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Abstract Article info

The current paper deals with the new modification of Bernstein-Stancu operators which History:

preserve constant and Korovkin’s other test functions in limit case. We study the uniform Received: 25.05.2021
convergence of the newly defined operators. The rate of convergence is investigated by Accepted: 09.09.2021

means of the modulus of continuity, by using functions of Lipschitz class and by the help of
Peetre-JC functionals. Then a Voronovskaya type asymptotic formula for the newly
constructed Bernstein-Stancu operators is presented. Finally, some graphs are given to
illustrate the convergence properties of operators to some functions.
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1. Introduction

Approximation theory concerns with the approximation of functions by the help of simpler calculated functions.
Linear positive operators play a crucial role in this area. The well-known linear and positive operators are
Bernstein operators [1], which are defined as

N

Bs(v;x) = z (riz) (A —x) """ (?) s=>1
m=0

for v € C[0,1] and x € [0,1]. In 1983, Stancu [2] studied a generalization of Bernstein operators
N

SEF (v;x) = z (;l) X™(1 — x)S My (m + 0!)

£ s+

with the condition 0 < a < B. After that, various versions of Bernstein operators are investigated by researchers
such as [3-8]. Recently, a new modification of Bernstein operators is introduced by Usta [9] which unchanging
constant test function and preserve Korovkin’s other test functions t and t2 in limit case by

S

* _1 S 2,.m-1 s—-m—-1,, (M
B; (v;x) = 3 ZO (m) (m—sx)"x™" (1 —x) v (?)
m=
And he proved the approximation properties of the B; (v; x) operators. Motivated by this work, we construct a

modification of Bernstein-Stancu operators. The new modification of Bernstein-Stancu operators is presented for
v € C[0,1] as follows:

_ 1 s _ e +
Bsaﬁ(v; x) =< Xm=0 (m) (m —sx)2x™ (1 —x)s™™ 117(727;;), 1)
where0 <a <pB,x € (0,1)ands > 1.

The aim of the current paper is to derive approximation properties for the operators (1) by working on Korovkin’s
theorem [10].

The rest of this paper is structured as follows: In Section 2, the certain elementary properties and uniform
convergence of the newly constructed Bernstein-Stancu operators are investigated. In Section 3, the rate of
convergence is studied, while VVoronovskaya-type asymptotic formula is given in Section 4. In Section 5, the
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numerical examples are illustrated to show the prosperousness of the theoretical results and the effectiveness of
the defined operators. Finally, a brief conclusion about the paper is given in Section 6.

2. Approximation Properties of B*#

In this part, we give some important auxiliary results which will be used in proving our main results of the
following sections. First of all, we determine moments, central moments and some limit results for the operators

().

Lemma 2.1 For every x € (0,1) and 0 < a < (8, we write

B&(eg;x) =1,

B“’ﬁ( ) s—2 +a+1
e;;x) = X ,
s 1 s+ s+
s?—7s+6 54 2a)s — 6 — 4a a+ 1)?
B&* (ey;x) = —x? +( ) 5 x+( )2,
s+pB) s+B) (s+8)
s3 — 1552 + 38s — 24 12 + 3a)s? — (48 + 21a)s + 36 + 18«
B&* (e3;x) = x3+( ) ( ) x?
(s +B)3 (s +p)3
(13 + 15a + 3a?)s — 14 — 18a — 6a? +(a+1)3
s +B)° SRt
1
Bsa'B(e4;x) = (-1+a*(x—1) + (10 — 8s)x + (—180 + 240s — 61s5%)x? + (390 — 6155

B+s)*x—-1)
+ 247s% — 225%)x3® — (360 — 630s + 317s% — 48s3 + sM)x* + (120 — 2265 + 13152
— 2653 +sHx5 +4a3(x — D1 + (-2 + 5)x)
+6a%(x— 1)1+ (=6+5s)x+ (6 —7s + s?)x?) + 4a(x — 1)(1 + (—14 + 135)x
+12(3 — 4s + s?)x? + (—24 + 38s — 1552 + s%)x%)),

where e,,, = t™ for m = 0,1,2,3,4.
Lemma 2.2 For every x € (0,1) and 0 < a < 8, we have

240 a+1

s+ﬁx+s+ﬁ'

—3s+6+48+p% , 3s—(6+4a+2(a+1)B) | (a+1)?
C+p? s+ B)? TR

! (—1+a*(x—1) +2(5+ 2B —25)x — (6% + B(60 — 40s)

Bg'ﬁ(t—x;x) =—

BEP((t - %)% %) =

Bt — a4 ) =
B ((t—x)%x) = DL ED)

+15(12 — 125 + s2))x? + (483 — 682(=7 + 3s) — 40B(=5 + 4s) + 5(78 — 83s
+9s5%))x3 — (1283 + B* — 36B%(—2 + s) — 408 (—6 + 5s) + 15(24 — 265 + 352))x*

+(88% + B* + (96 — 80s) — 188%(—2 + s) + 5(24 — 265 + 352))x>

—4a3(x —1D)(-1+ 2+ B)x) + 6a?(x —1)(1 + (—6 — 2 + 3s)x

+(6+ 48 + B% —35)x?) —4a(x—1)(—1+ (14 + 38 — 10s)x —3(12 + p? —
38(=2 +5s) — 10s)x? + (24 + 682 + B° — 9B (=2 + 5) — 20s)x>)). 2)

Proof.
With the help of the following equalities
Bsa'ﬁ(t —X;x) = Bsa’ﬁ(el;x) — xBS“‘B(l;x),
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B&P((t — x)%x) = BE (e2:%) — 2xBEP (er; 0) + x*BEP (15 x),
BS“’B((t —x)4x) = Bf'ﬁ(e4;x) — 4xBSa’ﬁ(e3;x) + 6szSa’ﬁ(e2;x) - 4x3BSa’B(e1;x) + x4BS“’ﬁ(1; x),

and with the help of Lemma 2.1, we get the desired results.

Lemma 2.3 We have following results

Sli_)rgsBsa'ﬁ(t —x;x)=—Q+pf)x+a+1, (3)
Sli_)rgsBsa'ﬁ (t=2)%x) = 3x(1 — x), (4)
511130523;"'3(@ —x)% %) = 15(x — 1)2x2. (5)

Let the Banach space of all continuous functions v on [0,1] is denoted by €[0,1] endowed with the norm

Ivll = max vl
Theorem 2.1 Forevery v € C[0,1],x € (0,1)and 0 < a < fB
| B&F (v) — v” -0, (6)

uniformly as s — oo.

Proof.

It can be seen clearly from Lemma 2.1 that
lim Bsa’ﬁ(ei;x) = ti, i=0,1,2.
S—00
Thus, we conclude the proof of the theorem thanks to the result of Korovkin’s theorem [10].

3. Rate of Convergence

In this section, we study the rate of convergence with the help of modulus of continuity, by using functions that
belong to Lipschitz class and with the help of Peetre-¥ functionals, respectively.

For v € C[0,1], the modulus of continuity is given by
w(,8):= sup sup |v(t)—v(x)|, §>0.
|t—x|<é x€(0,1)
Modulus of continuity of function v has the property as follows:
(t-x)*

lv(t) —v(x)| < (1 + T) w(v,8).
Theorem 3.1 For every x € (0,1), v € C[0,1]and 0 < a < B3,

1BEP (v %) — v(x)| < 20 (v, 85(X)). (7)

Here,

Jaz+2a+1+ 3s— (64 4a+2(a+1)B)x + (—3s + 6 + 4 + f2)x2
s+ B ’

8s(x) =

864
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Proof.
B (v;x) — v(x)| B % (jn) (m—sx)?x™ (1 —x)s " 1y (T:—:—ﬁa) —v(x)
m=0
< imeo (fn) (m—sx)?x™ (1 —x)s ™! |v (%) - v(x)|

1ss S _ 2,m-171 _ . s—m—1 1 (m+a-x(s+B))*
<1550 () m—sx)>xm1 (1 - x) (1+ 55 T ) (v,8)

N

_ 1 a?+2a+1+(3s-(6+4a+2(a+1)B))x+(=3s+6+4B+B2)x>
B (1 t (5+5)2 ) w(v, ).
If we choose
5= 5.0%) JaZ+2a+1+@Bs— (6 +4a+2(a+1)B))x + (=35 + 6 + 4f + 2)x2
= Og X) = :

s+p
then we achieve that

1BEF (v;20) = v(0)| < 20 <v Vel +2a+1+(Bs—(6+4a+2(a+DENx+ (=35 +6+4p + Bz)xz)
’ ' - ' s+p ’

which is the desired result.

Just now, we investigate the rate of convergence of Bsa’ﬁ (v; x) by using functions of Lipschitz class. Let’s recall
that a function v € Lipg(c) on (0,1) if the inequality

lv(t) — v(x)| < K|t —x|¢ ; Vt,x € (0,1) (8)
holds.

Theorem 3.2 Let v € Lipg(c),0 < c < 1,0 < a <, then we have

B (v2) = v(0)| < K5,

where

5 _Ja?+2a+14+Bs—(6+4a+2(a+ DP)x+ (—3s + 6 + 4B + f2)x?
S(x) - s +ﬁ .
Proof.

Let v € Lipg(c), 0 <c <1and 0 < a < . By using (8) and the linearity and monotonicity of the operators
B®* we have

B (w;x) — ()| < BEP (v(®) — v(0)1; %)
< KB® (|t — x| x).
By taking p = % q= Zi in the Holder’s inequality, we get

—C
c

B (%) —v(0)| < K {BEP (¢ - 0% 0}
< K[65(x0)]°
immediately. If we choose
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Jaz+2a+1+@Bs— (6+4a+2(a+ 1)B)x+ (—3s+ 6 + 45 + f2)x2
s+

0s(x) =
the proof is completed.

Lastly, we mention the rate of convergence of our operator Bf’ﬁ (v; x) by means of Peetre-K functionals. First
of all, we give the following lemma:

Lemma 3.1 Forx € (0,1), v € C[0,1]and 0 < a < f3, we have

1BEF (v 0] < 1. )
Proof.
From the definiton of B* (v; x), we write
S
1 m+a
apB... . S _ 2.,.m=1719 _ . \s—m—1
1B (w320 = | z () Gm = 5220711 7=t ()
m=
S
1 S 2.m-1 s—-m—1 m+a
S;Z(m)(m—sx)x (1-x) v(s+ﬁ)|

m=0
< ||v|1B&* (1;x)

= [[vl.

Currently, we recall the properties of Peetre-F functionals. C?[0,1] is the space of the functions v, for which
v,v" and v’ are continuous on [0,1]. We define classical Peetre-K functional as follows:

K, 8):= inf {|lv—ull + 6|’
( ) uECz[O,l]{ C[0,1] ” "C[O,l]}

and second modulus of smoothness of the function is defined by

w,(v,8):= sup sup |v(x + 2h) — 2v(x + h) + v(x)]|
0<h<é x,x+2h€(0,1)

where § > 0. By [11], it is known that for A > 0
K (,8) < Aw, (v,/6).

Theorem 3.3 Let x € (0,1), v € C[0,1] and 0 < @ < . Then we have for all s € N, there exists a positive
constant A such that,

1B (0;%) = v(0)| < Awy (v, a5(%)) + 20(v, B (),
where

@ \/3 + 6a +3a? —6a(2+ L)x —2(8+ 38 —3s)x + (16 + 128 + 382 — 65)x?
as(x) =

2(s + p)?
and
1ta-(2+B)x
Bs(x) = | s+p |
Proof.

Define an auxiliary operator B;: C[0,1] = €[0,1] by
B (w; ) = BEP (u;0) — u ( )+ ux). (10)

(s—2)x+a+1
s+

866
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From Lemma 2.1, we have

B;(1;x)=1
. @B s=2)x+a+1
Bs(t —x;x) = B ((t—x);x)—( Stp —x)+x—x
—(_2*8 atl) _ ((sz2x+a+l -
- (_ s+p x s+ﬁ) ( s+p x) tx-x
= 0. (11)
For a given function u € C2[0,1], we have by the Taylor expansion that
u(t) = ulx) + (t —x)u'(x) + fxt (t —m)u"(m)dm, t € (0,1). (12)

Applying Bs operator to the both sides of the equation (12), we obtain

t
Bs(u;x) = Bs <u(x) + (t —x)u'(x) + f (t —m)u"' (m)dm; x)

= u(x) + B ((t — U’ (x); x) + B: < f t (t — m)u’ (m)dm; x).
. x
B:(w; x) — u(x) = u'(x)B((t — x); %) + B; < fx t (t —m)u’ (m)dm; x>.
By using (10) and (11), we get

Bs (u; x) —u(x) = By <ft (t —m)u" (m)dm; x)

(s—2)x+a+1

_paB (t " ) e (o xtatl y
= By (fx (t —m)u"(m)dm; x) J, *F (—S+ ; m) u”(m)dm
+ f; ((S_Zs)f% — m) u''(m)dm. (13)

Furthermore,

t t t
f (t —m)u""(m)dm| < f [t — m]||u"' (m)|dm < ||u"||f [t —m|dm
X X X

< (=) [ul, (14)
and
(s—2)x+a+1 ( 2) 1 (s—2)x+a+1 ( 2) 1
s+B s—2)x+a+ s+ s—=2)x+a+
’ ( - u) u'(m)ydm| < ||u"]| f ' ( - m) dm
x s+p x s+p

_Mlur] (((s—2)x+a+1 2 _ (s=2)x+a+1 2
T2 (( s+ ) 2 s+p Xt )

] ((s—z)x+a+1 x)z
T2 s+ ’

(15)

Let’s rewrite (14) and (15) in the absolute value of (13). Then we obtain

2
|BZ (u; x) — u(@)| < |[W"||BEF((t — )% %) +

U] (s—2)x+a+1
2 ( s+ —x)

” , 1 ((s—2)x+a+1 2
= I (B (e = 0% ) +3 (S22 1))

s+B
= ||u"||a (%),
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where

2

s—2)x+a+1 )
—-x

1
s (x) = JB;"'f*((t—x)Z;x) Il

_ [3+6a+3a?—6a(2+p)x—2(8+38—3s)x+ (16 + 128 + 3% — 65)x>
B 2(s + p)? '

Now, we will find an upper bound for the auxiliary operator B; (u; x). In the light of the Lemma 3.1, we get

B* (1 BB () — ((s—2)x+a+1)+
|Bs (u; x)| = |Bs™" (u; x) —u Stp u(x)|
—2)x+a+1
< 15 )+ [u (2 )
< |By" (w;x)| + |u St + |u(x)|
< 3||ull.
Accordingly,

s—2)x+a+1

1B (v;2) = v ()| = P~y

B (v; %) — v(x) + v( ) — () + ux) — u(x)
+B; (u; x) — Bs (u; x)|

< Bs(v —u;x) — (v —w) ()| + [Bs (u; x) —u(x)| +

v (C2) — ()|

Bs(x)

(s—ZS)jZa+1 _ x|)’ (16)

(s—2)x+a+1_x|
< 4w — ul] + [u"lla2(0) + 0(v, o)) <1 +L)

= 4llv—ull + [ llaZ () + 20 (v,

where
s—2)x+a+1
b = [~
_tta-(C2+pB)x
B | s+p |
Finally, for all v € C?[0,1] take the infimum of the equation (16). We achieve
|BEF (v;%) — v(2)] < 45 (u, a2 (x)) + 20(v, B (x)). 17)
As a result, using the property of Peetre-¥ functional, we obtain
1B (03.2) = v(2)] < Aw, (v, a5(%)) + 20(v, Bs (x)). (18)
Thus the proof is completed.

x|

4. Voronovskaya-Type Theorem

In 1932, Voronovskaya [12] obtain the convergence speed of the the B (v; x) operators to the function v. In this
section, we give a VVoronovskaya-type asymptotic formula for BS“’B (v; x) operators.

Theorem 4.1 Let v be integrable on the interval (0,1), also u’ and u’’ exist at a fixed point x € (0,1). Then we
have

lims (BEP W) —v(0) = (—@ + P)x + @ + D' (@) +2x(1 — 00" (). (19)

Proof.
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By using the well-known Taylor’s formula, we write
v(t) =v(x) + (t —x)v'(x) + @v”(x) + R(t, x)(t — x)?, (20)

where R(t,x): = —””(5);””(")

is Peano form of the remainder term such that & lying between x and t. Also,
%im:R(t, x) = 0. By applying Bs‘"ﬁ operators to (20), we get
->X

II( )

B&F (0;x) — v(x) = v/ (0)BEP ((t — %);0) + ——=BIF ((t — )% %)

+B*F (R(t, %) (t — ©)%; x). (21)
When we multiply (21) by s and take the limit as s goes to infinity, we achieve
lims( “B (s x) — v(x)) = limsv’ ()B&P ((t — x); ) + hms ( ) B ((t —x)% %)
S—00
+limsB** (R(t, %) (t — x)2; x).
S—>00
Considering Lemma 2.3, Eqgn. (3) and Eqgn. (4) we obtain
lim sv' (x)B*? ((t — x); ) = v/ (%) lim sB*P ((t — x); x)
S— 00 S—> 00
=vVX)(—QR+B)x+a+1)

and
17” U”
tims T BB (e — ) = 2 him 5B (0 - 0% )
_v Z(x) (3x — 3x2).

Therefore, we have
Sh_)rg)s (Bsa'ﬁ(v; x) — v(x)) =(-Q+B)x+a+Dv'(x)+ ;x(l —x)v""(x)
+1lim sBZP(R(t, %) (t — x)?; x). (22)
In order to complete the proof, we need to prove that
lim sBEP (R(t, %) (t — x)?; x).

Using the Cauchy-Schwarz inequality for the remainder term, we obtain

SBSa'B (R(t, X) (t _ X)Z; x) < \/Bsaﬁ (fRZ (t, x); x)\/SZB;Z'B((t — x)4'; X). (23)

We already know the term B“B((t —x)*; x) from Eqgn. (2). Since R?(.,x) is continuous at t € (0,1) and
limR(t, x) = 0, we observe that

t-x
lim B&F (R2(t,x); x) = R?(x, x) = 0. (24)
Hence, by using (2), (23), (24) and positivity of the linear operators BS“’B , We have
lim sBEP (R(t,x)(t — x)%;x) = 0. (25)
Finally, by substituting (25) in (22) we deduce
SlLrgs (Bsa'ﬁ(v; x) — v(x)) =(-Q+PB)x+a+Dv(x)+ %x(l —x)v"(x)

as desired.
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5. Graphical Analysis

In this section, we show the convergence of the newly constructed operators BS“’E with function v.

Let the the function v be
3

X\ /X\2 X
v(x) = tan (E) (g) (1 - Z) .
We know that, the operators BS“'B have been given for the interval (0,1). For this reason, we define the interval
[0+ €,1— €], where e = 0.0001.
Then for « = 1.01 and § = 1.02, we have plotted the convergence of the By Bernstein operators [7] and newly
constructed BS“‘B Bernstein-Stancu operators to the function v in Fig. 1 for different s values.

«104 s=25 <1074 =100 <1074 s=170
45 10 45 10 45 10

B, (vx) B (vix) B, (vix)

—— B2 wx) %

p BY: vix) / 4B vx)

— vi{x)=tan(x/16)(x/8)(1-x4)° — v(x)=tan(x/16)(x/8)*(1-x/4)’ — v(x)=tan(x/16)(x/8)2(1-x/4)°

35 35 35

3 3r 3

25

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 1. Convergence of BS“”? (v; x) and B; (v; x) to the function v(x) for different values of s with fixed « = 1.01, § = 1.02.

3
The maximum error estimation for operators BS“‘B and By to the function v(x) = tan (lx—é) (g) (1 — f) is
presented in Table 1 for the interval x € [0 +€,1 — €].

Table 1. Error estimation table

s (v x) — aB .y
xE[M@ﬁ_é“ B; (v; x) — v(x)| xe[0+6,1—6]|BS (v; x) — v(x)|

25 3.17794.107° 3.05525. 107>

75 1.06654. 107° 1.05226. 107>

100 8.00549. 10°° 7.92454.10°¢

170 4.71371.107° 4.68533.107°

For a second example, let the the function v be
x3 x? 3x

v(x)=?—ﬁ+ﬁ

and [0 + €,0.8 — €] where e = 0.01. Then for « = 0.01 and 8 = 0.1, we have plotted the convergence of the
Bs“'ﬁ Bernstein-Stancu operators to the function v in Fig. 2 for s = 170.
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s=170

0.35

et B; fvix)

03 F | vix}=x33-x410+3x/10

025

021

015

0171

005

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Figure 2. Convergence of Bs""ﬁ (v; x) for s = 170 with fixed a = 0.01, 8 = 0.1.

3 2
The error estimation for operators Bs“’ﬁ to the function v(x) = x? - ’1‘—0 + i—z is presented in Table 2 at the points

x=0.1, 0.2, 0.4, 0.6 and x=0.79. Additionally, maximum error for Bernstein-Stancu operators to the function v is
calculated for x € [0 + €,0.8 — €], € = 0.01..

Table 2. Error estimation table

S Error for Error for Error for Error for Error for Max | BS“‘ﬁ (; x) — v(X)|
x=0.1 x=0.2 x=0.4 x=0.6 x=0.79 X€[0+€,08-¢]
25 0.00962 0.00944 0.01114 0.00827 0.00663 0.01157
75 0.00313 0.00305 0.00373 0.00291 0.00210 0.00388
100 0.00234 0.00227 0.00280 0.00220 0.00156 0.00291
170 0.00137 0.00133 0.00164 0.00130 0.00091 0.00171

As we can see in Fig. 1 and Fig. 2, the newly defined Bernstein-Stancu operators present good approximation
behaviour in function approximation.

6. Conclusion

In this paper, we investigated Stancu-type generalization of the new modification of Bernstein operators. We
examined that the newly defined Bernstein-Stancu operators fix constant and preserve Korovkin’s other test
functions in limit case. Also, we improved many approximation properties such as the rate of approximation,
Voronovskaya-type asymptotic formula. Furthermore, we demonstrated the theoretical results by using graphical
representations.
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