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Abstract

Framed curves in Euclidean space are used to investigate singular curves and are important
for singularity theory. In this study, we investigate framed curves in four-dimensional
Euclidean space. We introduce Bishop-type frame of framed curves is with the help of
Euler angles. Also, we give framed rectifying curves, framed osculating curves and framed
normal curves with the help of Bishop-type framed curves in four-dimensional Euclidean
space. Also, we obtain some characterizations depending on framed curvatures.

1. Introduction

Framed curves in n-dimensional Euclidean space were first introduced by Honda and Takahashi [1]. Framed curves in Euclidean space
are used to investigate singular curves and are important for singularity theory. A framed curve in the Euclidean space is a curve with a
moving frame. It is a generalization not only of regular curves with linear independent condition but also of Legendre curves in the unit
tangent bundle. There are many studies in the literature for framed curves in three-dimensional Euclidean space. In three-dimensional
Euclidean space, there are studies such as existence and uniqueness conditions of framed curves [2], evolutes of framed immersions [3],
framed rectifying curves [4, 5], framed normal curves [6], Bertrand and Mannheim curves of framed curves [7].
Frenet and Bishop frames are important in classical differential geometry. Frenet frames cannot be built as the curvatures vanishes at some
points and the Bishop frame is used [8]. In [9], this situation is extended to the four-dimensional Euclidean space and a parallel frame
is formed. In four-dimensional Euclidean space, this frame is called the parallel transport frame and it can be [10]- [13] etc. studies are
available.
In this paper, we introduce framed curves in four-dimensional Euclidean space. Also, we give some new results for the relation of framed
curves with Frenet curves in four-dimensional Euclidean space. Moreover, we introduce Bishop-type frame of framed curves with the help
of Euler angles. Also, by using Bishop-type framed curves in four-dimensional Euclidean space, we introduce framed rectifying curves,
framed osculating curves and framed normal curves.

2. Framed curves in n-Euclidean space

A framed curve in the n-dimensional Euclidean space is a space curve with a moving frame which may have singular points, in detail see [1].
Let γ : I→ Rn be a curve with singular points. The set

∆n−1 = {µ = (µ1,µ2, ...,µn−1) ∈ Rn× ...×Rn | 〈µi,µ j〉= δi j, i, j = 1,2...,n−1}

is an (n,n−1)−type Stiefel manifold. Let µ = (µ1,µ2, ...,µn−1) ∈ ∆n−1. Take the unit vector defined by ν = µ1∧ ...∧µn−1.

Definition 2.1 (Framed curve). (γ,µ) : I→ Rn×∆n−1 is called a framed curve if 〈γ ′(s),µi(s)〉= 0 for all s ∈ I and i = 1,2, ...,n−1 [1].
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Let (γ,µ) : I→Rn×∆n−1 be a framed curve and ν(s) = µ1(s)∧ ...∧µn−1. By definition (µ(s),ν(s))∈ SO(n) for each s∈ I and {µ(s),ν(s)}
is called a moving frame along the framed base curve γ(s). Then, Frenet-Serret type formula is given by(

µ
′
(s)

ν
′
(s)

)
= A(s)

(
µ(s)
ν(s)

)
where A(s) = (ai, j) ∈ o(n) for i, j = 1,2, ...,n and o(n) is the set of all skew-symmetric matrices. Moreover, there exists a smooth mapping
α : I→ R such that:

γ
′
(s) = α(s)ν(s)

In addition, s0 is a singular point of the framed curve γ if and only if α(s0) = 0. (A,α) : I→ o(n)×R is called the curvature of the framed
curve.

3. Framed curves in R4×∆3

Let us take the vectors x = (x1,x2,x3,x4),y = (y1,y2,y3,y4) and z = (z1,z2,z3,z4) in four-dimensional Euclidean space R4 with Euclidean
inner product. The ternary product (or vector product) is defined

x∧ y∧ z =

∣∣∣∣∣∣∣∣
e1 e2 e3 e4
x1 x2 x3 x4
y1 y2 y3 y4
z1 z2 z3 z4

∣∣∣∣∣∣∣∣
where {e1,e2,e3,e4} is the standard basis of R4 [14].
The set

∆3 = {µ = (µ1,µ2,µ3) ∈ R4×R4×R4| 〈µi,µ j〉= δi j, i, j = 1,2,3}

is a six-dimensional smooth manifold. We define a unit vector ν : µ1∧µ2∧µ3 of R4.

Definition 3.1. (γ,µ1,µ2,µ3) : I→ R4×∆3 is called a framed curve if 〈γ ′(s),µi(s)〉= 0 for all s ∈ I and i = 1,2,3.

The Frenet-Serret type formula is given by
ν
′
(s)

µ
′

1(s)
µ
′

2(s)
µ
′

3(s)

=


0 −l(s) −m(s) −n(s)

l(s) 0 p(s) q(s)
m(s) −p(s) 0 r(s)
n(s) −q(s) −r(s) 0




ν(s)
µ1(s)
µ2(s)
µ3(s)

 (3.1)

where

l(s) = 〈µ ′1(s),ν(s)〉 m(s) = 〈µ ′2(s),ν(s)〉
n(s) = 〈µ ′3(s),ν(s)〉 p(s) = 〈µ ′1(s),µ2(s)〉
q(s) = 〈µ ′1(s),µ3(s)〉 r(s) = 〈µ ′2(s),µ3(s)〉

In addition, there exists a smooth mapping α : I→ R such that γ
′
(s) = α(s)ν(s). If s0 is a singular point of γ , α(s0) = 0. If s0 is a singular

point of (γ,µ), (l,m,n, p,q,r,α)(s0)= 0. Note that (γ,µ1,µ2,µ3) is a framed immersion if and only if (l(s),m(s),n(s), p(s),q(s),r(s),α(s)) 6=
(0,0,0,0) for all s ∈ I.

Example 3.2. Regular curves at R4 with linear independent conditions are a natural example of framed curves (i.e. γ
′
(s),γ

′′
(s),γ

′′′
(s) are

linear independent for all s ∈ I). γ : I→ R4 regular curve with linear independent conditions. If we take µ1(s) = N1(s), µ2(s) = N2(s) and
µ3(s) = N3(s), then (γ,N1,N2,N3) : I→ R4×∆3 is a framed curve. Also, ν(s) = µ1∧µ2∧µ3 = T (s). Therefore,

T (s) =
γ
′
(s)

‖γ ′(s)‖
N1(s) =

‖γ ′(s)‖2γ
′′
(s)−〈γ ′(s),γ ′′(s)〉γ ′(s)

‖‖γ ′(s)‖2γ
′′
(s)−〈γ ′(s),γ ′′(s)〉γ ′(s)‖

N2(s) = N3(s)×T (s)×N1(s) N3(s) =
T (s)×N1(s)× γ

′′′
(s)

‖T (s)×N1(s)× γ
′′′
(s)‖

3.1. Framed curves R4×∆3 with Bishop frame

In this section, adapted frame for framed curves are obtained by using Euler angles and these frame is called Bishop-type frame of framed
curves. By using Euler angles an arbitrary rotation matrix is given by cosθ cosψ −cosϕ sinψ + sinϕ cosψ sinθ sinϕ sinψ + cosϕ cosψ sinθ

cosθ sinψ cosϕ cosψ + sinϕ sinψ sinθ −sinϕ cosψ + cosϕ sinψ sinθ

−sinθ sinϕ cosθ cosϕ cosθ
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where θ ,ψ,ϕ are Euler angles [9]. We define (µ1(s),µ2(s),µ3(s)) ∈ ∆3 by

µ1(s) = (cosθ(s)cosψ(s))µ1(s)+(−cosϕ(s)sinψ(s)+ sinϕ(s)cosψ(s)sinθ(s))µ2(s)
+ (sinϕ(s)sinψ(s)+ cosϕ(s)cosψ(s)sinθ(s))µ3(s)

µ2(s) = (cosθ(s)sinψ(s))µ1(s)+(cosϕ(s)cosψ(s)+ sinϕ(s)sinψ(s)sinθ(s))µ2(s)
+ (−sinϕ(s)cosψ(s)+ cosϕ(s)sinψ(s)sinθ(s))µ3(s)

µ3(s) = −sinθ(s)µ1(s)+ sinϕ(s)cosθ(s)µ2(s)+ cosϕ(s)cosθ(s)µ3(s)

(3.2)

Therefore, (γ,µ1,µ2,µ3) : I→ R4×∆3 is a framed curve and

ν(s) = µ1(s)∧µ2(s)∧µ3(s) = ν(s)

By differentiating equations 3.1 and 3.2, we get

µ
′

1 = (l cosθ cosψ−mcosϕ sinψ +msinϕ cosψ sinθ +nsinϕ sinψ +ncosϕ cosψ sinθ)ν

+(−θ
′
sinθ cosψ−ψ

′
cosθ sinψ + pcosϕ sinψ− psinϕ cosψ sinθ

−qsinϕ sinψ−qcosϕ sinθ cosψ)µ1 +(pcosθ cosψ +ϕ
′
sinϕ sinψ−ψ

′
cosϕ cosψ

+ϕ
′
sinθ cosϕ cosψ +θ

′
cosθ sinϕ cosψ−ψ

′
sinθ sinϕ sinψ− r sinϕ sinψ

−r cosϕ cosψ sinθ)µ2 +(qcosθ cosψ− r cosϕ sinψ + r sinϕ cosψ sinθ

+ϕ
′
cosϕ sinψ +ψ

′
sinϕ cosψ−ϕ

′
sinθ sinϕ cosψ +θ

′
cosθ cosϕ cosψ

−ψ
′
sinθ cosϕ sinψ)µ3,

µ
′

2 = (l cosθ sinψ +mcosϕ cosψ +msinϕ sinψ sinθ −nsinϕ cosψ +ncosϕ sinψ sinθ)ν

+(−θ
′
sinθ sinψ +ψ

′
cosθ cosψ− pcosϕ cosψ− psinϕ sinψ sinθ

+qsinϕ cosψ−qcosϕ sinθ sinψ)µ1 +(pcosθ sinψ−ψ
′
pcosϕ sinψ +ψ

′
sinϕ cosψ sinθ

−ϕ
′
cosψ sinϕ +ϕ

′
sinθ cosϕ sinψ +θ

′
cosθ sinϕ sinψ + r sinϕ cosψ

−r cosϕ sinψ sinθ)µ2 +(qcosθ sinψ + r cosϕ cosψ + r sinϕ sinψ sinθ

−ϕ
′
cosϕ cosψ +ψ

′
sinϕ sinψ−ϕ

′
sinθ sinϕ sinψ +θ

′
cosθ cosϕ sinψ

+ψ
′
sinθ cosϕ cosψ)µ3,

µ
′

3 = (−l sinθ +msinϕ cosθ +ncosϕ cosθ)ν +(−θ
′
cosθ − psinϕ cosθ −qcosϕ cosθ)µ1

+(−psinθ +ϕ
′
cosθ cosϕ−θ

′
sinθ sinϕ− r cosϕ cosθ)µ2

+(−qsinθ + r sinϕ cosθ −ϕ
′
sinϕ cosθ +θ

′
sinθ cosϕ)µ3,

ν
′

= ν
′
=−lµ1−mµ2−nµ3.

Corollary 3.3. If we take Euler angles θ ,ψ,ϕ : I→ R which satisfies

θ
′
(s) = −p(s)sinϕ(s)−q(s)cosϕ(s)

ϕ
′
(s) = tanθ(s)(p(s)cosϕ(s)−q(s)sinϕ(s))+ r

ψ
′
(s) = secθ(s)(p(s)cosϕ(s)−q(s)sinϕ(s))

(3.3)

we call the frame {µ1,µ2,µ3,ν} a Bishop-type frame along framed base curve R4. Also, the formula is given by
ν
′
(s)

µ
′

1(s)
µ
′

2(s)
µ
′

3(s)

=


0 −L(s) −M(s) −N(s)

L(s) 0 0 0
M(s) 0 0 0
N(s) 0 0 0




ν(s)
µ1(s)
µ2(s)
µ3(s)

 (3.4)

where

L(s) = l(s)cosθ(s)cosψ(s)−m(s)cosϕ(s)sinψ(s)+m(s)sinϕ(s)cosψ(s)sinθ(s)
+n(s)sinϕ(s)sinψ(s)+n(s)cosϕ(s)cosψ(s)sinθ(s)

M(s) = l(s)cosθ(s)sinψ(s)+m(s)cosϕ(s)cosψ(s)+m(s)sinϕ(s)sinψ(s)sinθ(s)
−n(s)sinϕ(s)cosψ(s)+n(s)cosϕ(s)sinψ(s)sinθ(s)

N(s) = −l(s)sinθ(s)+m(s)sinϕ(s)cosθ(s)+n(s)cosϕ(s)cosθ(s)

and with equation 3.3.

Corollary 3.4. According to the equation 3.3, there is

ϕ
′
(s) = ψ

′
(s)sinθ(s)+ r(s)

relation between the Euler angles.
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4. Special framed curves in R4 with Bishop frame

4.1. Framed rectifying curves

Definition 4.1. Let (γ,µ1,µ2,µ3) : I→R4×∆3 be a framed curve. γ is called framed rectifying curve in R4 if its position vector γ satisfies:

γ(s) = λ1(s)ν(s)+λ2(s)µ2(s)+λ3(s)µ3(s) (4.1)

where λ1(s),λ2(s) and λ3(s) are differentiable functions.

Theorem 4.2. Let (γ,µ1,µ2,µ3) : I→ R4×∆3 be a framed curve with non-zero framed curvatures. Then, γ is a framed rectifying curve if
and only if λ2M(s)+λ3N(s)−α(s) = 0, where λ2 and λ3 are real constants.

Proof. Assume γ is a framed rectifying curve. By differentiating equation 4.1, we get

α(s)ν(s) = (λ
′

1(s)+λ2(s)M(s)+λ3(s)N(s))ν(s)+(−L(s)λ1(s))µ1(s)
+(−M(s)λ1(s)+λ

′

2(s))µ2(s)+(−N(s)λ1(s)+λ
′

3(s))µ3(s)
(4.2)

Then according to equation 4.2, we have

L(s)λ1(s) = 0
M(s)λ1(s)−λ

′

2(s) = 0
N(s)λ1(s)−λ

′

3(s) = 0
λ
′

1(s)+λ2(s)M(s)+λ3(s)N(s) = α(s)

(4.3)

Since framed curvatures are non-zero, we get

λ1(s) = 0, λ2(s) = λ2(const.),λ3(s) = λ3(const.) (4.4)

Therefore, by using last equation of 4.3 and equation 4.4, we have

λ2M(s)+λ3N(s)−α(s) = 0 (4.5)

where λ2 and λ3 are real constants. Conversely, assume that the curvatures (L,M,N,α) satisfies the equation 4.5. By considering, the vector
X ∈ R4 given by

X(s) = γ(s)−λ2µ2(s)−λ3µ3(s) (4.6)

By differentiating equation 4.6, we have

X
′
(s) = α(s)ν(s)− (λ2M(s)+λ3N(s))ν(s)

By using equation 4.5, we get

X
′
(s) = 0 (4.7)

Based on the equation 4.7, we conclude that γ is congruent to a framed rectifying curve in R4.

Corollary 4.3. If γ is a framed rectifying curve with non-zero curvatures in R4, then the curvatures of γ have the following relationships(
α

N

)′
(

M
N

)′ = constant or

(
α

M

)′
(

N
M

)′ = constant (4.8)

Proof. By using equation 4.5 and the derivative of equation 4.5, we get 4.8.

4.2. Framed first osculating curves

Definition 4.4. Let (γ,µ1,µ2,µ3) : I→ R4×∆3 be a framed curve. γ is called framed first osculating curve in R4 if its position vector γ

satisfies:

γ(s) = ε1(s)ν(s)+ ε2(s)µ1(s)+ ε3(s)µ3(s) (4.9)

for some functions ε1(s),ε2(s),ε3(s).

Theorem 4.5. Let (γ,µ1,µ2,µ3) : I→ R4×∆3 be a framed curve with non-zero framed curvatures. Then, γ is a framed first osculating
curve if and only if ε2L(s)+ ε3N(s)−α(s) = 0 where ε2 and ε3 are real constants.
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Proof. Suppose that γ is a framed first osculating curve. By differentiating equation 4.9, we get

α(s)ν(s) = (ε
′

1(s)+ ε2(s)L(s)+ ε3(s)N(s))ν(s)+(−L(s)ε1(s)+ ε
′

2(s))µ1(s)
−ε1(s)M(s)µ2(s)+(−N(s)ε1(s)+ ε

′

3(s))µ3(s)

Therefore, we have

L(s)ε1(s)− ε
′

2(s) = 0
M(s)ε1(s) = 0
N(s)ε1(s)+ ε

′

3(s) = 0
ε
′

1(s)+ ε2(s)L(s)+ ε3(s)N(s) = α(s)

(4.10)

Since framed curvatures are non-zero, we get

ε1(s) = 0, ε2 = ε2(const.),ε3 = ε3(const.) (4.11)

Consequently, by using last equation of 4.10 and equation 4.11, we have

ε2L(s)+ ε3N(s)−α(s) = 0 (4.12)

where ε2 and ε3 are real constants. Conversely, assume that the curvatures (L,M,N,α) satisfies the equation 4.12. By considering, the vector
X ∈ R4 given by

X(s) = γ(s)− ε2µ1(s)− ε3µ3(s) (4.13)

By differentiating equation 4.13, we have

X
′
(s) = α(s)ν(s)− (ε2L(s)+ ε3N(s))ν(s) (4.14)

By using equation 4.14, we get

X
′
(s) = 0 (4.15)

By according to equation 4.15, we conclude that γ is congruent to a framed first osculating curve in R4.

Corollary 4.6. If γ is a framed first osculating curve with non-zero curvatures in R4, then the curvatures of γ have the following relationships

(
α

N

)′
(

L
N

)′ = constant or

(
α

L

)′
(

N
L

)′ = constant (4.16)

Proof. By using equation 4.12 and the derivative of equation 4.12, we get 4.16.

4.3. Framed second osculating curves

Definition 4.7. Let (γ,µ1,µ2,µ3) : I→ R4×∆3 be a framed curve. γ is called framed second osculating curve in R4 if its position vector
γ satisfies:

γ(s) = η1(s)ν(s)+η2(s)µ1(s)+η3(s)µ2(s)

for some functions η1(s),η2(s),η3(s).

Theorem 4.8. Let (γ,µ1,µ2,µ3) : I→ R4×∆3 be a framed curve with non-zero framed curvatures. Then, γ is a framed second osculating
curve if and only if η2L(s)+η3M(s)−α(s) = 0 where η2 and η3 are real constants.

Proof. Its proof is done in a similar way to Theorem 4.5.

Corollary 4.9. If γ is a framed second osculating curve with non-zero curvatures in R4, then the curvatures of γ have the following
relationships

(
α

M

)′
(

L
M

)′ = constant or

(
α

L

)′
(

M
L

)′ = constant
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4.4. Framed normal curves

Definition 4.10. Let (γ,µ1,µ2,µ3) : I→ R4×∆3 be a framed curve. γ is called framed normal curve in R4 if its position vector γ satisfies:

γ(s) = δ1(s)µ1(s)+δ2(s)µ2(s)+δ3(s)µ3(s) (4.17)

for some functions δ1(s),δ2(s),δ3(s).

Theorem 4.11. Let (γ,µ1,µ2,µ3) : I→ R4×∆3 be a framed curve with non-zero framed curvatures. Then, γ is a framed normal curve if
and only if δ1L(s))+δ2M(s)+δ3N(s)−α(s) = 0 where δ1, δ2, δ3 are real constants.

Proof. Suppose that γ is a framed normal curve. By differentiating equation 4.17, we get

α(s)ν(s) = (δ1(s)L(s)+δ2(s)M(s)+δ3(s)N(s))ν(s)+δ
′

1(s)µ1(s)
+δ

′

2µ2(s)+δ
′

3(s)µ3(s)

Therefore, we have

δ
′

1(s) = 0
δ
′

2(s) = 0
δ
′

3(s) = 0
δ1(s)L(s)+δ2(s)M(s)+δ3(s)N(s) = α(s)

(4.18)

Then, we have

δ1(s) = δ1(const.),δ2 = δ2(const.),δ3 = δ3(const.) (4.19)

Consequently, by using last equation of 4.18 and equation 4.19, we have

δ1L(s)+δ2M(s)+δ3N(s)−α(s) = 0 (4.20)

where δ1,δ2 and δ3 are real constants. Conversely, assume that the curvatures (L,M,N,α) satisfies the equation 4.20. By considering, the
vector X ∈ R4 given by

X(s) = γ(s)−δ1µ1(s)−δ2µ2(s)−δ3µ3(s) (4.21)

By differentiating equation 4.21, we have

X
′
(s) = α(s)ν(s)− (δ1L(s)+δ2M(s)+δ3N(s))ν(s)

Then, we get

X
′
(s) = 0 (4.22)

By according to equation 4.22, we conclude that γ is congruent to a framed normal curve in R4.

5. Conclusion

In this study, we defined framed curves in four-dimensional Euclidean space. In addition, we gave Bishop-type frame of framed curves
in four-dimensional Euclidean space. Actually, the Frenet-type frame of framed curves can give in four-dimensional Euclidean space. In
addition, we investigate framed rectifying, normal and osculating curves. Thus, since the four-dimensional frame of framed curve, all framed
curve studies can be extended to this space.
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