 X3 X4
yroy2 Y3 Y4
1 22 3 Z4

XANYyNZ=

where {ey,e3,e3,e4} is the standard basis of R* [14].
The set

= {u = (u1, k2, 13) €R* X R X RY (i, ) = 8,0, j = 1,2,3}
is a six-dimensional smooth manifold. We define a unit vector v : ity A tip A p3 of R?.
Definition 3.1. (Y, 11, to, 13) : I — R* x A3 is called a framed curve i]‘()/(s),ui(s)) =0forallselandi=1,2,3.

The Frenet-Serret type formula is given by

v, 5) 0 =I(s) —m(s) —n(s) v(s)

I’L} (S) — l(S) 0 p(S) q(S) My (S) @3.1)
1y (s) m(s) —p(s) O r(s) Ha(s) '
o) ws) gl ) 0 )\ mls)

where

In addition, there exists a smooth mapping  : I — R such that  (s) = ct(s)v(s). If s is a singular point of ¥, ct(sg) = 0. If 50 is a singular
pointof (y, i), (I,m,n, p,q,r,a)(so) = 0. Note that (y, 1, Up, 13) is a framed immersion if and only if (/(s),m(s),n(s), p(s),q(s),r(s), a(s)) #
(0,0,0,0) forall s € I.

Example 3.2. Regular curves at R* with linear independent conditions are a natural example of framed curves (i.e. ¥ (s),y (s),y  (s) are
linear independent for all s € I). v: I — R* regular curve with linear independent conditions. If we take p1 (s) = Ny (s), pa(s) = Na(s) and
us(s) = N (s), then (y,Ny,No,N3) : I — R* X Az is a framed curve. Also, v(s) = i A s Atz = T(s). Therefore,

Iy (I

(5) = (¥ (5).7 (5))y
||HY(S)||2 Y (s) = (Y (5),7
T(s) X Ni(s) Xy

s S)> ‘)
) X (s)
IT(s) x Ni(s) x ¥ ()]

$)—

T(s) = Ni(s) =

N

Ny(s) = N3(s) x T(s) x Ni(s) Ni(s) =

3.1. Framed curves R* x A3 with Bishop frame

In this section, adapted frame for framed curves are obtained by using Euler angles and these frame is called Bishop-type frame of framed
curves. By using Euler angles an arbitrary rotation matrix is given by

cosfBcosy —cos@siny+sin@cosysin®  sin@sin Y+ cos @ cos ysin O
cosOsiny  cos@cosy+sin@sinysin@  —sin@cos Y+ cos @sin ysin O
—sin 6 sin ¢ cos 6 cos ¢ cos 6
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where 6, y, ¢ are Euler angles [9]. We define (1T, (s), 5 (s), 3(s)) € Az by

Hy(s) = (cosO(s)cosy(s))u(s)+ (—cos@(s)siny(s)+sin@(s)cosy(s)sinO(s))ua(s)
+ (sin@(s)siny(s)+cos @(s)cos y(s)sinO(s))us(s)

Hy(s) = (cos@(s)siny(s))u(s)+ (cos@(s)cosy(s)+sin@(s)siny(s)sinO(s))ua(s) 3.2)
+  (—sin@(s)cos y(s)+cos @(s)siny(s)sinO(s))usz(s)

Hys) = —sin0(s)u(s)+ sin@(s)c0s B(s)pa(5) + cos p(s) cos (s (s)

Therefore, (v, [y, Mo, H3) : ] — R* x As is a framed curve and

V(s) =1y (s) ARa(s) A3 (s) = v(s)
By differentiating equations 3.1 and 3.2, we get

ﬁ/l = (lcosBcosy —mcos@siny +msin@cos ysin O + nsin @ sin Y + ncos @ cos ysinO)v
+(—9/sinecosu/—l[/’cos6sinl//+pcos<psinq/—psin(pcosWsine
quin(psinl[/quOS(psinecost//)ul+(pcosecosl[/+(p’sin(psinl[/fl[/'COS(pcosq/
+(p,sin9cos(pcosl[/+G,COSGSin(pcosl//fl///sinesin(psinl[/frsin(psinl[/
—rcos@cos ysin0) Uy + (gcos 0 cos Y — rcos @ sin Y + rsin @ cos ysin 6
+(plcos(psinlp+l//’singocosl//—(p/sin(-)singocosl//—i-9/cos9cos(pcosl//

— ' sin 6 cos @ sin )3,

I, = (lcosBsiny+mcos@cosy+msin@sinysin® —nsin@cosy +ncos@sinysinh)v
+(—9’ sin 0 sin y + l[/cosecos1[/—pcosq)cosl[/—psin(psinl//sine
+gsin@cos Y — gcos @sin O sin W) ) + (pcos B sin ¥ — ' pcos @siny + v’ sin @ cos ysin
f(p/cosl[/sin(er(p/ sin 6 cos @ sin Y + 9/COSQSin(pSil‘ll[/+rSiIl(pCOSl[/

—rcos(psm ysin 9)u2+ (qcos951n u/+rcos(pcosl//+r51n(psm ysin 0

—(p cos(pcosl//—H// sin@siny — (p smGsm(psmly—i—B cos 6 cos @sin

+y sin 6 cos @ cos y) s,

Uy = (—Isin@+msin@cosB+ncos@cosO)v+ (=6 cos@ — psin@cos @ —gcos P cos O) i
+(—psin®+ @ cosOcos @ — ' sinOsin — rcos P cos H) iy
+(—gsin@ +rsin@cos @ — @ sin@cos @ + O’ sin O cos @) s,

Vo= vV =—lu—mu—nus.
Corollary 3.3. If we take Euler angles 0,y, ¢ : [ — R which satisfies
6'(s) = —pls)sing(s) —q(s)cos g(s)
(p/(s) = tan0O(s)(p(s)cos@(s) —q(s)sing(s)) +r (3.3)
v(s) = secO(s)(p(s)cosp(s) —qg(s)sing(s))
we call the frame {{L|, 15,13, V} a Bishop-type frame along framed base curve R*. Also, the formula is given by
v(s) 0 —L(s) —M(s) —N(s) V(s
B |_ [ o o o ,(s)
ﬁi(s) | M(s) 0 0 0 T (s) (3.4
5 (s) N(s) 0 0 0 H3(s)
where
L(s) = I(s)cosO(s)cosy(s)—m(s)cos@(s)siny(s)+m(s)sin@(s)cosy(s)sinO(s)
+n(s)sin@(s) sin y(s) +n(s) cos @(s) cos y(s) sin O(s)
M(s) = I(s)cosB(s)siny(s)+m(s)cos@(s)cosy(s)+m(s)sin@(s)siny(s)sinO(s)
—n(s)sin @(s) cos W(s) 4+ n(s)cos @(s) sin y(s) sin O(s)
N(s) = —I(s)sinB(s)+m(s)sin@(s)cosO(s)+n(s)cos@(s)cosO(s)

and with equation 3.3.

Corollary 3.4. According to the equation 3.3, there is

relation between the Euler angles.
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4. Special framed curves in R* with Bishop frame
4.1. Framed rectifying curves

Definition 4.1. Ler (v, 1, [, 13): 1 — R* x Az be a framed curve.  is called framed rectifying curve in R if its position vector vy satisfies:
Y(s) = A1 (s)V(s) + Ao ()Mo (s) + A3 (s) i3 (s) @.1
where A1 (s),A2(s) and A3(s) are differentiable functions.

Theorem 4.2. Let (Y, 111, y, H3) : I — R* x A3 be a framed curve with non-zero framed curvatures. Then, ¥ is a framed rectifying curve if
and only if M (s) + A3N(s) — a(s) = 0, where Ay and A3 are real constants.

Proof. Assume 7 is a framed rectifying curve. By differentiating equation 4.1, we get

a()v(s) = (A(s)+A()M(s) + A3 ()N())V(5) + (—L(s)A1 () (5) @2)
(=M (5)2A1 () + A () Ha (5) + (=N(s) A1 (5) + A5 (5)) 13 (5)
Then according to equation 4.2, we have
L($)M(s) = 0
%((;))7?11((5))—_ ?L: ss)) = 8 “3)
Ay (s) +22(s)M (s) + A3 (5)N(s) a(s)
Since framed curvatures are non-zero, we get
M(s) =0, Ay(s) = Aa(const.), A3(s) = Az(const.) (4.4)
Therefore, by using last equation of 4.3 and equation 4.4, we have
AaM(s)+A3N(s) — a(s) =0 4.5)

where A, and A3 are real constants. Conversely, assume that the curvatures (L, M, N, @) satisfies the equation 4.5. By considering, the vector
X € R* given by

X(s) = v(s) = A2l (s) — A3fi3(s) (4.6)
By differentiating equation 4.6, we have
X (s) = a(s)v(s) = (A2M(s) + A3N(s)) v (s)
By using equation 4.5, we get
X'(s)=0 (4.7)

Based on the equation 4.7, we conclude that ¥ is congruent to a framed rectifying curve in R*. O

Corollary 4.3. If v is a framed rectifying curve with non-zero curvatures in R*, then the curvatures of y have the following relationships
Yy 8 8 D

(%) ()

- =constant or ———— = constant 4.8)
M N
N M

Proof. By using equation 4.5 and the derivative of equation 4.5, we get 4.8. O

4.2. Framed first osculating curves

Definition 4.4. Let (y, 11,5, H3) : I — R* x Az be a framed curve. Y is called framed first osculating curve in R* if its position vector Y
satisfies:

Y(s) = e1(s)v(s) + & ()L (s) + &3(s) 3 (s) (4.9)
for some functions & (s), & (s), &(s).

Theorem 4.5. Let (v, 11, [,,13): 1 — R* X A3 be a framed curve with non-zero framed curvatures. Then, ¥ is a framed first osculating
curve if and only if &L (s) + &3N(s) — a(s) = 0 where & and €3 are real constants.
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Proof. Suppose that ¥ is a framed first osculating curve. By differentiating equation 4.9, we get

&(s)N(s))v(s) + (=L(s)ei (s) + £(5)) 1 (s)
(=N(s)e1(s) + &(s))H3(s)

als)vis) = (&(s)+eAs)L(s)

J’_
—&1 ()M (s)iry(s) +

Therefore, we have

L(s)e1(s) — &(s) = 0
%<(f>);l<(5>)+e;<s> ~ 0 @10
& (s) +&(s)L(s) +&(s)N(s) = als)
Since framed curvatures are non-zero, we get
€1(s)=0, & =eg(const.),e3 = ¢e3(const.) (4.11)
Consequently, by using last equation of 4.10 and equation 4.11, we have
&L(s)+&eN(s)—a(s)=0 (4.12)

where &, and €3 are real constants. Conversely, assume that the curvatures (L, M, N, a) satisfies the equation 4.12. By considering, the vector
X € R* given by

X(s) = y(s) — &1L (s) — &3H3(s) (4.13)
By differentiating equation 4.13, we have
X (s) = a(s)V(s) = (2L(s) + &N (5))v(s) (4.14)
By using equation 4.14, we get
X (s)=0 (4.15)
By according to equation 4.15, we conclude that ¥ is congruent to a framed first osculating curve in R*. O

Corollary 4.6. If yis a framed first osculating curve with non-zero curvatures in R?, then the curvatures of y have the following relationships

) (%)

; = constant or ——= = constant (4.16)
L N
N L
Proof. By using equation 4.12 and the derivative of equation 4.12, we get 4.16. O

4.3. Framed second osculating curves

Definition 4.7. Let (y,11;,l,,H3): ] — R* x Az be a framed curve. v is called framed second osculating curve in R* if its position vector
v satisfies:

¥(s) = Mi(s)v(s) + M2 (s) iy (5) +1m3(s)Ha (s)
for some functions 1y (s), M2(s), N3(s).

Theorem 4.8. Let (Y, 111, p, H3) : I — R* x Az be a framed curve with non-zero framed curvatures. Then, Y is a framed second osculating
curve if and only if Ny L(s) + n3M(s) — a(s) = 0 where 0y and M3 are real constants.

Proof. Its proof is done in a similar way to Theorem 4.5. O

Corollary 4.9. If v is a framed second osculating curve with non-zero curvatures in R*, then the curvatures of y have the following
relationships
()
M

()

! ’

—
IR
~—

; = constant  or - = constant

e
=R
~~—
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4.4. Framed normal curves

Definition 4.10. Let (y,[11;, M5, H3) 1 ] — R* x A3 be a framed curve. y is called framed normal curve in R* if its position vector y satisfies:

¥(s) = 81(s)y (5) + 82 (s)Ha (5) + 83 (K5 (s) (4.17)
for some functions 8 (s), 8 (s), 83(s).

Theorem 4.11. Let (y,111, 1y, H3) : I — R* X A3 be a framed curve with non-zero framed curvatures. Then, ¥ is a framed normal curve if
and only if 8, L(s)) + &M (s) + 83N(s) — a(s) = 0 where &y, 8, O3 are real constants.

Proof. Suppose that y is a framed normal curve. By differentiating equation 4.17, we get

a(s)v(s) = (8i()L(s)+ &(s)M(s) + 8 (s)N(s))V(s) + 8, () ()

+8, 5 (5) + 85 ()3 (s)
Therefore, we have
si (5)=0
23 8 ; 8 (4.18)
31 (5)L(s) + B2()M(s) + 85 (s)N(s) = ax(s)
Then, we have
81 (s) = 8 (const.), 8 = &(const.), 83 = 83 (const.) (4.19)
Consequently, by using last equation of 4.18 and equation 4.19, we have
O1L(s) + 62M(s) + 83N(s) —a(s) =0 (4.20)

where 81,8, and 83 are real constants. Conversely, assume that the curvatures (L, M, N, o) satisfies the equation 4.20. By considering, the
vector X € R* given by

X(s) = 1(s) = &1, (5) — 620> (s) — &31E3(s) (4.21)

By differentiating equation 4.21, we have
X (s) = a(s)v(s) = (81L(s) + B2M(5) + 83N(s)) v (s)
Then, we get
X'(s)=0 4.22)

By according to equation 4.22, we conclude that 7y is congruent to a framed normal curve in R*. O
5. Conclusion
In this study, we defined framed curves in four-dimensional Euclidean space. In addition, we gave Bishop-type frame of framed curves
in four-dimensional Euclidean space. Actually, the Frenet-type frame of framed curves can give in four-dimensional Euclidean space. In

addition, we investigate framed rectifying, normal and osculating curves. Thus, since the four-dimensional frame of framed curve, all framed
curve studies can be extended to this space.
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