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Abstract:  In this article, we tried to get the solution of a class of Lane Emden type equations 

by using the Fourier Decomposition Method. This method is obtained by using the Fourier 

transform and the Adomian Decomposition method (FADM) together. 
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 Fourier Ayrıştırma Metodu ile Lane-Emden Denkleminin Çözümü 

 
 

Öz: Bu makalede Fourier ayrıştırma metodunu kullanarak Lane-Emden tipi denklemlerin bir 

sınıfının çözümünü elde etmeyi denedik. Bu metot Fourier dönüşümü ve Adomian ayrıştırma 

metodu (FADM) birlikte kullanılarak elde edilir. 

 

Anahtar Kelimeler: Fourier dönüşümü, Lane-Emden denklemi, Adomian Ayrıştırma metodu 

 

1. Introduction 
 

Most problems encountered in real life are not linear. Some of these have singular initial 

values. It is not easy to solve such problems due to their non-linearity and singular 

initial conditions. Lane-Emden equations are nonlinear equations with singular initial 

values that have important applications. The Lane-Emden equation with initial 

conditions is defined as follows. 

 

𝑦′′ +
2

𝑥
𝑦′ + 𝑓(𝑦) = 0    

  𝑦(0) = 𝑎, 𝑦′(0) = 0, 

(1) 

 

where 𝑓(𝑦) is a given function of 𝑦. As can be seen, this equation has singular initial 

values. 

There are many studies about the solutions of Lane-Emden equations. These equations 

are solved with the differential transformation method, Adomian Decomposition 

method, Variational iteration method, Homotopy perturbation method, Rational 

Legendre approximation, Rational Chebyshev tau method, Pade approximation [1-7]. 

These equations are also solved by the combination of the Adomian Decomposition 

method and the spectral method[8], the combination of the Laplace transform and the 
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Adomian decomposition method, and the combination of the modified homotopy 

perturbation method and the Fourier transform. F. Yin, J. Song, F. Lu, H. Leng [11] 

converted the Lane-Emden equation into an integral equation and gave an approximate 

solution using Legendre wavelets. TM. Elzaki applied Elzaki transform and differential 

transform methods for solving some nonlinear differential equations [13]. In [15] 

Nazari-Golshan, A. et al. used the modified homotopy perturbation method coupled 

with the Fourier transform to solve the Lane-Emden equations. 

 

2. Material and Method 

This section has been investigated under two sub-title. Fourier transform has been 

mentioned in the first sub-title and FADM has been mentioned in the second sub-title. 

2.1. Fourier Transform 

Definition 2.1.1 We represent the Fourier transform of 𝑓(𝑡) in non-unitary angular 

frequency form [19]  

 

ℱ[𝑓(𝑡)] = 𝐹(𝑤) = ∫ 𝑓(𝑡). 𝑒−𝑖𝑤𝑡𝑑𝑡
∞

−∞

, (2) 

 

and it's inverse transform: 

 

𝑓(𝑡) =
1

2𝜋
∫ 𝐹(𝑤). 𝑒𝑖𝑤𝑡𝑑𝑡

∞

−∞

. (3) 

 

Theorem 2.1.1 [ 11-12]Let 𝑓(𝑡) be continuous or partly continuous in the interval 

(−∞, ∞) and 𝑓(𝑡), 𝑓′(𝑡), 𝑓′′(𝑡), … , 𝑓(𝑛−1)(𝑡) → 0 for|𝑡| → ∞.  

 If 𝑓(𝑡), 𝑓′(𝑡), 𝑓′′(𝑡), … , 𝑓(𝑛−1)(𝑡) are absolutely integrable in the interval (−∞, ∞), 

then 

 

ℱ[𝑓(𝑛)(𝑡)] = (𝑖𝑤)𝑛ℱ[𝑓(𝑡)]. (4) 

 

Definition 2.1.2 [20] The Dirac delta distribution can be rigorously thought of as a 

distribution on a real line which is zero everywhere except at the origin, where it is 

infinite, 

 

𝛿(𝑡) = {
0,     𝑡 ≠ 0,

     ∞,     𝑡 = 0.      
 

 

The Dirac delta has properties, that 

 

∫ 𝛿(𝑡)𝑑𝑡 = 1
∞

−∞
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∫ 𝑓(𝑡). 𝛿(𝑡 − 𝑡0)𝑑𝑡 = 𝑓(𝑡0)
∞

−∞

, (5) 

 

∫ 𝑓(𝑡). 𝛿(𝑛)(𝑡 − 𝑡0)𝑑𝑡 = (−1)𝑛. 𝑓(𝑛)(𝑡0)
∞

−∞

, (6) 

 

𝑡. 𝛿′(𝑡) = −𝛿(𝑡), (7) 

 

Theorem 2.1.2 [11-12] Fourier transforms of some functions are following: 

𝑖)ℱ[𝛿(𝑡)] = 1. 

𝑖𝑖)ℱ[1] = 2𝜋. 𝛿(𝑤) 

𝑖𝑖𝑖) ℱ[𝑡𝑛] = 2𝜋. 𝑖𝑛. 𝛿(𝑛)(𝑤) 

𝑖𝑣)ℱ[𝑡𝑛 . 𝑓(𝑡)] = 𝑖𝑛
𝑑𝑛ℱ[𝑓(𝑡)]

𝑑𝑤𝑛
 

𝑣)ℱ[𝑒𝑖𝑤0𝑡] = 2𝜋𝛿(𝑤 − 𝑤0) 

𝑣𝑖)𝐼𝑓ℱ[𝑓(𝑡)] = 𝐹(𝑤), 𝑡ℎ𝑒𝑛 ℱ[𝑒𝑖𝑤0𝑡. 𝑓(𝑡)] = 𝐹(𝑤 − 𝑤0) 

𝑣𝑖𝑖)ℱ[𝑒𝑎𝑡] = 2𝜋𝛿(𝑤 + 𝑖𝑎) 

𝑣𝑖𝑖𝑖)𝐼𝑓ℱ[𝑓(𝑡)] = 𝐹(𝑤), 𝑡ℎ𝑒𝑛  ℱ[𝑒𝑎.𝑡. 𝑓(𝑡)] = 𝐹(𝑤 + 𝑖𝑎) 

Theorem 2.1.3 [ 12,13] 

 

(𝑤 − 𝑤𝑜)𝑛. 𝛿(𝑛)(𝑤 − 𝑤0) = (−1)𝑛. 𝑛!. 𝛿(𝑤 − 𝑤0), (8) 

 

where 𝛿(𝑤 − 𝑤0) is defined as following 

 

𝛿(𝑤 − 𝑤0) = {
0,      𝑤 ≠ 𝑤0,

∞,    𝑤 = 𝑤0.
 

 

Theorem 2.1.4 [ 12,13] 

 

∫
𝛿(𝑤 − 𝑤0)𝑓(𝑤)

(𝑤 − 𝑤0)𝑛
𝑑𝑤 =

1

𝑛!

∞

−∞

𝑑𝑛𝑓(𝑤)

𝑑𝑤𝑛
(𝑤 = 𝑤0). 

 

2.2 Basic Idea of  FADM 

We consider 𝐹(𝑦(𝑥)) = 𝑔(𝑥), where 𝐹 represents a general differential operator 

involving both the linear and nonlinear terms. The linear term is decomposed into 𝐿 +
𝑅, where 𝐿 is the highest order differential operator and 𝑅 is the remainder of the linear 

operator. Thus the equation can be written 

 

𝐿𝑦 + 𝑅𝑦 + 𝑁𝑦 = 𝑔(𝑥), 
 

where 𝑁𝑦 represents the nonlinear terms.  
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𝐿𝑦 = 𝑔(𝑥) − 𝑅𝑦 − 𝑁𝑦 

ℱ[𝐿𝑦] = ℱ[𝑔(𝑥)] − ℱ[𝑅(𝑦)] − ℱ[𝑁(𝑦)] 

ℱ [𝐿 (∑ 𝑦𝑛

∞

𝑛=0

)] = ℱ[𝑔(𝑥)] − ℱ [𝑅 (∑ 𝑦𝑛

∞

𝑛=0

)] − ℱ [𝐿 (∑ 𝐴𝑛

∞

𝑛=0

)] 

 

where the components 𝑦0, 𝑦1, 𝑦2, …  are usually determined recursively by: 

 

𝑦0 = ℱ−1 [
ℱ[𝑔(𝑥)]

(𝑖𝑤)𝑛
], 

𝑦 = ∑ 𝑦𝑛

∞

𝑛=0

, 

 

where 𝐴(𝑛) adomian polynomial. If 𝑁(𝑦) = 𝑓(𝑦) then 𝐴(0) = 𝑓(𝑦0) . 

 

𝐴1 = 𝑦1.
𝑑𝑓(𝑦0)

𝑑𝑦0
 

𝐴2 = 𝑦2.
𝑑𝑓(𝑦0)

𝑑𝑦0
+

𝑦1
2

2

𝑑2𝑓(𝑦0)

𝑑𝑦0
2  

𝐴3 = 𝑦3.
𝑑𝑓(𝑦0)

𝑑𝑦0
+ 𝑦1𝑦2

𝑑2𝑓(𝑦0)

𝑑𝑦0
2 +

𝑦1
3

3!

𝑑3𝑓(𝑦0)

𝑑𝑦0
3  

 

2.3 Solution of Lane-Emden Equation with FADM 

We let consider the following Lane-Emden equation. 

 

𝑦′′ +
2

𝑥
𝑦′ + 𝑓(𝑦) = 0 

𝑥. 𝑦′′ + 2𝑦′ + 𝑥𝑓(𝑦) = 0. 
 

If we apply the Fourier transform to the above equation, then 

 

ℱ(𝑦′′) + 2ℱ(𝑦′) + ℱ(𝑥𝑓(𝑦)) = 0 

𝑖
𝑑(−𝑤2𝑌(𝑤))

𝑑𝑤
+ 2𝑖𝑤𝑌 + ℱ(𝑥𝑓(𝑦)) = 0 

−𝑖𝑤2
𝑑𝑌

𝑑𝑤
+  ℱ(𝑥. 𝑓(𝑦)) = 0 

𝑑𝑌

𝑑𝑤
=

ℱ(𝑥. 𝑓(𝑦))

𝑖𝑤2
 

 

Now let's apply the inverse Fourier transform to the above equation 

 

ℱ−1 [
𝑑𝑌

𝑑𝑤
] = ℱ−1 [

ℱ(𝑥𝑓(𝑦))

𝑖𝑤2
] 

−𝑖. 𝑥. 𝑦𝑛+1 = ℱ−1 [
ℱ(𝑥𝐴𝑛))

𝑖𝑤2
] 

𝑦𝑛+1 =
1

𝑥
ℱ−1 [

ℱ(𝑥𝐴𝑛))

𝑤2
]. 
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2.4 Some examples 
 

Example 1 Now let us choose 𝑓(𝑦) = 𝑦𝑛 which the nonlinear part of the equation 

which has been studied in many studies and try to solve the equation accordingly [2].  

 

𝑥. 𝑦′′ + 2𝑦′ + 𝑥𝑦𝑛 = 0. (9) 

 

From initial conditions 𝑦0 = 𝑎. 

 

𝐴0 = 𝑓(𝑦0) = 𝑓(𝑎) = 𝑎𝑛 

𝑦1 = 𝑥−1ℱ−1 [
ℱ(𝑥𝐴0))

𝑤2
] = 𝑥−1ℱ−1 [

ℱ(𝑥𝑎𝑛))

𝑤2
] = 𝑥−1ℱ−1 [

2𝜋𝑖𝑎𝑛𝛿′(𝑤)

𝑤2
] 

=
𝑖𝑎𝑛

𝑥
∫

𝛿′(𝑤)

𝑤2
𝑒𝑖𝑤𝑥𝑑𝑤

∞

−∞

= −
𝑖𝑎𝑛

𝑥
∫

𝛿(𝑤)

𝑤3
𝑒𝑖𝑤𝑥𝑑𝑤

∞

−∞

= −
𝑖𝑎𝑛

𝑥

(𝑖𝑥)3

6
= −

𝑥2

6
𝑎𝑛 

𝐴1 = 𝑦1𝑓′(𝑦0) = −𝑛𝑎2𝑛−1
𝑥2

6
 

𝑦2 = 𝑥−1ℱ−1 [
ℱ(𝑥𝐴1))

𝑤2
] =

1

𝑥
ℱ−1 [

ℱ (−𝑛𝑎2𝑛−1 𝑥3

6
))

𝑤2
] = −

𝑛𝑎2𝑛−1

6𝑥
ℱ−1 [

2𝜋𝑖3𝛿′′′(𝑤)

𝑤2
] 

=
𝑛𝑖𝑎2𝑛−1

6𝑥
∫

𝛿′′′(𝑤)

𝑤2
𝑒𝑖𝑤𝑥𝑑𝑤

∞

−∞

= −
𝑛𝑖𝑎2𝑛−1

𝑥
∫

𝛿(𝑤)

𝑤5
𝑒𝑖𝑤𝑥𝑑𝑤

∞

−∞

 

= −
𝑛𝑖𝑎2𝑛−1

𝑥

(𝑖𝑥)5

5!
=

𝑛. 𝑎2𝑛−1𝑥4

120
 

𝐴2 = 𝑦2𝑓′(𝑦0) +
𝑦1

2

2
𝑓′′(𝑦0) =

𝑛. 𝑎2𝑛−1𝑥4

120
𝑛𝑎𝑛−1 +

𝑥4

72
𝑎2𝑛(𝑛2 − 𝑛)𝑎𝑛−2

=
𝑎3𝑛−2𝑥4(8𝑛2 − 5𝑛)

360
 

𝑦3 =
1

𝑥
ℱ−1 [

ℱ(𝑥𝐴2))

𝑤2
] =

1

𝑥
ℱ−1 [

ℱ (
𝑎3𝑛−2𝑥5(8𝑛2−5𝑛)

360
))

𝑤2
] 

=
𝑎3𝑛−2(8𝑛2 − 5𝑛)

360𝑥
ℱ−1 [

2𝜋𝑖5𝛿(5)(𝑤)

𝑤2
] 

= −𝑖
𝑎3𝑛−2(8𝑛2 − 5𝑛)

360𝑥
∫

5! 𝛿(𝑤)

𝑤7
𝑒𝑖𝑤𝑥𝑑𝑤

∞

−∞

 

 

= −𝑖
𝑎3𝑛−2(8𝑛2 − 5𝑛)

360𝑥

(𝑖𝑥)7

42
= −

𝑎3𝑛−2(8𝑛2 − 5𝑛)𝑥6

15120
 

 

𝑦 = 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 + ⋯ 

𝑦 = 𝑎 −
𝑥2

6
𝑎𝑛 +

𝑛. 𝑎2𝑛−1𝑥4

120
−

𝑎3𝑛−2(8𝑛2 − 5𝑛)𝑥6

15120
+ ⋯ 

 

 

Case 1 If we choose 𝑛 = 1, then the equation (9) takes the form  

 

𝑦′′ +
2

𝑥
𝑦′ + 𝑦 = 0 
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𝑦(0) = 𝑎, 𝑦′(0) = 0 
 

and the solution to this problem is as follows: 

 

𝑦 = 𝑎 −
𝑥2

6
𝑎 +

𝑎. 𝑥4

120
−

3. 𝑎. 𝑥6

15120
+ ⋯ 

=
𝑎

𝑥
(𝑥 −

𝑥3

6
+

𝑥5

120
−

𝑥7

5040
+ ⋯ ) 

= 𝑎.
𝑠𝑖𝑛𝑥

𝑥
 

 

Case 2 If we choose 𝑛 = 2, then the equation (9) takes the form  

 

𝑦′′ +
2

𝑥
𝑦′ + 𝑦2 = 0 

𝑦(0) = 𝑎, 𝑦′(0) = 0 
 

and the solution to this problem is as follows: 

 

𝑦 = 𝑎 −
𝑥2

6
𝑎2 +

𝑎3𝑥4

60
−

11. 𝑎4𝑥6

7560
+ ⋯ 

 

Example 2 : Let's find the solution to the following isothermal gas spheres [1-2]  

  

𝑦′′ +
2

𝑥
𝑦′ + 𝑒𝑦 = 0 (10) 

with the initial conditions 

 

𝑦(0) = 𝑦′(0) = 0. 
 

Solution: We can write equation (10) as follows 

 

𝑥. 𝑦′′ + 2𝑦′ + 𝑥. 𝑒𝑦 = 0 

Now we will use the Fourier transform of the above equation. 

 

ℱ[𝑥. 𝑦′′] + 2. ℱ[𝑦′] + ℱ[𝑥. 𝑒𝑦] = 0 

𝑖
𝑑

𝑑𝑤
[(𝑖𝑤)2𝑌] + 2𝑖𝑤𝑌 + ℱ[𝑥. 𝑒𝑦] = 0 

−𝑖 (2𝑤𝑌 + 𝑤2
𝑑𝑌

𝑑𝑤
) + 2𝑖𝑤𝑌 = −ℱ[𝑥. 𝑒𝑦] 

𝑑𝑌

𝑑𝑤
=

ℱ[𝑥. 𝑒𝑦]

𝑖𝑤2
 

 

By taking inverse Fourier transform on both sides, we get   
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ℱ−1 [
𝑑𝑌

𝑑𝑤
] = ℱ−1 [

ℱ[𝑥. 𝑒𝑦]

𝑖𝑤2
] 

−𝑖𝑥𝑦𝑛+1 = ℱ−1 [
ℱ[𝑥. 𝐴𝑛]

𝑖𝑤2
] 

𝐴0 = 𝑒𝑦0 = 1 

𝑦1 = −
1

𝑖𝑥
ℱ−1 [

ℱ[𝑥. 𝐴0]

𝑖𝑤2
] = −

1

𝑖𝑥
ℱ−1 [

ℱ[𝑥]

𝑖𝑤2
] = −

1

𝑖𝑥
ℱ−1 [

2𝜋𝛿′(𝑤)

𝑤2
]

= −
1

𝑖𝑥
∫

𝛿′(𝑤)

𝑤2
𝑒𝑖𝑤𝑥𝑑𝑤 =

∞

−∞

1

𝑖𝑥
∫

𝛿(𝑤)

𝑤3
𝑒𝑖𝑤𝑥𝑑𝑤 = −

𝑥2

6

∞

−∞

 

𝐴1 = 𝑦1. 𝑒𝑦0 = −
𝑥2

6
 

𝑦2 =
1

−𝑖𝑥
ℱ−1 [

ℱ[𝑥. 𝐴1]

𝑖𝑤2
] = −

1

𝑖𝑥
ℱ−1 [

ℱ [−
𝑥3

6
]

𝑖𝑤2
] 

=
1

−𝑖𝑥
ℱ−1 [

−2𝜋𝑖3𝛿′′′(𝑤)

6𝑖𝑤2
] =

1

−2𝑖𝑥
∫

𝛿′′′

3𝑤2
𝑒𝑖𝑤𝑥𝑑𝑤

∞

−∞

=
1

𝑖𝑥
∫

𝛿

𝑤5
𝑒𝑖𝑤𝑥𝑑𝑤

∞

−∞

=
1

𝑖𝑥

(𝑖𝑥)5

5!

=
𝑥4

5!
 

𝐴2 = 𝑦2. 𝑒𝑦0 +
𝑦1

2

2
. 𝑒𝑦0 =

𝑥4

45
 

𝑦3 =
1

−𝑖𝑥
ℱ−1 [

ℱ[𝑥. 𝐴(2)]

𝑖𝑤2
] = −

1

𝑖𝑥
ℱ−1 [

ℱ [
𝑥5

45
]

𝑖𝑤2
] =

1

45𝑥
ℱ−1 [2𝜋𝑖5.

𝛿(5)

𝑤2
] 

=
𝑖

45𝑥
∫ −

5!

𝑤7
𝛿

∞

−∞

. 𝑒𝑖𝑤𝑥𝑑𝑤 =
−𝑖

45𝑥

5!

7!
(𝑖𝑥)7 = −

𝑥6

45.6.7
. 

so that the solution in a series form is given by 

 

𝑦 = 𝑦0 + 𝑦1 + 𝑦2 + ⋯ = −
𝑥2

6
+

𝑥4

5!
−

𝑥6

45.6.7
+ ⋯ 

 

The solution is compatible with [1]. 

 

Example 3: Let's find the solution to the following differential equation [3] 

 

𝑦′′ +
2

𝑥
𝑦′ + 4(2𝑒𝑦 + 𝑒

𝑦

2) = 0 (11) 

 

with the initial conditions 

 

𝑦(0) = 𝑦′(0) = 0. 
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Solution: We can write equation (11) as follows: 

 

𝑥. 𝑦′′ + 2𝑦′ + 8𝑥. 𝑒𝑦 + 4𝑥𝑒
𝑦

2 = 0. 

 

Now we will use the Fourier transform of the above equation. 

 

ℱ[𝑥. 𝑦′′] + 2. ℱ[𝑦′] + ℱ[8𝑥. 𝑒𝑦] + ℱ [4𝑥𝑒
𝑦

2] = 0 

𝑖
𝑑

𝑑𝑤
[(𝑖𝑤)2𝑌] + 2𝑖𝑤𝑌 + ℱ[8𝑥. 𝑒𝑦] + ℱ [4𝑥𝑒

𝑦

2] = 0 

−𝑖 (2𝑤𝑌 + 𝑤2
𝑑𝑌

𝑑𝑤
) + 2𝑖𝑤𝑌 = −ℱ[8𝑥. 𝑒𝑦] − ℱ [4𝑥𝑒

𝑦

2] 

𝑑𝑌

𝑑𝑤
=

ℱ[8𝑥. 𝑒𝑦] + ℱ [4𝑥𝑒
𝑦

2]

𝑖𝑤2
. 

  

By taking inverse Fourier transform on both sides, we get   

 

ℱ−1 [
𝑑𝑌

𝑑𝑤
] = ℱ−1 [

ℱ[8𝑥. 𝑒𝑦] + ℱ [4𝑥𝑒
𝑦

2]

𝑖𝑤2
] 

−𝑖𝑥𝑦𝑛+1 = ℱ−1 [
ℱ[𝐴𝑛 + 𝐵𝑛]

𝑖𝑤2
]. 

 

From initial conditions is 𝑦0 = 0. 

 

𝐴0 + 𝐵0 = 8𝑥. 𝑒𝑦0 + 4𝑥𝑒
𝑦0
2 = 12𝑥 

𝑦1 = −
1

𝑖𝑥
ℱ−1 [

ℱ[𝐴0 + 𝐵0]

𝑖𝑤2
] = −

1

𝑖𝑥
ℱ−1 [

ℱ[12𝑥]

𝑖𝑤2
] = −

1

𝑖𝑥
ℱ−1 [

12.2𝜋𝑖𝛿′ (𝑤)

𝑖𝑤2
]

= −
1

𝑖𝑥
∫ 12

𝛿′ (𝑤)

𝑤2
𝑒𝑖𝑤𝑥𝑑𝑤 =

∞

−∞

12

𝑖𝑥
∫

𝛿(𝑤)

𝑤3
𝑒𝑖𝑤𝑥𝑑𝑤 = −2𝑥2

∞

−∞

 

𝐴1 + 𝐵1 = 8𝑥𝑦1𝑒𝑦0 + 4𝑥𝑦1

1

2
𝑒

𝑦0
2 = −20𝑥3 

𝑦2 = −
1

𝑖𝑥
ℱ−1 [

ℱ[𝐴1 + 𝐵1]

𝑖𝑤2
] = −

1

𝑖𝑥
ℱ−1 [

ℱ[−20𝑥3]

𝑖𝑤2
] = −

1

𝑖𝑥
ℱ−1 [

−20.2𝜋𝑖3𝛿′′′ (𝑤)

𝑖𝑤2
]

=
1

𝑖𝑥
∫

20.6. 𝛿(𝑤)

𝑤5
𝑒𝑖𝑤𝑥𝑑𝑤 =

∞

−∞

120

𝑖𝑥
∫

𝛿(𝑤)

𝑤5
𝑒𝑖𝑤𝑥𝑑𝑤 = 𝑥4

∞

−∞

 

𝐴2 + 𝐵2 = 8𝑥𝑦2𝑒𝑦0 +
𝑦1

2

2
𝑒𝑦0 + 4𝑥𝑦2

1

2
𝑒

𝑦0
2  
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𝑦3 = −
1

𝑖𝑥
ℱ−1 [

ℱ[𝐴2 + 𝐵2]

𝑖𝑤2
] = −

1

𝑖𝑥
ℱ−1 [

ℱ[28𝑥5]

𝑖𝑤2
] = −

1

𝑖𝑥
ℱ−1 [

−56𝜋𝑖5𝛿(5)

𝑖𝑤2
]

= −
2

3
𝑥6 

So the approximate solution to this problem is 

 

𝑦 = 𝑦0 + 𝑦1 + 𝑦2 + ⋯ = −2𝑥2 + 𝑥4 −
2

3
𝑥6. 

This is the first three terms of y = −2ln(1 + x2) which the solution of the equation. 

Table 1. The exact and numerical solutions of applying FADM for equation (11). 

𝑥 𝐸𝑥𝑎𝑐𝑡 

𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 

𝑦(𝑥) =

−2𝑙𝑛(1 +

𝑥2)  

𝑁𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 

𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 

(𝑦0 + 𝑦1)𝑎𝑝𝑝 

𝑁𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 

𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 

(𝑦0 + 𝑦1

+ 𝑦2)𝑎𝑝𝑝 

𝑁𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 

𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 

(𝑦0 + 𝑦1

+ 𝑦2

+ 𝑦3)𝑎𝑝𝑝 

𝐴𝑏𝑠𝑜𝑙𝑢𝑡𝑒 

𝑒𝑟𝑟𝑜𝑟 

|𝑦

− (𝑦0

+ 𝑦1)𝑎𝑝𝑝| 

𝐴𝑏𝑠𝑜𝑙𝑢𝑡𝑒 

𝑒𝑟𝑟𝑜𝑟 

|𝑦

− (𝑦0 + 𝑦1

+ 𝑦2)𝑎𝑝𝑝| 

𝐴𝑏𝑠𝑜𝑙𝑢𝑡𝑒 

𝑒𝑟𝑟𝑜𝑟 

|𝑦

− (𝑦0 + 𝑦1 + 𝑦2

+ 𝑦3)𝑎𝑝𝑝| 

0.1 0.01990066 

1706336184 

−0.02000000 

0000000004 

−0.01990000 

0000000004 

−0.0199006 

6666666667 

0.00009933829 

366381985 

6.617063361795406

× 10−7 

4.960330486636355

× 10−9 

0.2 −0.0784414 

2630656266 

−0.0800000 

0000000002 

−0.07840000 

00000001 

−0.0784426 

6666666667 

0.00155857369 

34373567 

0.0000414263 

0656264745 

0.000001240360104015625 

0.3 −0.1723553 

9248210482 

−0.18000000 

000000005 

−0.17190000 

000000005 

−0.1723860 

0000000007 

0.00764460751 

7895224 

0.000455392 

4821047717 

0.000030607517 

89524252 

0.4 −0.2968400 

102365468 

−0.32000000 

000000006 

−0.29440000 

000000005 

−0.2971306 

666666667 

0.02315998976 

3453237 

0.002440010 

2365467746 

0.000290656430 

1198844 

0.5 −0.4462871 

0262841953 

−0.5 −0.4375 −0.4479166 

666666667 

0.05371289737 

158047 

0.008787102 

62841953 

0.001629564038 

2471555 

0.6 −0.6149693 

994959211 

−0.72 −0.5904 −0.6215040 

000000001 

0.10503060050 

407886 

0.024569399 

495921074 

0.006534600504 

078947 

0.7 −0.7975522 

399147358 

−0.98000000 

00000002 

−0.73990000 

00000001 

−0.8183326 

666666668 

0.18244776008 

526442 

0.057652239 

91473567 

0.020780426751 

931036 

0.8 −0.9893924 

836722142 

−1.28000000 

00000002 

−0.87040000 

00000001 

−1.0451626 

666666667 

0.29060751632 

778603 

0.118992483 

67221416 

0.055770182994 

452466 

0.9 −1.1866536 

905554688 

−1.62 −0.9639 −1.318194 0.43334630944 

453134 

0.222753690 

5554688 

0.131540309444 

53132 

1. −1.3862943611198906 −2. −1. −1.6666666 

666666665 

0.61370563888 

01094 

0.386294361 

1198906 

0.280372305546 

77595 



   

 

 

 

 

Figure 1. The exact and numerical solutions of (𝑦0 + 𝑦1), (𝑦0 + 𝑦1 + 𝑦2),( 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) using 

FADM for equation (11). 

In the previous examples, the homogeneous linear Lane-Emden equation with constant 

coefficients was solved using the Fourier Decomposition method. 

In the following example, we will try to solve the non-homogeneous linear Lane-Emden 

equation using only the Fourier transform method. 

 

Example 4 : We let consider the following isothermal gas spheres [11] 

 

𝑦′′ +
2

𝑥
𝑦′ + 𝑦 = 6 + 12𝑥 + 𝑥2 + 𝑥3. (12) 

 

Solution: This equation is linear and non-homogeneous. We can write equation (12) as 

follows: 

𝑥. 𝑦′′ + 2𝑦′ + 𝑥. 𝑦 = 6𝑥 + 12𝑥2 + 𝑥3 + 𝑥4. 

Now we will use the Fourier transform of the above equation. 

 

ℱ[𝑥. 𝑦′′] + 2. ℱ[𝑦′] + ℱ[𝑥. 𝑦] = ℱ[6𝑥 + 12𝑥2 + 𝑥3 + 𝑥4] 

𝑖
𝑑

𝑑𝑤
[−𝑤2𝑌] + 2𝑖𝑤𝑌 + 𝑖

𝑑𝑌

𝑑𝑤
= 6.2𝜋𝑖𝛿′ + 12.2𝜋𝑖2𝛿′′ + 2𝜋𝑖3𝛿′′′ + 2𝜋𝑖4𝛿(4) 

−2𝑖𝑤𝑌 − 𝑖𝑤2
𝑑𝑌

𝑑𝑤
+ 2𝑖𝑤𝑌 + 𝑖

𝑑𝑌

𝑑𝑤
= 12𝜋𝑖𝛿′ + 24𝜋𝑖2𝛿′′ + 2𝜋𝑖3𝛿′′′ + 2𝜋𝑖4𝛿(4) 

Exact

y0 x y1 x

y0 x y1 x y2 x

y0 x y1 x y2 x y3 x

0.0 0.2 0.4 0.6 0.8 1.0

1.4

1.2

1.0

0.8

0.6

0.4

0.2

0.0

x

y
x
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𝑖(1 − 𝑤2)
𝑑𝑌

𝑑𝑤
= 12𝜋𝑖𝛿′ + 24𝜋𝑖2𝛿′′ + 2𝜋𝑖3𝛿′′′ + 2𝜋𝑖4𝛿(4) 

dY

dw
=

12πδ′

1 − w2
+

24πiδ′′

1 − w2
+

2πi2δ′′′

1 − w2
+

2πi3δ(4)

1 − w2
 

 

 By taking inverse Fourier transform on both sides, we get   

 

ℱ−1 [
𝑑𝑌

𝑑𝑤
] = ℱ−1 [

12𝜋𝛿′

1 − 𝑤2
] + ℱ−1 [

24𝜋𝑖𝛿′′

1 − 𝑤2
] + ℱ−1 [

2𝜋𝑖2𝛿′′′

1 − 𝑤2
] + ℱ−1 [

2𝜋𝑖3𝛿(4)

1 − 𝑤2
] 

𝑥𝑦

𝑖
= ∫

6𝛿′

1 − 𝑤2
𝑒𝑖𝑤𝑥𝑑𝑤

∞

−∞

+ 12𝑖 ∫
𝛿′′

1 − 𝑤2
𝑒𝑖𝑤𝑥𝑑𝑤

∞

−∞

+ ∫
𝑖2𝛿′′′

1 − 𝑤2
𝑒𝑖𝑤𝑥𝑑𝑤

∞

−∞

+ ∫
𝑖3𝛿(4)

1 − 𝑤2
𝑒𝑖𝑤𝑥𝑑𝑤

∞

−∞

 

𝑥𝑦

𝑖
= −6 ∫

𝛿

𝑤
.

𝑒𝑖𝑤𝑥

1 − 𝑤2
𝑑𝑤

∞

−∞

+ 24𝑖 ∫
𝛿

𝑤2
.

𝑒𝑖𝑤𝑥

1 − 𝑤2
𝑑𝑤

∞

−∞

− 6𝑖2 ∫
𝛿

𝑤3
.

𝑒𝑖𝑤𝑥

1 − 𝑤2
𝑑𝑤

∞

−∞

+ 4! 𝑖3 ∫
𝛿

𝑤4
.

𝑒𝑖𝑤𝑥

1 − 𝑤2
𝑑𝑤

∞

−∞

 

𝑥𝑦

𝑖
= −6𝑖𝑥 +

24

2
𝑖(2 − 𝑥2) − 𝑖2(6𝑖𝑥 − 𝑖𝑥3) + 𝑖3(24 − 12𝑥2 + 𝑥4) 

𝑥𝑦 = 6𝑥 − 24 + 12𝑥2 − 6𝑥 + 𝑥3 + 24 − 12𝑥2 + 𝑥4 

y = x2 + x3 

 

which is the exact solution to equation (12). 

Example 5 (see [1, 8]): Consider the following Lane-Emden equation 

 

𝑦′′ +
2

𝑥
𝑦′ + (𝑦2 − 0.6)

3

2 = 0, (13) 

 

with initial conditions : 𝑦(0) = 1, 𝑦′(0) = 0. 

Solution: We can write equation (13) as follows 

𝑥. 𝑦′′ + 2𝑦′ + 𝑥(𝑦2 − 0.6)
3

2 = 0. 

 

Now we will use the Fourier transform of the above equation. 

ℱ[𝑥. 𝑦′′] + 2. ℱ[𝑦′] + ℱ [𝑥(𝑦2 − 0.6)
3

2] = 0 

𝑖
𝑑

𝑑𝑤
[−𝑤2𝑌] + 2𝑖𝑤𝑌 + 𝑖 

𝑑𝐴𝑛

𝑑𝑤
= 0 
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dY

dw
=

1

w2

dAn

dw
. 

 

 By taking inverse Fourier transform on both sides, we get   

 

ℱ−1 [
𝑑𝑌

𝑑𝑤
] = ℱ−1 [

1

𝑤2

𝑑𝐴𝑛

𝑑𝑤
] 

𝑥𝑦𝑛+1

𝑖
= ℱ−1 [

1

𝑤2

𝑑𝐴𝑛

𝑑𝑤
] 

𝑦𝑛+1 =
𝑖

𝑥
ℱ−1 [

1

𝑤2

𝑑𝐴𝑛

𝑑𝑤
]. 

 

From initial conditions  𝑦0 = 1. 

 

𝐴0 = (0.4)
3

2 

𝑦1 =
𝑖

𝑥
ℱ−1 [

1

𝑤2

𝑑𝐴0

𝑑𝑤
] =

𝑖

𝑥
ℱ−1 [

(0.4)
3

2. 2𝜋𝛿′(𝑤)

𝑤2
] =

𝑖

𝑥
ℱ−1 [

−(0.4)
3

2. 2𝜋𝛿(𝑤)

𝑤3
]

= −
(0.4)

3

2. 𝑖

𝑥
∫

𝛿(𝑤)

𝑤3
𝑒𝑖𝑤𝑥𝑑𝑤 =

∞

−∞

−
(0.4)

3

2𝑥2

6
 

𝐴1 = −
(0.4)2𝑥2

2
 

𝑦2 =
𝑖

𝑥
ℱ−1 [

1

𝑤2

𝑑𝐴1

𝑑𝑤
] = −

(0.4)2

2𝑥
ℱ−1 [

−2𝜋𝑖𝛿′′′(𝑤)

𝑤2
] =

=
−3! (0.4)2𝑖

2𝑥
∫

𝛿(𝑤)

𝑤5
𝑒𝑖𝑤𝑥𝑑𝑤 =

∞

−∞

(0.4)2𝑥4

40
 

𝐴2 = (
7(0.4)

5

2

60
+

(0.4)
7

2

24
) 𝑥4 

𝑦3 =
𝑖

𝑥
ℱ−1 [

1

𝑤2

𝑑𝐴2

𝑑𝑤
] =

(
7(0.4)

5
2

60
+

(0.4)
7
2

24
)

𝑥
ℱ−1 [

2𝜋𝑖𝛿(5)(𝑤)

𝑤2
] =

= −

(
7(0.4)

5
2

60
+

(0.4)
7
2

24
) 𝑖5!

𝑥
∫

𝛿(𝑤)

𝑤7
𝑒𝑖𝑤𝑥𝑑𝑤 =

∞

−∞

−
2(0.4)

5

2𝑥6

630
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An approximate solution obtained using Adomian Decomposition method by Wazwaz 

is  

 

𝑦(𝑥) =  1 − (
1

6
) 𝑟3𝑥2 + (

1

40
) 𝑟4𝑥4 − (

1

7!
) 𝑟5(5𝑟2 + 14)𝑥6

+ (
1

3.9!
) 𝑟6(339𝑟2 + 280)𝑥8

+ (
1

5.11!
) 𝑟7(1425𝑟4 + 11436𝑟2 + 4256)𝑥10 + 𝑂(11), 

 

where 𝑟2 = 0.4. This example is solved by the FTADM with 𝑛 = 12.  

In this example, the numerical example is preseted to show the validity of a proposed 

method. In addition, the numerical results are compared with approximate solution 

using SADM [8]. 

Table 2. Comparison of the numerical result of example 5 by proposed method and SADM (𝑛 = 12). 

𝑥 𝐹𝑇𝐴𝐷𝑀  𝑆𝐴𝐷𝑀 [8] 𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙 𝑒𝑟𝑟𝑜𝑟   

0.1 0.99957876 0.99957876 1.33 × 10−22 

0.2 0.99831983 0.99831983 0.92 × 10−21 

0.3 0.99623743 0.99623743 4.26 × 10−20 

0.4 0.99335491 0.99335491 2.11568744 × 10−18 

0.5 0.98970415 0.98970415 4.58620014 × 10−16 

0.6 0.98532489 0.98532488 3.85214460 × 10−15 

0.7 0.98026377 0.98026375 9.23068545 × 10−14 

0.8 0.97457341 0.97457333 7.58776235 × 10−12 

0.9 0.96831125 0.96831099 4.55683214 × 10−9 

1 0.96153880 0.96153777 2.52786054 × 10−6 

 

3. Conclusion and Comment 

In this paper, solutions of Lane-Emden type differential equations have been studied by 

using Fourier transform and the Adomian decomposition method. The results showed 

that the  FADM is an efficient. But we don't say that FTADM is more effective than 

other methods. As can be seen from the examples, the terms for the approximate 

solution obtained by this method are generally identical with  the terms obtained by 

other methods.The FADM is seen that an alternative for solving non linear equations. 

The fourth example is a linear equation and applied only Fourier transform for solving 

thıs equation and we obtained a special solution of this equation which satisfing 
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𝑦(0) = 𝑦′(0) = 0. 
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