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ABSTRACT.

In this paper, the geometry of pseudo-slant submanifolds of a nearly Cosymplectic
manifold is studied. We obtain the necessary and sufficient conditions on a totally
umbilical proper-slant submanifold and show that it is totally geodesic if the mean
curvature vector H € p. well as, we research the integrability conditions of the
distributions of pseudo-slant submanifolds and prove some characterizations.
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1. INTRODUCTION

The differential geometry of slant submanifolds has shown an increasing development
since B-Y. Chen defined slant submanifolds in complex manifolds as a natural generalliza-
tion of both holomorphic and totally real submanifolds [8]. Then many research articles
have been appeared on the existence of these submanifolds in different knows spaces. The
slant submanifols of an almost contact metric manifolds were defined and studied by A.
Lotta [13]. After, such submanifolds were studied by J.L. Cabrerizo et.al in the setting of
Sasakian manifolds [0].

The notion of semi-slant submanifolds of an almost Hermitian manifold was introduced
by N. Papagiuc [14]. Hemi-slant submanifolds first were indroduced by A.Carrizo [0, 7]
and he called them pseudo-slant submanifolds. Recently, in [15] B. Sahin studied warped
product submanifolds in a Kaehler manifold. In [10, 11], authors studied the pseudo-slant
submanifold in trans- Sasakian manifols.

In this paper, we study the pseudo-slant submanifolds of a nearly Cosymplectic manifold.
In section 2, we review basic formulas and definitions for a nearly Cosymplectic manifold
and their submanifolds, which will be used later. In section 3, we recall the definitions
and some basic results of a pseudo-slant submanifold of almost contact metric manifold.
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We deal with the integrability of a the distributions on the pseudo-slant submanifolds of
nearly Cosymplectic manifold and then we obtain some results for these submanifolds in
the setting of nearly Cosymplectic manifold.

2. PRELIMINARIES

In this section, we give some notations used throughout this paper. We recall some
necessary fact and formulas from the theory of nearly Cosymplectic manifolds and their
subnanifols.

Let M be a (2n + 1)-dimensional almost contact metric manifold together with a metric
tensor g, a tensor field ¢ of type (1, 1), a vector field £ and a 1-form 1 on M which satisfy

.1 $*X = =X + (X,

(22) ¢¢ =0, n(¢X) =0, n&) =1, n(X) = g(X,&)

and

(2.3) 89X, ¢Y) = g(X.Y) = n(X)n(Y), g(#X.Y)+g(X,¢Y) =0
for any vector fields X, Y on M. If in addition to above relations

(2:4) (Vx)Y + (Vy$)X =0,

then, M is called a nearly Cosymplectic manifold, where V is the Levi-Civita connection of
g. We have also on nearly Cosymplectic manifold M

(2.5) Vxé =0,

forany X € F(TM).

Now, let M be a submanifold of a contact metric manifold M with the induced metric g
and & be tangent to M. Also, let V and V* be the induced connections on the tangent bundle
TM and the normal bundle T+M of M, respectively. Then the Gauss and Weingarteen
formulas are respectively, given by

(2.6) VyY = VxY + h(X,Y)
and
(2.7) ViV = —AyX + V,V,

where h and Ay are the second fundamental form and the shape operator (corresponding
to the normal vector field V ), respectively, for the immersion of M into M. The second
fundamental form % and shape operator Ay are related by

(2.8) gAVX,Y) = g(h(X, Y), V),
forall X,Y e (TM) and V € I(T+ M).

In equation (2.6), for Y = &, we have

Vxé = Vxé + h(X, ).
2
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Using (2.5), the tangential and normal parts of the last equation give, respectively, us

(2.9) Vxé=0
and
(2.10) h(X,&) =0

The mean curvature vector H of M is given by
2.11) H= —trace(h) Z h(e, e;)

where n is the dimension of M and {e}, ea, ..., €,} is a lgcal orthonormal frame of M.
A submanifold M of an contact metric manifold M is said to be totally umbilical if

(2.12) h(X,Y) =g(X,Y)H,
where H is the mean curvature vector. A submanifold M is said to be totally geodesic if
h(X,Y) =0, foreach X,Y € I'(TM) and M is said to be minimal if H = 0.

3. Pseupo-SLANT SUBMANIFOLDS OF A NEARLY COSYMPLECTIC MANIFOLD

In this section we will obtain the integrability conditions of the distributions of pseudo-
slant submanifold of a nearly Cosymplectic manifold. Also, we obtain some results on a
totally umbilical pseudo-slant in a nearly Cosymplectic manifold.

Let M be a submanifold of an almost contact metric manifold M. Then for any X €
(T M), we can write

(3.1) #X = TX + NX,

where TX is the tangential component and NX is the normal component of ¢X.
Similarly for V € T(T+M), we can write

(3.2) oV =tV +nV,

where ¢V is the tangential component and nV is the normal component of ¢V.

Thus by using (2.1), (3.1) and (3.2), we obtain

(3.3) T?=—-1+n®&—1IN, NT +nN =0
and
(3.4) Tt+m=0, Ni+n®>=-I

Furthermore, for any X, Y € T(TM) and V, U € T(T*+M), we have g(TX,Y) = —g(X,TY)
and g(U,nV) = —g(nU, V). These show that T and n are also skew-symmetric tensor fields.
Moreover, for any X € I'(TM) and V € T'(T*+M), we can easily see

(3.5) g(NX, V) = —g(X,tV),

which gives the relation between N and ¢.
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Furthermore, the covariant derivatives of the tensor field 7, N, f and n are, respectively,
defined by

(3.6) (VyT)Y = VyTY — TVyY,
3.7) (VxN)Y = VENY - NVxY,
(3.8) (VxDV = VytV — ViV
and

(3.9 (Vxn)V = VyxnV — nVyV,

forany X, Y e [(TM).

By direct calculations, we obtain the following formulas

(3.10) (VxT)Y + (VyT)X = AnxY + AnyX + 2th(X, Y)

and

(3.11) (VxN)Y + (VyN)X = 20h(X, Y) — h(X, TY) — h(Y, TX).
Similarly, for any V € T'(T+M), we obtain

(3.12) (VxO)V = A X — TAyX

and

(3.13) (Vxn)V = —h(tV, X) — NAyX.

In contact geometry, A. Lotta introduced slant immersions as follows [13].

Definition 3.1. Let M be a submanifold of a nearly Cosymplectic manifold M. For each
non-zero vector X tangent to M at x, the angle 6(x) € [0, g] , between ¢X and TX is
called the slant angle or the Wirtinger angle of M. If the slant angle is constant for each
X € I'(TM). and x € M, then the submanifold is also called the slant submanifold. If
6 = 0 the submanifold is invariant submanifold. If 6 = 7 then it is called anti-invariant
submanifold. If 6(x) € (0, %), then itis called proper-siant submanifold [13].

If M is a slant submanifold of an almost contact metric manifold, then the tangent bundle
TM of M can be decomposed as

(3.14) TM =Dy ®¢,

where ¢ denotes the distribution spanned by the structure vector field & and Dy is com-
plementary of distribution of ¢ in TM, known as the slant distribution on M. Recently,
Cabrerizo et al. [6, 7] extended the above result in to a characterization for a slant subman-
ifold in a contact metric manifold. In fact, they obtained the following crucial theorem.

Theorem 3.2. Let M be a slant submanifold of an almost contact metric manifold M such
that ¢ e I'(TM). Then M is slant submanifold if and only if there exists a constant A € [0, 1]
such that
(3.15) T? = - A -n®¢&)
furthermore, in such case, if 0 is the slant angle of M, then A = cos? 6 [6].

4
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Corollary 3.3. [0]. Let M be a slant submanifold of an almost contact metric manifold M
with slant angle 0. Then for any X,Y € I'(T M), we have

(3.16) g(TX,TY) = cos” 6{g(X,Y) — n(X)n(Y)}
and
(3.17) g(NX,NY) = sin” @ {gX,Y) —n(X)n(Y)}.

Definition 3.4. We say that M is a pseudo-slant submanifold of an almost contact metric
manifold M if there exist two orthogonal distributions Dy and D+on M such that

1)T M admits the orthogonal direct decomposition TM = D+ & Dy, & € T'(Dy)

2) The distribution D* is anti-invariant i.e., ¢D*+ C (T+M),

3) The distribution Dy is a slant with slant angle 6 # g, that is, the angle between Dy and
@(Dy) is a constant [, 10].

From the definition, it is clear that if 6 = 0, then the pseudo-slant submanifold is a semi-
invariant submanifold. On the other hand, if 8 = g, submanifold becomes an anti- invariant.

We suppose that M is a pseudo-slant submanifold of an almost contact metric manifold
M and we denote the dimensions of distributions D*and Dy by d; and d», respectively, then
we have the following cases:

1) If d&, = 0 then M is an anti-invariant submanifold,

2)If dy = 0 and 6 = 0, then M is an invariant submanifold,

3)If d; = 0and 8 # 0, then M is a proper slant submanifold with slant angle 6,

4 If dy.dy # 0and 6 € (0, %) then M is a proper pseudo-slant submanifold.

Let M a proper pseudo-slant submanifold of a contact metric manifold M and we denote
the projections on D*and Dy by P; and P, respectively, then for any vector field X €
I'(T M), we can write.

(3.18) X = PiX + PX + n(X)é.
Now applying ¢ on both sides of equation (3.18), we obtain
¢X = ¢P1 X + ¢pP1 X,
that is,
(3.19) TX+NX=NP X+TP,X+NP)X.

We can easily to see
TX =TP,X, NX=NP X+ NP,X
and

(3.20) ¢P1X =NP X, TP X=0, ¢P,X =TP,X + NP, X

TP>X € T(Dy).

If we denote the orthogonal complementary of ¢TM in T+M by u, then the normal
bundle 7+M can be decomposed as follows

(3.21) T*M = N(D*) & N(Dy) ® u,
5
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where y is an invariant sub bundle of 7+ M as N(D*) and N(Dy) are orthogonal distribution
on M. Indeed, g(Z,X) =0 foreachZ e F(DL) and X € I'(Dy). Thus, by equation (2.3) and
(3.1), we can write
8(NZ,NX) = g(¢Z,¢X) = g(Z,X) = 0

that is, the distributions N(D*) and N(Dy) are mutually perpendicular. In fact, the decom-
position (3.21) is an orthogonal direct decomposition.
Lemma 3.5. Dy is slant distribution if only and if there is a constant A € [0, 1] such that

(TPy)*X = -2X,
for all X € I'(Dy). In such case, if 9 is the slant angle of M, then A = cos? 0[6].

Proposition 3.6. Let M be a pseudo-slant of a nearly Cosymplectic manifold M . Then

(3.22) hX, &) =0
(3.23) WNTX, &) =0
and

(3.24) V£ =0,
VX,Y eI (TM).

Proof. Since ¢ is tangent to M, we have

Vxé = Vxé + h(X, ).

for any X, Y € I'(TM). This yields to A(X,&) = 0 and V¢& = 0.
|

Theorem 3.7. Let M be a pseudo-slant of a nearly Cosymplectic manifold M. Then the
anti-invariant distribution D* is integrable if and only if

(3.25) AnwZ + AnzW + 2TV W + 2th(W,Z) = 0
forany Z,W €T (D).
Proof. Forany Z, W € T'(D*), by using equation (2.4), we have
(VW + (Vw$)Z = 0
which is equivalent to
VoW — ¢V W + VywdZ — ¢V Z = 0.
By using (2.6), (2.7), (3.1) and (3.2), we have

0 = VZNW-=TV,W—NV,W — th(W,Z) — nh(W, Z)
+VwNZ — TVwZ — NVywZ — th(W, Z) — nh(W, Z).
So we have
0= —~AywZ + VENW = TV, W — NV, W — 2th(W, Z)
—AnzW + Vi NZ = TV ywZ — NVywZ — 2nh(W, Z).

Corresponding the tangent components of the last equation, we conclude
6
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AvwZ + AyyW + TV, W+ TVyZ + 2lh(W Z)=0.
From the above equation, we can infer
AvwZ + AnzW + 2TV, W =T (VW = Vy2Z) + 2th(W,Z) = 0
TZ, W] =AvwZ + Az W + 2TV ;W + 2th(W, Z).
Thus [W, Z] € T(D*) if and only if (3.25) is satisfied. |

Theorem 3.8. Let M be a pseudo-slant submanifold of a nearly Cosymplectic manifold M.
Then the slant distribution Dy is integrable if and only if

(3.26) P {VxTY —TVyX + (VyT)X — AyxY — AnyX
=2th(X,Y)} = 0.

for any X, Y € T'(Dy).

Proof. For any X,Y € I'(Dy) and we denote the projections on D* and Dy by P, and P»,
respectively, then for any vector fields X, Y € I'(Dy), by using equation (2.4), we obtain

(Vx®)Y + (Vyp)X =0,
or
VxoY — ¢VxY + VydX — ¢VyX = 0.
By using equations (2.6), (3.6) (3.1), and (3.2), we can write
0 = VxTY+VxNY —¢(VxY +h(X,Y))
+VyTX + VyNX — ¢(VyX + (X, Y)),
that is,

(3.27) VxTY +h(X,TY) — AyyX + VENY — TVyY — NVyxY
~th(X,Y) = nh(X,Y) + VyTX + (Y, TX) — AyxY + VENX
~TVyX — NVyX — th(X,Y) — nh(X,Y) = 0.

From tangential components of (3.27) reach
(3.28) VxTY —TVxY + (VyT)X — AyxY — AyyX — 2th(X,Y) = 0,
which implies that

(3.29) TIX,Y] = VxTY—-TVyX +(VyT)X — AyxY
—AnyX = 2th(X, Y).

Applying P; to (3.29), we get (3.26). O

Theorem 3.9. Let M be a pseudo-slant submanifold of a nearly Cosymplectic manifold M.
Then the distribution D* @ £ is integrable if and only if

A¢ZW = A¢WZ
forany Z,W e T(D* & &)
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Proof. Forany Z,W e (D* & &) and U € T'(T M), by using (2.8), we can write
28(ApzW, U) = g(W(U, W), ¢Z) + g(W(U, W), $Z).

By using (2.6), we have
20(AzWU) = g(VwU,¢Z) + g(VuW,$2)

—2(@VwU,Z) - g($Vy W, 2).

So we have

28(AgzW, U) = g(Vwd)U + (Vup)W. Z) — g(Vwo U, Z) — g(VydW, Z).
By using equation (2.4), we obtain

28(AgzW, U) ~8(VwoU,Z) - g(VyoW.2)

= ¢(VwZoU) - g(-ApwU.,Z)
= —g@VWwZ U) + g(AswU.,Z)
= —g@VWZ U) + g(ApwZ, U)
= —g(TVwZ+th(Z,W),U) + 8(AswZ, U)

which is equivalent to

(3.30) 28p7W = AywZ — TVwZ — th(Z, W).
Interchanging W by Z in (3.30), we derive

(3.31) 28pwZ = Az W = TV W — th(W, Z).
By using equation (3.30) and (3.31), we obtain

(3.32) 3(AgzW = AywZ) =T [Z, W]
thus the distribution D* & & is integrable if and only if 7 [Z, W] = 0 which proves our
assertion. O

Theorem 3.10. Let M be a totally umbilical pseudo-slant submanifold of a nearly Cosym-
plectic manifold M. Then at least one of the following statements is true;

1) dim(D*+) =1,

2) H e T(u),

3) M is proper pseudo-slant submanifold

Proof. For any Z € T'(D*), by using (2.4), we have
(V2$)Z =0
V,NZ - $(V4Z + h(Z,Z)) = 0.
From the last equation, we have
(3.33) —AnzZ + V;NZ — NV;Z - th(Z,Z) — nh(Z, Z) = 0.

From (3.7) and from the tangential components of (3.33), we obtain

(3.34) AnzZ +th(Z,Z) = 0,
8
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Taking the product by W € T'(D+), we obtain
g(ANZZ + Ih(Z, Z), W) =0.
It implies that

(3.35) gMZ,W),NZ) + g(th(Z,Z2),W) = 0.
Since M is totally umbilical submanifold, we obtain

(3.36) g(Z,W)g(H,NZ) + g(Z,Z)g(tH,W) = 0,
that is,

(3.37) gtH,W)Z — g(tH,Z)W = 0.

Here tH is either zero or Z and W are linearly dependent. vector fields If tH # 0, then
dimI'(D*) = 1.

Otherwise H € I'(u). Since Dy # 0, M is pseudo-slant submanifold. Since 6§ # 0 and
dy.dy # 0, M is proper pseudo-slant submanifold. O

Theorem 3.11. Let M be totally umbilical proper pseudo-slant submanifold of a nearly
Cosymplectic M. Then M is an either totally geodesic submanifold or it is an anti- invariant
if H V3H eT(w).

Proof. Since the ambient space is a nearly Cosymplectic manifold, for any X € I'(T M), by
using (2.4), we have

(VxpX = 0,
(3.38) Vx¢pX = ¢VxX.
By using (2.6), (2.7), (2.12) and (3.1), (3.38) equation takes the from
(3.39) VxTX + gX, TX)H — AyxX + VxNX = ¢VxX
+8(X, X)¢H
by taking the product with ¢H, we obtain
(3.40) g(V¥NX, ¢H) = g(NVxX,¢H) + g(X, X) || H|*
taking into account (2.7), we get
(3.41) g(VxNX, ¢H) = (X, X) | HIP .
Now, for any X € I'(T M), we have
(3.42) Vy¢H = (Vy¢)H + ¢VyH
making use of then from (2.7), (2.12), (3.1), (3.2) and (3.42), takes the from
(3.43) — AguX + Vi¢H = (Vx¢)H — TAyX — NAyX + (Vi H + nViH.
Taking the product with NX and view of fact nVyH € I'(u), (3.43) becomes
g(Vx¢H,NX) = g(Vx$)H, NX) - g(NAy X, NX),

or
g(Vx¢H,NX) = g(Vxn)H + h(tH,X) + NAyX, NX) — g(NAyX, NX).
9
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By using (2.8), (2.12) and (3.17), we have
2(Vx¢H, NX) = —sin” 0{g(X, X) | HI - g(h(X, &), Hn(X)}

From (2.10), we obtain

2(Vx¢H, NX) = —sin” 0{g(X, X) | H|I*}
or
(3.44) g(VxNX, ¢H) = sin” 0 {g(X, X) | HI"*} .
Thus, (3.41) and (3.44) imply

(X, X) |HIP = sin” 0{g(X, X) IHII*},

that is,

(3.45) cos? 0g(X, X) ||H|]*> = 0.

From (3.45), we conclude that g(X, X) ||H||2 =0, forany X € ['(T M). Since M proper pseudo
slant submanifold we obtain H = 0. This tells us that M is totally geodesic in M. O

Theorem 3.12. Let M be totally umbilical proper pseudo-slant submanifold of nearly
Cosymplectic M. Then at least one of the following statements is true;

1) H ey,

2) g(Vrxé, X) = 0,

3) n((VxT)X) = 0,

4) M is a anti-invariant submanifold.

5) If M proper slant submanifold then, dim(M) > 3,

forany X e I(TM).

Proof. For any X € I'(TM), from equation (2.4) and M is nearly Cosymplectic manifold,
we have
VX —pVyX = 0.

By using (2.6), (2.7), (3.1) and (3.2), we have
(3.46) VxTX + (X, TX) — AyxX + VxNX — TVxX — NVxX

—th(X,X) —nh(X,X) =0
tangential components of (3.46), we obtain
(3.47) VxTX - TVxX — th(X, X) - AnxX = 0.

Since M is a totally umbilical pseudo-slant submanifold, by using (2.8) and (2.12), we
can write

8(AnxX, X) g(h(X, X), NX)
= g(g(X,X)H,NX)
= g(H,NX)g(X,X)
= g(g(H,NX)X,X)=0.
If H € I'(w), then from (3.47), we obtain
(3.48) VxTX —TVxX = 0.
10
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Taking the product of (3.48) by &, we obtain
8(VxTX,&) —n(TVxX) =0,
that is,
(3.49) g(VxTX, &) = 0.
Interchanging X by TX in (3.49), we derive
8(VrxT?X.£) = 0

or,
g(Vrxé, T?X) = 0
by using (3.15), we have

g(Vrxé, —cos? (X — n(X)¢) = 0
cos® 0g(Vrxé, (X — n(X)&) = 0.

Since, M is a proper pseudo- slant submanifold, we have
g(Vrxé, (X —n(X)é) = 0.

From which

(3.50) 8(Vrxé, X) = n(X)g(Vrxé, 8).

Now, we have g(¢, &) = 1. Taking the covariant derivative of above equation with respect
to TX for any X € ['(T M), we obtain g(Vrx¢&, £)+g(&, Vrxé) = 0 which implies g(Vrxé&, &) =
0 and then (3.50) gives

(3.51) g(Vrxé,X) =0.

This proves (2) of theorem.

Now, Interchanging X by TX in the equation (3.51), we derive

8(Vrx€, TX) = g(Veos g—x+nqeés TX) = 0,
that is,
—cos? 0g(Vx_yeé TX) = 0,
or
—cos? 0g(Vx&, TX) + cos? On(X)g(Vel, TX) = 0.
Since V£ = 0, we obtain

(3.52) cos? 0g(Vxé, TX) = 0.

From (3.52) if cos# = 0, 6 = 7 then M is an anti-invariant submanifold. On the other
hand, g(Vx&,TX) = 0, that is Vxé = 0. This implies that £ is a the Killing vector field
on M. If the vector field ¢ is not Killing, then we can take at least two linearly independent
vectors X and T X to span Dy, that is, the dim(M) > 3. m]

11
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Example 3.13. Let R° be the semi- Euclidean space endowed with the usual semi- Eu-
clidean metric tensor g = dx? +dy? + dx} + dyl+ dx} + dy} + dx + dy? + dz* and with
coordinates (x, y1, X2, Y2, X3, ¥3, X4, Y4, 2). We define the almost contact metric structure on
R® by

¢(a%) = (?iy," 1<i<4
¢<%) - ‘aix,.’ 1<j<4
o) = 0.
and
fza%, n=dz.

Then for any vector field W = ;-2 + vj% + /1(% e T(R%) we have
i j

0 0 0
oW = #i¢(8_x,-) + Vj¢($j) + /lq)(ﬂ_z)
_ 9 9
= Hi dy,; V’ax,-’

0 0 0

2 2
—Vi— Ui —Vi— ) =U; +V,
Vi Bx[ M’()yj Vi BX,') Hi V.]

0
g(pW, pW) = g(ﬂig
j

0 0 0 0 0 0
WW = ia i ﬂ_, e ;— A—) = 2 2 /12’
g( ) g('u 6xi +V’8y,« * 0z H axi +V’6y‘,» * 6z) Hi +vj -
0 0 Jd 0
= = L 4+ 1—. )=
n(W) = g(W, &) = g o TV o) Ao aZ)
and
0 0 0 0
W= —pi— —vi— —A— + 1 —
¢ Hign ~ 1 dy; 0z "%
= —-W+n(W)¢

which implies that g(¢W, W) = g(W, W) — n*(W).

Thus (¢, &, 7, g) is an almost contact metric structure on R?. We call the usual contact
metric structure of R°.

Let M be a submanifold of R? defined by

(u, — \/Ev, vsin@,vcosd, scost,—cost, ssint, —sint, z).
12
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We can easily to see that the tangent bundle of M is spanned by the tangent vectors

0
e = —
! 6x1
0 0 0
er = —V2— +sinf— + cos f—
oy 0xy 0y>
0 .0
e3 = CoSt— +sint—
X3 6)64
. .0 0
e4 = —ssintf— +sinft— + sCOSt— — COSt—
X3 V3 X4 0y,
¢ 0
es == —.
> 0z
Then we have
p 0
e = —
] oy
0 0 0
= V2—— +sinf— — cos f—
¢€2 6)(1 ! 6y2 6XZ
0 .0
pe3 = cost— +sint—
y3 0y
.0 . 0 0 0
pes = —ssint— —sint— + sCOSt— + COSt—

By

0y3 0x3 0y Oxy”

direct calculations, we infer Dy = span{e;, e,} is a slant distribution with slant angle

a = cos‘l(\/Tg). Since ¢es and ¢ey are orthogonal to M, D+ = span{es, e4} is an anti-
invariant distribution. Thus M is a 5 -dimensional proper pseudo-slant submanifold of R’
with its usual almost contact metric structure.
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