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Abstract
In this study, we obtain Fano planes whose points are (n-1)-dimensional subspaces and lines are (3n-1)-
dimensional subspaces of P in (7n-1)-dimensional projective space P , using (n;k)-SCID. We give examples

of Fano planes whose the lines of Fano configuration are planes and the points are points of PG(6,2) and the

lines of Fano configuration are 5-spaces and the points are lines of PG(13,2).
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(7n-1)-Boyutlu Projektif Uzayda Fano Diizlemleri Uzerine
Oz
Bu ¢alismada, (n:k)-SCID kullanarak (7n-1)-boyutlu P projektif uzayinda noktalar1 P nin (n-1)-boyutlu alt
uzaylar1 ve dogrulart P nin (3n-1)-boyutlu alt uzaylari olan Fano diizlemleri elde ediyoruz. PG(6,2) de
noktalar1 noktalar ve dogrular1 diizlemler olan ve PG(13,2) de noktalar1 dogrular ve dogrular1 5-uzaylar olan

Fano diizlemlerinin drneklerini veriyoruz.

Anahtar Kelimeler: Klein doniisiimii, Gomme, Latin ve Greek Diizlemleri, (n;k)-SCID

1. Introduction

We consider the (n+1)-dimensional vector space V over Galois field GF(q) where q is prime.

The set of equivalence classes are the 1-dimensional subspaces of V with the origin deleted is
called n-dimensional projective space PG(n,q). Any m-space of PG(n,q) is a set of points all
of whose corresponding to vectors determine a (m+1)-dimensional subspace of V. For
m=0.1...,n-1, m-spaces are called a point, a line, a plane,..., a hyperplane, respectively.
Hence an (n+1)-dimensional vector space gives rise to an n-dimensional projective space,
[1,2,4,6,7].

Given a 4-dimensional vector space V over a field GF(q), the projective space PG(3,q) is the

geometry of 1, 2, and 3-dimensional subspace of V. Given a 6-dimensional vector space V over
a field GF(q), the projective space PG(5,q) is the geometry of 1, 2, 3, 4 and 5-dimensional

subspace of V.
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The geometry on quadrics has been studied both within classical algebraic and Galois geometry.
Veroneseans and Klein quadrics in finite projective spaces play an important role in finite
geometry.

In this study, we give examples of Fano planes embedded in PG(6,2) and PG(13,2) using
(2,0)-SCID and (5,1)-SCID, respectively, and a main result.

2. Material and Methods

Definition 2.1. A projective plane PG(2,q) is an incidence structure (P,L,I) where P is a set

whose elements are called points, L is a set whose elements are called linesand | < PxLisan
incidence relation such that the following axioms are satisfied:

P1) Every pair of distinct points are incident with a unique common line,
P2) Every pair of distinct lines are incident with a unique common point,

P3) PG(2,q) contains a set of four points with the property that no three of them are incident
with a common line, [3,8].

Theorem 2.2. For finite projective plane PG(2,q), there is a positive integer g that has the
following properties. The number q is called the order of the projective plane.

i) Every line in contains q+1 points
ii) Every point in has g +21lines on it
iii) There exist g*+q+1 points in PG(2,q),
iv) There exist > +q+1 linesin PG(2,q), [3, 8].
Definition 2.3. The Klein mapping,
y:3—>PG(5q)

assigns to a line of L of PG(3,q) the point (ly,,1,los, 15 15,1,,) oF PG(5,q) where

(1192 103 153, 151, 1;,) are the line's Pliicker coordinates, [9,10].

Definition 2.4. The lines of projective three-space are, via the Klein mapping, in one-to-one
correspondence with points of a hyperbolic quadric of the projective 5-space.

The quadric of PG(5,q) defined by equation,
Xo X5+ X X, +X,X,=0

is called the Klein quadric and is denoted by the symbol H?, [9].
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The two equivalence classes are known as the Latin planes and the Greek planes. The points
of PG(3,2) are mapped to the Latin Planes, whereas the planes are mapped to the Greek planes,

[5.9].
In PG(3,2), there are 15 points, 35 lines and 15 planes.

For the points of PG(3,2), one can check with the next table:

N, =(0,0,0,1), N, =(0,11,0),N,=(10,11)
N, =(010,0), N, =(0,1,1,1), N ,= (1,1,0,0)
N, =(0,101), N; =(111,0), N,= (1,1,0,)
N, =(0,010), Ny =(1111),N,,=(1,0,0,0)
N, =(0,011),N,, =(1,0,1,0), N,.= (1,0,0,2).

Latin planes of Klein Quadric have Grassmanian coordinates in the projective space PG(19,2),

[2].

N, = (0,0,0)—> P, =(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0)
N, =(0,0,0)—P,, = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0)
N, =(0,,0,) - P,, = (0,0,0,0,0,0,0,0,0,0,0,0,0,1,1,0,11,0,0)
N, =(0,010)—P,, =(0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0)
N = (0,0,11) —P.. =(0,0,0,0,0,0,0,,0.1,0,0,0,0,0,0,1,0,1,0)
N, =(0,1,1,0) > P, =(0,0,0,0,0,0,0,0,1,1,0,0,0,0,1,1,0,0,0,0)
N, =(0,1,1,1) »P,. =(0,0,0,0,0,0,0,1,1,1,0,0,0,1,1,1,1,1,1,0)
N, = (1,1,1,0) > P, = (1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)
N, = (1,1,1,1) »P,, =(1,0,0,0,1,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0)
N, =(1,0,1,0) > P, =(1,1,0,0,0,0,0,0,0,0,0,0,1,0,1,0,0,0,0,0)
N,, =(1,0,1,1) - P, =(1,1,0,0,1,0,0,0,0,0,0,1,1,1,1,0,1,1,0,0)
N,, = (1,1,0,0) > P, = (1,0,1,0,0,0,1,0,0,1,0,0,0,0,0,0,0,0,0,0)
N, =(1,1,0,1) > P, =(1,0,1,0,1,0,1,1,0,1,0,1,0,0,0,0,1,0,0,0)
N,, = (1,0,0,0) >P,,, =(1,1,1,0,0,0,1,0,1,1,0,0,1,0,1,1,0,0,1,1)
N, =(1,0,0,1) >P,. =(1,1,1,0,1,0,1,1,1,1,0,1,1,1,1,1,1,1,1,0)

and Greek planes of Klein Quadric have Grassmanian coordinates in the projective space
PG(19,2), [2].

b, =[0,0,0,1] - P, =(0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)
D, =[0,0,1,0] - P,, =(0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0) .
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D, =[0,0,1,1] » P,, =(0,0,1,1,0,1,1,0,0,0,0,1,1,0,0,0,0,0,0,0)
D, =[0,1,0,0] - P,, =(0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0)
D, =[0,1,0,1] » P,, =(0,1,0,1,0,0,0,0,0,0,1,0,1,0,0,0,0,0,0,0)
D, =[0,1,1,0] - P,; = (0,0,0,0,1,1,0,0,0,0,1,1,0,0,0,0,0,0,0,0)
D, =[0,1,1,1] > P,, =(0,1,1,1,1,1,1,0,0,0,1,1,1,0,0,0,0,0,0,0)
D, =[1,0,0,0] - P,, =(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1)
D, =[1,0,0,1] > P,, = (0,0,0,1,0,0,0,0,1,0,0,0,0,0,0,1,0,0,0,0)
D,, =[1,0,1,0] - P,,, = (0,0,0,0,0,1,0,1,0,0,0,0,0,0,0,0,0,0,1,1)
Dy, =[1,0,1,1] > P,,, = (0,0,1,1,0,1,1,1,1,0,0,0,0,0,0,1,0,0,0,0)

D,, =[1,1,0,0] > P,,, = (0,0,0,0,0,0,0,0,0,0,1,0,0,1,0,0,0,1,0,1)

D, =[1,1,0,1] > P, = (0,1,0,1,0,0,0,0,1,0,1,0,1,1,0,1,0,1,1,1)

D, =[1,1,1,0] > P,, =(0,0,0,0,1,1,0,1,0,0,1,1,0,1,0,0,0,1,1,1)

Dy, =[1,1,1,1] > P,;, =(0,1,1,1,1,1,1,1,1,0,1,1,1,1,0,1,0,1,0,1)

3. Main Theorem and Proof

Let PG(n,q) be a projective space, and let -1 <k < n. A set E of n-dimensional subspaces of
PG(n,q) with the property that any two elements of E intersect precisely in a k-dimensional
subspace is called an (n;k)-SCID (set of subspaces with constant intersection dimension).

Let E be any SCID. Let E,, E, € E. Then each k-dimensional subspace of E, NE, is called an

intersection k-space of E. (for k = 0,1 these are called intersection points, intersection lines,
resp.).

For example, a (2,0)-SCID is a set of planes intersecting mutually in exactly one point. Latin
planes of Klein Quadric are example of (2,0)-SCID and similarly Greek planes of Klein Quadric
are example of (2,0)-SCID. Any two planes in the same class have only one intersection point.

We give an example of Fano plane embedded in PG(6,2) using (2,0)-SCID.
Example3.1. R, =(1,0,0,0,0,0,0), R, =(010,0,0,0,0), P, =(0,010,0,0,0) P, =(0,0,01,0,0,0),

P, =(0,0,0,010,0), P, =(0,0,0,0,0,1,0), P,, =(0,0,0,0,0,0,1) be seven independent points of a
projective spce PG(6,2) . We define the planes E ,E,,...,E, as follows;

Ez :<P12’ P23’P24>
E3 :<p13’ P237P34>
E4 = <P14’ F)24’ P34>
E5 :<P0’ PlZ’ P34>
Ee :<Po’ P131P24>
E7 = <Po’ Pl4' P23>-
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Any two of these planes intersect on one of the points B,,P,, B, Py, Py, Py, Py . Any point
Py, P, P, Py, Py, Py, Py, lie on exactly three planes. If we consider the planes E , E,,...,E, as
lines and the points P,,P,,Ps, Py, P, Py, By, @s points, this configuration is a Fano plane
PG(2,2) inPG(6,2) . Hence we have seven lines and seven points. Any two lines (planes
E.,E,,....E,) intersects on a point, any two point defines a line.

In Example 3.2, we use (5,1)-SCID to get Fano plane in PG(13,2).

Example 3.2. Let R),R, P Pu PP Py Qo Q0 Quss Qi Q05,Q,4, Qs be fourteen
independent points of a projective space PG(13,2). We define the projective 5-spaces
S.,S,,..., S, as follows;

S, = P12’Q12'Pl3:Q13’P14’Q14>
S =<|312,Q12,P23,Q23,P24,Q24>
Ss:<P13’Q13’st!st!P34'Q34>
S =<|314,Q14,P24,Q24,P34,Q34>
S :<P01Q0’P12’Q12’P34:Q34>
86:<P0’Q07P13'Q13’P24aQ24>
S, =(

PO y QO) F)]_Al Q14’ P23’ Q23>'

Any two of these spaces intersect on one of the lines

PQor R2Qiz: RaQuar FiQuar FsQozr PuQosr Fu Qs
and any line

PQor R2Qiz: RaQuar FiQuar FsQozr FuQosr Fu Qs

lie on exactly three 5-spaces. If we consider the planes S,,S,,...,S, as lines and line set

L = {POQO’ PlZQlZ’ P13Q13’ Pl4Ql4’ P23Q23’ I:)24Q247 P34Q34}

as points, this configuration is a Fano plane PG(2,2) in PG(13,2).

4. Conclusion

In this study, if we add points R,,R,,...,R,, to point set, similar arquments works. Generally,

let » be a (7n-1)- dimesional projective space n>1, we can construct Fano configuration
(point and line sets defined similarly in Example 3.1 and Example 3.2).

The lines are (3n-1)-dimesional subspaces of P and points are (n-1)-dimensional subspaces of
p. Example 3.1 is special case for n=1, the lines of Fano configuration are planes and the
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points are points. Example 3.2 is special case for n=2, the lines of Fano configuration are 5-
spaces and the points are lines of PG(13,2).
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