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Abstract 

In this study,  we obtain Fano planes whose points are (n-1)-dimensional subspaces and lines are (3n-1)-

dimensional subspaces of P  in (7n-1)-dimensional projective space P ,using (n;k)-SCID. We give examples 

of  Fano planes whose the lines of Fano configuration are planes and the points are points of )2,6(PG  and the 

lines of Fano configuration are 5-spaces and the points are lines of )2,13(PG . 

Keywords: Klein mapping, embedding, Latin and Greek Planes, (n;k)-SCID. 
 

(7n-1)-Boyutlu Projektif Uzayda Fano Düzlemleri Üzerine 

Öz 

Bu çalışmada, (n:k)-SCID kullanarak (7n-1)-boyutlu P  projektif uzayında noktaları  P  nin (n-1)-boyutlu alt 

uzayları   ve doğruları P  nin (3n-1)-boyutlu alt uzayları olan Fano düzlemleri elde ediyoruz. )2,6(PG de 

noktaları noktalar ve doğruları düzlemler olan ve )2,13(PG de noktaları doğrular ve doğruları 5-uzaylar olan 

Fano düzlemlerinin örneklerini veriyoruz. 

Anahtar Kelimeler: Klein dönüşümü, Gömme, Latin ve Greek Düzlemleri, (n;k)-SCID 

 

1. Introduction 

 

We consider the (n+1)-dimensional vector space V over Galois field )(qGF  where q is prime. 

The set of equivalence classes are the 1-dimensional subspaces of V with the origin deleted is 

called n-dimensional projective space ),( qnPG . Any m-space of ),( qnPG  is a set of points all 

of whose corresponding to vectors determine a (m+1)-dimensional subspace of V. For 

1,...,1,0  nm , m-spaces are called a point, a line, a plane,…, a hyperplane, respectively. 

Hence an (n+1)-dimensional vector space gives rise to an n-dimensional projective space, 

[1,2,4,6,7]. 

Given a 4-dimensional vector space V over a field )(qGF , the projective space ),3( qPG  is the 

geometry of 1, 2, and 3-dimensional subspace of V. Given a 6-dimensional vector space V over 

a field )(qGF , the projective space ),5( qPG  is the geometry of 1, 2, 3, 4 and 5-dimensional 

subspace of V. 
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The geometry on quadrics has been studied both within classical algebraic and Galois geometry. 

Veroneseans and Klein quadrics in finite projective spaces play an important role in finite 

geometry. 

In this study, we give examples of Fano planes embedded in )2,6(PG and )2,13(PG  using 

(2,0)-SCID and  (5,1)-SCID, respectively, and a main result. 

2. Material and Methods  

Definition 2.1. A projective plane ),2( qPG  is an incidence structure (P,L,I) where P is a set 

whose elements are called points, L is a set whose elements are called lines and LPI  is an 

incidence relation such that the following axioms are satisfied:  

P1) Every pair of distinct points are incident with a unique common line,  

P2) Every pair of distinct lines are incident with a unique common point,  

P3) ),2( qPG contains a set of four points with the property that no three of them are incident 

with a common line, [3,8].  

Theorem 2.2. For finite projective plane ),2( qPG , there is a positive integer q that has the 

following properties. The number q is called the order of the projective plane. 

 i) Every line in contains 1q points 

ii) Every point in has 1q lines on it 

iii) There exist 12  qq  points in ),2( qPG ,  

iv) There exist 12  qq   lines in ),2( qPG , [3, 8]. 

Definition 2.3.  The Klein  mapping, 

),5(: qPG  

assigns to a line of L of ),3( qPG  the point ),,,,,( 123123030201 llllll of ),5( qPG where 

),,,,,( 123123030201 llllll are the line's Plücker coordinates, [9,10]. 

Definition 2.4. The lines of projective three-space are, via the Klein mapping, in one-to-one 

correspondence with points of a hyperbolic quadric of the projective 5-space. 

The quadric of ),5( qPG defined by equation, 

0524130  XXXXXX  

is called the Klein quadric and is denoted by the symbol H⁵, [9]. 



On The Fano Planes in (7n-1)-dimensional Projective Spaces 

 

 

444 

 

The two equivalence classes are known as the Latin planes and the Greek planes. The points 

of )2,3(PG  are mapped to the Latin Planes, whereas the planes are mapped to the Greek planes, 

[5,9].  

In )2,3(PG , there are 15 points, 35 lines and 15 planes. 

For the points of )2,3(PG , one can check with the next table: 

).1,0,0,1(),0,1,0,1(),1,1,0,0(

)0,0,0,1(),1,1,1,1(),0,1,0,0(

)1,0,1,1(),0,1,1,1(),1,0,1,0(

)0,0,1,1(),1,1,1,0(),0,0,1,0(

)1,1,0,1(),0,1,1,0(),1,0,0,0(

15105

1494

1383

1272

1161











NNN

NNN

NNN

NNN

NNN

 

Latin planes of Klein Quadric have Grassmanian coordinates in the projective space ),2,19(PG

[2]. 

),1,1,1,1,0,0,1,1,1,1,0,1,1,1,1(1,1,1,0,1=(1,0,0,1)

),1,0,0,1,1,0,0,1,0,1,0,1,0,1,1(1,1,1,0,0=(1,0,0,0)

),0,1,0,0,0,0,1,0,0,0,0,1,1,0,1(1,0,1,0,1=(1,1,0,1)

),0,0,0,0,0,0,0,0,0,0,0,1,0,0,1(1,0,1,0,0=(1,1,0,0)

),0,1,1,0,0,0,1,1,1,1,0,0,0,0,0(1,1,0,0,1=(1,0,1,1)

),0,0,0,0,0,0,0,1,0,1,0,0,0,0,0(1,1,0,0,0=(1,0,1,0)

),0,0,0,0,0,1,0,0,0,0,0,0,0,0,0(1,0,0,0,1=(1,1,1,1)

),0,0,0,0,0,0,0,0,0,0,0,0,0,0,0(1,0,0,0,0=(1,1,1,0)

),1,1,1,1,0,0,0,0,1,1,0,0,1,1,1(0,0,0,0,0=(0,1,1,1)

),1,0,0,0,0,0,0,0,0,1,0,0,0,1,1(0,0,0,0,0=(0,1,1,0)

)0,1,0,1,0,0,0,0,0,0,1,0,1,0,0,0,0,0,0,0()1,1,0,0(

)0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0()0,1,0,0(

)0,0,1,1,0,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0()1,0,1,0(

)0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0()0,0,1,0(

)0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0()1,0,0,0(

1515

1414

1313

1212

1111

1010

99

88

77

66

55

44

33

22

11































PN

PN

PN

PN

PN

PN

PN

PN

PN

PN

PN

PN

PN

PN

PN































 

and Greek planes of Klein Quadric have Grassmanian coordinates in the projective space 

),2,19(PG [2]. 

),1,0,1,0,1,1,1,1,1,0,1,1,1,1,0(0,1,1,1,1=[1,1,1,1]

),0,0,1,1,1,1,1,0,1,0,1,0,1,0,0(0,0,0,0,1=[1,1,1,0]

),1,0,1,1,1,1,0,1,1,0,0,0,0,1,0(0,1,0,1,0=[1,1,0,1]

),0,0,1,0,1,1,0,0,1,0,0,0,0,0,0(0,0,0,0,0=[1,1,0,0]

),1,0,0,0,0,0,0,0,0,0,1,1,1,1,0(0,0,1,1,0=[1,0,1,1]

),0,0,0,1,1,0,0,0,0,0,1,0,1,0,0(0,0,0,0,0=[1,0,1,0]

),1,0,0,0,0,0,0,0,0,0,0,0,0,1,0(0,0,0,1,0=[1,0,0,1]

),0,0,0,0,1,0,0,0,0,0,0,0,0,0,0(0,0,0,0,0=[1,0,0,0]

),0,0,0,0,0,1,1,1,0,0,1,1,0,0,0(0,1,1,1,1=[0,1,1,1]

),0,0,0,0,0,1,1,0,0,0,1,0,0,0,0(0,0,0,0,1=[0,1,1,0]

),0,0,0,0,0,1,0,1,0,0,0,0,0,0,0(0,1,0,1,0=[0,1,0,1]

),0,0,0,0,0,1,0,0,0,0,0,0,0,0,0(0,0,0,0,0=[0,1,0,0]

),0,0,0,0,0,0,1,1,0,0,1,1,0,0,0(0,0,1,1,0=[0,0,1,1]

),0,0,0,0,0,0,0,0,0,0,1,0,0,0,0(0,0,0,0,0=[0,0,1,0]

),0,0,0,0,0,0,0,0,0,0,0,0,0,0,0(0,0,0,1,0=[0,0,0,1]

1515

1414

1313

1212

1111

1010

99

88

77

66

55

44

33

22

11































PD

PD

PD

PD

PD

PD

PD

PD

PD

PD

PD

PD

PD

PD

PD































. 
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),1,0,1,0,1,1,1,1,1,0,1,1,1,1,0(0,1,1,1,1=[1,1,1,1]

),0,0,1,1,1,1,1,0,1,0,1,0,1,0,0(0,0,0,0,1=[1,1,1,0]

),1,0,1,1,1,1,0,1,1,0,0,0,0,1,0(0,1,0,1,0=[1,1,0,1]

),0,0,1,0,1,1,0,0,1,0,0,0,0,0,0(0,0,0,0,0=[1,1,0,0]

),1,0,0,0,0,0,0,0,0,0,1,1,1,1,0(0,0,1,1,0=[1,0,1,1]

),0,0,0,1,1,0,0,0,0,0,1,0,1,0,0(0,0,0,0,0=[1,0,1,0]

),1,0,0,0,0,0,0,0,0,0,0,0,0,1,0(0,0,0,1,0=[1,0,0,1]

),0,0,0,0,1,0,0,0,0,0,0,0,0,0,0(0,0,0,0,0=[1,0,0,0]

),0,0,0,0,0,1,1,1,0,0,1,1,0,0,0(0,1,1,1,1=[0,1,1,1]

),0,0,0,0,0,1,1,0,0,0,1,0,0,0,0(0,0,0,0,1=[0,1,1,0]

),0,0,0,0,0,1,0,1,0,0,0,0,0,0,0(0,1,0,1,0=[0,1,0,1]

),0,0,0,0,0,1,0,0,0,0,0,0,0,0,0(0,0,0,0,0=[0,1,0,0]

),0,0,0,0,0,0,1,1,0,0,1,1,0,0,0(0,0,1,1,0=[0,0,1,1]

),0,0,0,0,0,0,0,0,0,0,1,0,0,0,0(0,0,0,0,0=[0,0,1,0]

),0,0,0,0,0,0,0,0,0,0,0,0,0,0,0(0,0,0,1,0=[0,0,0,1]

1515

1414

1313

1212

1111

1010

99

88

77

66

55

44

33

22

11































PD

PD

PD

PD

PD

PD

PD

PD

PD

PD

PD

PD

PD

PD

PD































 

3.  Main Theorem and Proof 

Let ),( qnPG be a projective space, and let -1 ≤ k < n. A set E of n-dimensional subspaces of 

),( qnPG with the property that any two elements of E intersect precisely in a k-dimensional 

subspace is called an (n;k)-SCID (set of subspaces with constant intersection dimension). 

Let E be any SCID. Let EEE 21, . Then each k-dimensional subspace of 
21 EE   is called an 

intersection k-space of E. (for k = 0,1 these are called intersection points, intersection lines, 

resp.). 

For example, a (2,0)-SCID is a set of planes intersecting mutually in exactly one point. Latin 

planes of Klein Quadric are example of (2,0)-SCID and similarly Greek planes of Klein Quadric 

are example of (2,0)-SCID. Any two planes in the same class have only one intersection point. 

We give an example of Fano plane embedded in )2,6(PG  using (2,0)-SCID. 

Example3.1. )0,0,0,0,0,0,1(0 P , )0,0,0,0,0,1,0(12 P , )0,0,0,0,1,0,0(13 P ),0,0,0,1,0,0,0(14 P  

),0,0,1,0,0,0,0(23 P ),0,1,0,0,0,0,0(24 P )1,0,0,0,0,0,0(34 P  be seven independent points of a 

projective spce )2,6(PG . We define the planes 721 ...,,, EEE  as follows; 

.,,

,,

,,

,,

,,

,,

,,

231407

241306

341205

3424144

3423133

2423122

1413121

PPPE

PPPE

PPPE

PPPE

PPPE

PPPE

PPPE














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Any two of these planes intersect on one of the points 3424231413120 ,,,,,, PPPPPPP . Any point 

3424231413120 ,,,,,, PPPPPPP  lie on exactly three planes. If we consider the planes 721 ...,,, EEE  as 

lines and the points 3424231413120 ,,,,,, PPPPPPP  as points, this configuration is a Fano plane 

)2,2(PG in )2,6(PG . Hence we have seven lines and seven points. Any two lines (planes 

721 ...,,, EEE ) intersects on a point, any two point defines a line.  

In Example 3.2, we use (5,1)-SCID to get Fano plane in )2,13(PG . 

Example 3.2. Let 3424231413120 ,,,,,, PPPPPPP , 3424231413120 ,,,,,, QQQQQQQ  be fourteen 

independent points of a projective space )2,13(PG . We define the projective 5-spaces 

721 ...,,, SSS  as follows;  

.,,,,,

,,,,,

,,,,,

,,,,,

,,,,,

,,,,,

,,,,,

23231414007

24241313006

34341212005

3434242414144

3434232313133

2424232312122

1414131312121

QPQPQPS

QPQPQPS

QPQPQPS

QPQPQPS

QPQPQPS

QPQPQPS

QPQPQPS















 

Any two of these spaces intersect on one of the lines 

34342424232314141313121200 ,,,,,, QPQPQPQPQPQPQP  

and any line 

34342424232314141313121200 ,,,,,, QPQPQPQPQPQPQP  

lie on exactly three 5-spaces. If we consider the planes 721 ...,,, SSS  as lines and line set  

 34342424232314141313121200 ,,,,,, QPQPQPQPQPQPQPL   

as points, this configuration is a Fano plane )2,2(PG in )2,13(PG . 

4.  Conclusion 

In this study, if we add points 3410 ...,,, RRR  to point set, similar arquments works. Generally, 

let P  be a (7n-1)- dimesional projective space 1n , we can construct Fano configuration 

(point and line sets defined similarly in Example 3.1 and Example 3.2).  

The lines are (3n-1)-dimesional subspaces of P and points are (n-1)-dimensional subspaces of 

P. Example 3.1 is special case for 1n , the lines of Fano configuration are planes and the 
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points are points. Example 3.2 is special case for 2n , the lines of Fano configuration are 5-

spaces and the points are lines of )2,13(PG . 
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