
Journal of Universal Mathematics
Vol.4 No.2 pp.259-270 (2021)

ISSN-2618-5660
DOI: 10.33773/jum.886932

BIPOLAR SOFT ORDERED TOPOLOGY AND A NEW

DEFINITION FOR BIPOLAR SOFT TOPOLOGY
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Abstract. In our study, we gave a new definition for bipolar soft topology and
we were able to examine the concept of bipolar soft ordered topology using the

base concept we defined on this new bipolar soft topology. We also define the

concept of bipolar soft set relation by defining an R relation on a bipolar soft
set. Thus, we have defined the concept of bipolar soft interval and presented

the bipolar soft ordered topology structure using these intervals in our study.

Then, we expressed some applications of bipolar soft order topology.

1. Introduction

Traditional methods fail to solve many complex problems especially in decision
making due to uncertainty problems encountered in fields such as economy, engi-
neering, environment. One of the theories put forward to eliminate uncertainty is
the soft (briefly s-)set theory introduced by Molodtsov [2]. Then, Maji et al. [1]
introduced some new concepts such as subset and complement to s-set theory. The
studies on this set theory are increasing and there are many applications especially
on s-sets in recent years [8, 11, 12, 13].

In 2010, Babitha and Sunil [14] defined the relation and the ordering in s-sets.
Moreover, Park et. al [15] studied the equivalence relations, partitions and func-
tions. In the following years, the notions of symmetric kernel, anti-reflexive kernel,
symmetric clousure and reflexive clousure of a s-set relationship was given by Yang
and Guo [16] and they proposed s-set relation mappings and inverse s-set relation
mappings. The definition of supremum and infimum of the s-set, directed complete
s-set were given by Tanay and Yaylalı [17].

The topology structure of s-set has been studied by many researchers and differ-
ent definitions have been made: Shabir and Naz [18] introduced the soft topological
spaces. They studied many concepts such as s-open set, s-neighbourhood of a point
in s-topological spaces. As a different approach to s-topology; Cağman et al. [19]
defined the concepts of s-closure, s-Hausdorff space, s-limit point, s-interior, s-open
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set and the structure of s-topology was improved by Roy and Samanta [8]. In addi-
tion, many researchers such as Aygünoğlu and Aygün [20], Min [24], Zorlutuna et
al.[21], Hussain and Ahmad [22], Varol and Aygün [23] studied s-topological spaces.

In last years, the concept of bipolar soft (briefly bs-)set defined by Shabir and
Naz [25] and Karaaslan and Karatas[26]. After this set theory has been proposed,
the structure of bs-topology has been defined by many researchers: Shabir M. and
Bakhtawar A.[27] introduced the bs-topological spaces. Then, Öztürk Y.T.[28]
introduced some properties of the bs-topological space.

In our study, we first defined a new bs-topological structure. Using this defi-
nition, we gave the concepts of bs-base and bs-intervals on this structure. Then,
the bs-order topology is introduced and some applications of bs-order topology are
expressed. At the same time, examples are added for easy understanding of the
concepts and structures given in our study.

2. Preliminaries

In this section, we recall some basic notions in s-sets and bs-sets. Let U be an
initial universe, E = {e1, e2, ..., en} be a set of parameters, ∅ 6= V, Y, Z ⊆ E and
P (U) denotes the power set of U .

Definition 2.1. [2] A pair (Γ, V ) is called a s-set over U , where Γ is a mapping
given by Γ : V → P (U).

From now on, S(U) denotes the family of all s-sets over U .

Definition 2.2. [1] Let (Γ, V ), (Λ, Y ) ∈ S(U). Then, (Γ, V ) is a s-subset of (Λ, Y )
if V ⊆ Y and Γ(e) ⊆ Λ(e); ∀e ∈ V .
We write (Γ, V )⊆̃(Λ, Y ).

Definition 2.3. [1] Let (Γ, V ), (Λ, Y ) ∈ S(U). Then,
(i) the union of (Γ, V ) and (Λ, Y ) over U is the s-set (Ω, Z), where Z = V ∪ Y and

Ω(e) =

 Γ(e) if e ∈ V − Y
Λ(e) if e ∈ Y − V
Γ(e) ∪ Λ(e) if e ∈ V ∩ Y

for each e ∈ Z. We write (Γ, V )∪̃(Λ, Y ) = (Ω, Z).

(ii) the intersection of (Γ, V ) and (Λ, Y ) over U is the s-set (Ω, Z), where Z = V ∩Y
and Ω(e) = Γ(e) ∩ Λ(e); ∀e ∈ Z. We write (Γ, V )∩̃(Λ, Y ) = (Ω, Z).

Definition 2.4. [5] Let (Γ, V ) ∈ S(U). Then, the complement of (Γ, V ) is a s-set
(Γ, V )c = (Λ, V ) where Λ(e) = U − Γ(e); ∀e ∈ V .

Definition 2.5. [1] Let (Γ, E) ∈ S(U). Then, (Γ, E) is called:

(i) A null s-set, denoted by ∅̃, if Γ(e) = ∅; ∀e ∈ E.

(ii) An absolute s-set, denoted by Ũ , if Γ(e) = U ; ∀e ∈ E.

Definition 2.6. [1] The NOT set of E denoted by ¬E is defined by ¬E =
{¬e1,¬e2, ...,¬en} where ¬ei = not ei; ∀i.

Definition 2.7. [3] A (Γ,Λ, V ) is called a bs-set over U where Γ, Λ are mappings
given by Γ : V → P (U), Λ : ¬V → P (U) such that Γ(e) ∩ Λ(¬e) = ∅; ∀e ∈ V .

From now on, BS(U) denotes the family of all bs-sets over U .
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Definition 2.8. [3] Let (Γ,Λ, V ), (Γ1,Λ1, Y ) ∈ BS(U). Then; (Γ,Λ, V ) is a bs-
subset of (Γ1,Λ1, Y ), if
(i) V ⊆ Y ,
(ii) Γ(e) ⊆ Γ1(e), Λ1(¬e) ⊆ Λ(¬e); ∀e ∈ V .
We write (Γ,Λ, V )⊆̃(Γ1,Λ1, Y ).

Definition 2.9. [3] Let (Γ,Λ, V ) ∈ BS(U). Then, the complement of a bs-set
(Γ,Λ, V ) is denoted by (Γ,Λ, V )c and is defined by (Γ,Λ, V )c = (Γc,Λc, V ) where
Γc, Λc are mappings given by Γc(e) = Λ(¬e), Λc(¬e) = Γ(e); ∀e ∈ V .

Definition 2.10. [9] Let (Γ,Λ, V ) ∈ BS(U). Then,

(i) (Γ,Λ, V ) is said to be relative null bs-set, denoted by (Φ, Ũ , V ), if Γ(e) = ∅;
∀e ∈ V and Λ(¬e) = U ; ∀¬e ∈ ¬V .

(ii) the relative null bs-set with respect to U of E is called a NULL bs-set over

U and is denoted by (Φ, Ũ , E).

(iii) (Γ,Λ, V ) over U is said to be relative absolute bs-set, denoted by (Ũ ,Φ, V ), if
Γ(e) = U ; ∀e ∈ V and Λ(¬e) = ∅; ∀¬e ∈ ¬V .

(iv) the relative absolute bs-set with respect to U of E is called a ABSOLUTE

bs-set over U and is denoted by (Ũ ,Φ, E).

Definition 2.11. [3] Let (Γ,Λ, V ), (Γ1,Λ1, Y ) ∈ BS(U). Then;
(i) extended union of (Γ,Λ, V ) and (Γ1,Λ1, Y ) over U is the bs-set (Ω,f, Z) over
U , where Z = V ∪ Y and

Ω(e) =

 Γ(e) if e ∈ V − Y
Γ1(e) if e ∈ Y − V
Γ(e) ∪ Γ1(e) if e ∈ V ∩ Y

and

f(¬e) =

 Λ(¬e) if ¬e ∈ (¬V )− (¬Y )
Λ1(¬e) if ¬e ∈ (¬Y )− (¬V )
Λ(¬e) ∩ Λ1(¬e) if ¬e ∈ (¬V ) ∩ (¬Y )

for all e ∈ Z. We denote it by (Γ,Λ, V )∪̃(Γ1,Λ1, Y ) = (Ω,f, Z).

(ii) extended intersection of (Γ,Λ, V ) and (Γ1,Λ1, Y ) over U is the bs-set (Ω,f, Z)
over U , where Z = V ∪ Y and

Ω(e) =

 Γ(e) if e ∈ V − Y
Γ1(e) if e ∈ Y − V
Γ(e) ∩ Γ1(e) if e ∈ V ∩ Y

and

f(¬e) =

 Λ(e) if e ∈ (¬V )− (¬Y )
Λ1(e) if e ∈ (¬Y )− (¬V )
Λ(e) ∪ Λ1(e) if e ∈ (¬V ) ∩ (¬Z)

for all e ∈ Z. We denote it by (Γ,Λ, V )∩̃(Γ1,Λ1, Y ) = (Ω,f, Z).

(iii) restricted union of (Γ,Λ, V ), (Γ1,Λ1, Y ) over U is the bs-set (Ω,f, Z), where
∅ 6= Z = V ∩ Y and

Ω(e) = Γ(e) ∪ Λ(e) and f(¬e) = Γ1(¬e) ∩ Λ1(¬e)
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for all e ∈ Z. We denote it by (Γ,Λ, V ) ∪R (Γ1,Λ1, Y ) = (Ω,f, Z).

(iv) restricted intersection of (Γ,Λ, V ) and (Γ1,Ω1, Y ) over U is the bs-set (Ω,f, Z),
where ∅ 6= Z = V ∩ Y and

Ω(e) = Γ(e) ∩ Λ(e) and f(¬e) = Γ1(¬e) ∪ Λ1(¬e)
for all e ∈ Z. We denote it by (Γ,Λ, V ) ∩R (Γ1,Λ1, Y ) = (Ω,f, Z).

Definition 2.12. [8] Let (Γ, V ) ∈ S(U). Then; a s-topology τ̃ on (Γ, V ) is a family
of s-subsets of (Γ, V ) if
(i) (Γ, V ),Φ ∈ τ̃ ,
(ii) if (Ω, Z), (Λ, Y ) ∈ τ̃ , then (Ω, Z)∩̃(Λ, Y ) ∈ τ̃ ,
(iii) if (Γα, Vα) ∈ τ̃ , ∀α ∈ ∧; then (Γα, Vα)α∈∧ ∈ τ̃ .

If τ̃ is a s-topology on (Γ, V ), then (Γ, V, τ̃) is called the soft topological space.
Moreover; the member of τ̃ is called an open s-set in (Γ, V, τ̃). Then, (Γ, V ) is said
to be closed s-set if the complement of (Γ, V ) is open s-set.

Definition 2.13. [10] Let ˜̃τ be the collection of bs-sets over U with E. If

(i) (Φ, Ũ , E), (Ũ ,Φ, E) ∈ ˜̃τ ,

(ii) the union of any number of bs-sets in ˜̃τ belong to ˜̃τ ,

(iii) the intersection of finite number of bs-ets in ˜̃τ belong to ˜̃τ ;

then ˜̃τ is said to be a bs-topology over U and (U, ˜̃τ, E,¬E) is called a bs-topological
space over U .

Moreover; the members of ˜̃τ are said to be bs-open sets in U . A bs-set (Γ,Λ, E)
over X is said to be a bs-closed set in X, if its bs-complemet (Γ,Λ, E)c belongs to
˜̃τ .

Definition 2.14. [10] Let (Γ,Λ, E) ∈ BS(U) and (X, ˜̃τ, E,¬E) be a bs-topological
space over X ⊆ U . (Γ,Λ, E) over X is said to be a bs-clopen set in X, if it is both
a bs-open set and a bs-closed set over X.

3. A New Definition for Bipolar Soft Topology

Definition 3.1. Let (Γ,Λ, E) ∈ BS(U). Then, a bs-topology ˜̃τ on (Γ,Λ, V ) is a
family of bs-subsets of (Γ,Λ, V ) if it satisfies the following properties

i) (Φ, Ũ , V ), (Γ,Λ, V ) ∈ ˜̃τ ,

ii) If (Γ1,Λ1, Y ), (Γ2,Λ2, Z) ∈ ˜̃τ , then (Γ1,Λ1, Y )∩̃(Γ2,Λ2, Z) ∈ ˜̃τ ,

iii) If (Γα,Λα, Vα) ∈ ˜̃τ , ∀α ∈ ∧; then (Γα,Λα, Vα)α∈∧ ∈ ˜̃τ .

If ˜̃τ is a bs-topology on (Γ,Λ, V ), then (Γ,Λ, V, ˜̃τ) is called the bs-topological
space.

Definition 3.2. Let (Γ,Λ, E) ∈ BS(U). Then, if ˜̃τ is a bs-topology on (Γ,Λ, V ),

then the member of ˜̃τ is called an open bs-set in (Γ,Λ, V, ˜̃τ).

Definition 3.3. Let (Γ,Λ, V, ˜̃τ) be a bs-topological space and (Γ1,Λ1, Y ) ⊆ (Γ,Λ, V ).
Then, (Γ1,Λ1, Y ) is said to be closed bs-set if the complement of (Γ1,Λ1, Y ) is open
bs-set.

Definition 3.4. A collection
˜̃
β of some bs-subsets of (Γ,Λ, V ) is called a bs-base

for some bs-topology on (Γ,Λ, V ) if

(i) (Φ, Ũ , V ) ∈ ˜̃
β,
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(ii)
˜̃
β = (Γ,Λ, V ) i.e. ”x ∈ Γ(e) and y ∈ Λ(¬e)”, ∀e ∈ V ; there exits (K,L, Y ) ∈ ˜̃

β
such that x ∈ K(e) and y ∈ L(¬e), where Y ⊆ V ,

(iii) If (Γ1,Λ1, Y ), (Γ2,Λ2, Z) ∈ ˜̃
β then x ∈ Γ1(e)∩Γ2(e) and y ∈ Λ1(¬e)∪Λ2(¬e),

∀e ∈ Y ∩ Z; there exists (Γ3,Λ3, D) ⊆ ˜̃
β such that

(Γ3,Λ3, D)⊆̃(Γ1,Λ1, Y )∩̃(Γ2,Λ2, Z)

and ”x ∈ Γ3(e) and y ∈ Λ3(¬e)”, where D ⊆ Y ∩ Z.

Theorem 3.5. Let (Γ,Λ, V, ˜̃τ) be a bs-topological space.
˜̃
β is a bs-base if and only

if

(i)
˜̃
β⊆̃˜̃τ ,

(ii) (M,N, Y ) =
⋃̃
for some(K,L,Z)∈ ˜̃

β
(K,L,Z); ∀(M,N, Y ) ∈ ˜̃τ .

Proof. (⇒) (i) By Definition 3.4.

(ii) Let (M,N, Y ) ∈ ˜̃τ . If (M,N, Y ) = (Φ, Ũ , B) then (M,N, Y ) =
⋃̃
i∈∅(Ki, Li, Zi).

If (M,N, Y ) 6= (Φ, Ũ , Y ) then y ∈ N(¬e), ∀x ∈ M(e); there exists a bs-set

(K,L,Z) ∈ ˜̃
β such that (K,L,Z)⊆̃(M,N, Y ) and ”x ∈ K(e) and y ∈ L(¬e)”

where Z ⊂ Y then (M,N, Y ) =
⋃̃
for some(K,L,Z)∈ ˜̃

β
(K,L,Z).

(⇐) (i) (Φ, U, Y ) =
⋃̃
i∈∅(Ki, Li, Zi),

(ii) Since ˜̃τ is a bs-topology then (Γ,Λ, V ) ∈ ˜̃τ and by (2) (Γ,Λ, V ) =
⋃̃ ˜̃
β,

(iii) Let (M1, G1, Y1), (M2, G2, Y2) ∈ ˜̃
β then (M1, G1, Y1), (M2, G2, Y2) ∈ ˜̃τ since

(M1, G1, Y1)∩̃(M2, G2, Y2) ∈ ˜̃τ then by (ii)

(M1, G1, Y1)∩̃(M2, G2, Y2) =
⋃̃

for some(K,L,Z)∈ ˜̃
β
(K,L,Z).

Then for e ∈ Y1 ∩Y2 that (K,L,Z)⊆̃(M1, G1, Y1)∩̃(M2, G2, Y2) and ”x ∈ K(e) and
y ∈ L(¬e)” where Z ⊂ Y1 ∩ Y2. �

4. Main Results

Definition 4.1. Let (Γ1,Λ1, V ), (Γ2,Λ2, Y ) ∈ BS(U). Then, (Γ1,Λ1, V )×(Γ2,Λ2, Y ) =
(Ω,f, V × Y ) is the cartesian product of (Γ1,Λ1, V ) and (Γ2,Λ2, Y ), such that
(v, y) ∈ V × Y , Ω : V × Y → P (U × U) and (¬v,¬y) ∈ ¬V ×¬Y , f : ¬V ×¬Y →
P (U × U) where Ω(v, y) = Γ1(v)× Γ2(y) = {(hi, hj) : hi ∈ Γ1(v), hj ∈ Γ2(y)} and
f(¬v,¬y) = Λ1(¬v)× Λ2(¬y) = {(ti, tj) : ti ∈ Λ1(¬v), tj ∈ Λ2(¬y)}.

Definition 4.2. Let (Γ1,Λ1, V ), (Γ2,Λ2, Y ) ∈ BS(U). Then, a bs-set relation

R̃ from (Γ1,Λ1, V ) to (Γ2,Λ2, Y ) is a bs-subset of (Γ1,Λ1, V ) × (Γ2,Λ2, Y ). In

other words, a bs-set relation R̃ from (Γ1,Λ1, V ) to (Γ2,Λ2, Y ) is of the form R̃ =
(Ω1,f1, S) where S ⊂ V × Y and Ω1(v, y) = Ω(v, y), f1(¬v,¬y) = f(¬v,¬y),
∀(v, y) ∈ S where (Ω,f, V × Y ) = (Γ1,Λ1, V )× (Γ2,Λ2, Y ).

Definition 4.3. Let (Γ,Λ, V ) ∈ BS(U) and R̃ be a bs-set relation on (Γ,Λ, V ),
then
(1) R̃ is called reflexive if Ω1(v, v) ∈ R̃, f1(¬v,¬v) ∈ R̃; ∀v ∈ V .

(2) R̃ is called symmetric if Ω1(v, y) ∈ R̃ ⇒ Ω1(y, v) ∈ R̃, f1(¬v,¬y) ∈ R̃ ⇒
f1(¬y,¬v) ∈ R̃; ∀v, y ∈ V .

(3) R̃ is called transitive if Ω1(v, y) ∈ R̃, Ω1(y, z) ∈ R̃⇒ Ω1(v, z) ∈ R̃, f1(¬v,¬z) ∈
R̃, f1(¬y,¬z) ∈ R̃⇒ f1(¬v,¬z) ∈ R̃; ∀v, y, z ∈ V .
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Definition 4.4. Let (Γ,Λ, V ) ∈ BS(U) and the a binary bs-set relation R̃ on

(Γ,Λ, V ) is called an antisymmetric relation if Γ(v) × Γ(y) ∈ R̃, Γ(y) × Γ(v) ∈ R̃,

Λ(¬v)×Λ(¬y) ∈ R̃ and Λ(¬y)×Λ(¬v) ∈ R̃, ∀Γ(v),Γ(y) ∈ (Γ, A) and Λ(¬v),Λ(¬y) ∈
(Λ,¬A) imply Γ(y) = Γ(v) and Λ(¬v) = Λ(¬y).

Definition 4.5. Let (Γ,Λ, V ) ∈ BS(U) and the a binary bs-set relation ≤ on
(Γ,Λ, V ) which is reflexive, transitive and antisymmetric is called a partial ordering
on a bs-set (Γ,Λ, V ). The quadruple (Γ,Λ, V,≤) is called a partially ordered bs-set.

Definition 4.6. Let (Γ,Λ, V ) ∈ BS(U) and ≤ be an ordering of (Γ,Λ, V ) and
(Γ(v),Λ(¬v)), (Γ(y),Λ(¬y)) be any two elements in (Γ,Λ, V ). If ”Γ(v) ≤ Γ(y) and
Λ(¬y) ≤ Λ(¬v)” or ”Γ(y) ≤ Γ(v) and Λ(¬v) ≤ Λ(¬y)” then (Γ(v),Λ(¬v)) and
(Γ(y),Λ(¬y)) are comparable in the ordering. If they are not comparable, then
(Γ(v),Λ(¬v)) and (Γ(y),Λ(¬y)) are incomparable.

Definition 4.7. Let (Γ,Λ, Y ) ∈ BS(U). Then, if (Γ,Λ, Y,≤) is a partially ordered
bs-set then,

a) For y ∈ Y ; if Γ(y) ≤ Γ(β), Λ(¬β) ≤ Λ(¬y), ∀β ∈ Y ; then (Γ(y),Λ(¬y)) is the
least element of (Γ,Λ, Y ) in the ordering ”≤”.

b) For y ∈ Y ; if there exists no β ∈ Y such that ”Γ(β) ≤ Γ(y) and Λ(¬y) ≤
Λ(¬β)” and ”Γ(β) 6= Γ(y) and Λ(¬y) 6= Λ(¬β)”, then (Γ(y),Λ(¬y)) is a minimal
element of (Γ,Λ, Y ) in the ordering ”≤”.

a′) For y ∈ Y ; if Λ(¬y) ≤ Λ(¬β), ∀β ∈ Y Γ(β) ≤ Γ(y); then (Γ(y),Λ(¬y)) is the
greatest element of (Γ,Λ, Y ) in the ordering ”≤”.

b′) For y ∈ Y ; if there exists no β ∈ Y such that ”Γ(y) ≤ Γ(β) and Λ(¬β) ≤
Λ(¬y)” and ”Γ(β) 6= Γ(y) and Λ(¬β) 6= Λ(¬y)”, then (Γ(y),Λ(¬y)) is a maximal
element of (Γ,Λ, Y ) in the ordering ”≤”.

Definition 4.8. Let (Γ1,Λ1, V ), (Γ2,Λ2, Y ) ∈ BS(U), ≤ be an ordering of (Γ1,Λ1, V )
and (Γ2,Λ2, Y ) ⊆ (Γ1,Λ1, V ).

a) For v ∈ V , (Γ1(v),Λ1(¬v)) is a lower bound of (Γ2,Λ2, Y ) in the partially
ordered bs-set (Γ1,Λ1, V,≤) if Γ1(v) ≤ Γ2(β) and Λ2(¬β) ≤ Λ1(¬v); ∀β ∈ Y .

b) For v ∈ V , (Γ1(v),Λ1(¬v)) is called infimum of (Γ2,Λ2, Y ) in (Γ1,Λ1, V,≤) if
it is the greatest element of the set of all lower bounds of the bs-subset (Γ2,Λ2, Y )
in (Γ1,Λ1, V,≤).

Similarly,

a′) For v ∈ V , (Γ1(v),Λ1(¬v)) is an upper bound of (Γ2,Λ2, Y ) in the partially
ordered bs-set (Γ1,Λ1, V,≤) if Γ2(β) ≤ Γ1(v), Λ1(¬v) ≤ Λ2(¬β); ∀β ∈ Y .

b′) For v ∈ V , (Γ1(v),Λ1(¬v)) is called supremum of (Γ2,Λ2, Y ) in (Γ1,Λ1, V,≤)
if it is the least element of the set of all upper bounds of the s-subset (Γ2,Λ2, Y ) in
(Γ1,Λ1, V,≤).
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4.1. Bipolar Soft Intervals.

Definition 4.9. Let (Γ,Λ, V ) ∈ BS(U) and R̃ be a bs-set relation on (Γ,Λ, V ). If

for no v ∈ V , Γ(v) and Λ(¬v) the s-set relation Γ(v)R̃Γ(v) and Λ(¬v)R̃Λ(¬v) hold,

the bs-set relation R̃ is called nonreflexive.

Definition 4.10. Let (Γ,Λ, V ) ∈ BS(U) and a bs-set relation R̃ on (Γ,Λ, V ) is
called simple order bs-set relation if it is comparable, nonreflexive and transitive.
(Γ,Λ, V ) is called a simple ordered bs-set a the simple order bs-set relation R̃.

Definition 4.11. Let ≤ be a bs-set relation on (Γ,Λ, V ), then restriction of a bs-
set relation ≤ to a bs-subset (Γ1,Λ1, Y ) is defined as follows:
We denote Γ1(v) ≤(Γ1,Λ1,Y ) Γ1(y) and Λ1(¬y) ≤(Γ1,Λ1,Y ) Λ1(¬v): if and only if
Γ(v) ≤ Γ(y) and Λ(¬y) ≤ Λ(¬v); ∀v, y ∈ B.

Example 4.12. Let V = {m1,m2,m3} be a parameter set and U = {u1, u2, u3, u4, u5, u6}
be a universe set. Γ(m1) = {u1}, Γ(m2) = {u2, u4, u5}, Γ(m3) = {u3} Λ(¬m1) =
{u3, u4}, Λ(¬m2) = {u1, u5}, Λ(¬m3) = {u2}; Y = {m1,m2}, Γ1(m1) = {u1},
Γ1(m2) = {u2, u4}, Λ1(¬m1) = {u4}, Λ1(¬m2) = {u1}. Then (Γ1,Λ1, Y ) ⊆
(Γ,Λ, V ).

≤(Γ,Λ,V ) =

{
Γ(m1)× Γ(m2),Γ(m2)× Γ(m3),

Λ(¬m1)× Λ(¬m2),Λ(¬m2)× Λ(¬m3)

}
=

{
(u1, u2), (u1, u4), (u1, u5), (u2, u3), (u4, u3), (u5, u3),
(u3, u1), (u3, u5), (u4, u1), (u4, u5), (u1, u2), (u5, u2)

}
Then ≤(Γ1,Λ1,Y )=

{
Γ1(m1)× Γ1(m2),

Λ1(¬m1)× Λ1(¬m2)

}
= {(u1, u2), (u1, u4), (u4, u1)}.

Definition 4.13. Assume that (Γ,Λ, V ) is a bs-set having a simple order bs-set
relation < and (Γ(v),Λ(¬v)) and (Γ(y),Λ(¬y)) be elements of (Γ,Λ, V ) such that
Γ(v) < Γ(y) and Λ(¬y) < Λ(¬v). Then we can define following four bs-subsets of
(Γ,Λ, V ) which are called bs-intervals (respectively; bs-closed interval, bs-half open
intervals, bs-open interval) determined by (Γ(v),Λ(¬v)) and (Γ(y),Λ(¬y)):

a) bs-Open Interval: The bs-open interval is a bs-subset (Γ1,Λ1, Y ) of (Γ,Λ, V )
where ”Y1 = {x : Γ(v) < Γ(x) < Γ(y)} and Y2 = {¬x : Λ(¬y) < Λ(¬x) < Λ(¬v)}”,
”Γ1 = Γ|Y and Λ1 = Λ|Y ” and denoted by (Γ(v),Γ(y)) = {Γ(x) : Γ(v) < Γ(x) <
Γ(y)} and (Λ(¬y),Λ(¬v)) = {Λ(¬x) : Λ(¬y) < Λ(¬x) < Λ(¬v)}.

b) bs-Half Open Interval:

(i) The bs-open interval is a bs-subset (Γ1,Λ1, Y ) of (Γ,Λ, V ) where B1 =
{x : Γ(v) < Γ(x) < Γ(y) or Γ(x) = Γ(y)} and Y2 = {¬x : Λ(¬y) < Λ(¬x) <
Λ(¬a) or Λ(¬x) = Λ(¬y)}, ”Γ1 = Γ|Y and Λ1 = Λ|Y ” denoted by (Γ(v),Γ(y)] =
{Γ(x) : Γ(v) < Γ(x) < Γ(y) or Γ(x) = Γ(y)} and (Λ(¬y),Λ(¬v)] = {Λ(¬x) :
Λ(¬y) < Λ(¬x) < Λ(¬v) or Λ(¬x) = Λ(¬y)} .

(ii) The bs-open interval is a bs-subset (Γ1,Λ1, Y ) of (Γ,Λ, V ) where Y1 =
{x : Γ(v) < Γ(x) < Γ(y) or Γ(x) = Γ(v)} and Y2 = {¬x : Λ(¬y) < Λ(¬x) <
Λ(¬v) or Λ(¬x) = Λ(¬v)}, ”Γ1 = Γ|Y and Λ1 = Λ|Y ” and denoted by [Γ(v),Γ(y)) =
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{Γ(x) : Γ(v) < Γ(x) < Γ(y) or Γ(x) = Γ(v)} and [Λ(¬y),Λ(¬v)) = {Λ(¬x) :
Λ(¬y) < Λ(¬x) < Λ(¬v) or Λ(¬x) = Λ(¬v)} .

d) bs-Closed Interval: The bs-open interval is a bs-subset (Γ1,Λ1, Y ) of (Γ,Λ, V )
where Y1 = {x : Γ(v) < Γ(x) < Γ(y) or Γ(x) = Γ(v) or Γ(x) = Γ(y)} and
Y2 = {¬x : Λ(¬y) < Λ(¬x) < Λ(¬v) or Λ(¬x) = Λ(¬y) or Λ(¬x) = Λ(¬v)},
”Γ1 = Γ|Y and Λ1 = Λ|Y ” and denoted by [Γ(v),Γ(y)] = {Γ(x) : Γ(v) < Γ(x) <
Γ(y) or Γ(x) = Γ(v) or Γ(x) = Γ(y)} and [Λ(¬y),Λ(¬v)] = {Λ(¬x) : Λ(¬y) <
Λ(¬x) < Λ(¬v) or Λ(¬x) = Λ(¬v) or Λ(¬x) = Λ(¬y)}.

These are the bs-intervals on an arbitrary simple ordered bs-set.

Example 4.14. Let V = {v1, v2, v3, v4, v5} be the parameter set and U = {m1,m2,m3,m4,m5,m6}
be the universe set. Lets define a bs-set (Γ,Λ, V ) such that Γ(v1) = {m1,m4},
Γ(v2) = {m1,m2,m6}, Γ(v3) = {m2,m3,m5}, Γ(v4) = {m2,m3}, Γ(v5) = {m1},
Λ(¬v1) = {m2,m3}, Λ(¬v2) = {m3,m4,m5}, Λ(¬v3) = {m1,m4,m6}, Λ(¬v4) =
{m1,m4}, Λ(¬v5) = {m2} . Consider a bs-set relation on (Γ,Λ, V ) defined by

<(Γ,Λ,V )=



Γ(v2)× Γ(v3),Γ(v1)× Γ(v2),Γ(v2)× Γ(v4),
Γ(v2)× Γ(v5),Γ(v1)× Γ(v3),Γ(v3)× Γ(v4),
Γ(v3)× Γ(v5),Γ(v1)× Γ(a4),Γ(v1)× Γ(v5),

Γ(v4)× Γ(v5),Λ(¬v3)× Λ(¬v2),Λ(¬v2)× Λ(¬v1),
Λ(¬v4)× Λ(¬v2),Λ(¬v5)× Λ(¬v2),Λ(¬v3)× Λ(¬v1),
Λ(¬v4)× Λ(¬v3),Λ(¬v5)× Λ(¬v3),Λ(¬v4)× Λ(¬v1),

Λ(¬v5)× Λ(¬v1),Λ(¬v5)× Λ(¬v4)


.

The bs-set relation ”<” is comparable, nonreflexive, transitive so it is simple
ordered bs-set relation.

Definition 4.15. Let (Γ,Λ, V ) be an simple ordered bs-set with a bs-set relation
< and (Γ(v),Λ(¬v)) be in (Γ,Λ, V ). Then there are four soft subsets of (Γ,Λ, V )
which are called bs-rays determined (Γ(a),Λ(¬v)). They are following:

i) ((Γ(v), ∗) ∪ (∗,Λ(¬v)) = {(Γ(x),Λ(¬x)) : Γ(v) < Γ(x) and Λ(¬x) < Λ(¬v)}
is called bs-open ray,

ii) (∗,Γ(v)) ∪ (Λ(¬v), ∗) = {(Γ(x),Λ(¬x)) : Γ(x) < Γ(v) and Λ(¬v) < Λ(¬x)}
is called bs-open ray,

iii) [Γ(v), ∗) ∪ (Λ(¬v), ∗] =


(Γ(x),Λ(¬x)) :

 Γ(v) < Γ(x)
or

Γ(v) = Γ(x)


and Λ(¬x) < Λ(¬v)
or

Λ(¬x) = Λ(¬v)




is called bs-

closed ray,
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iv) (Γ(v), ∗] ∪ [Λ(¬v), ∗) =


(Γ(x),Λ(¬x)) :

 Γ(x) < Γ(v)
or

Γ(x) = Γ(v)


and Λ(¬v) < Λ(¬x)
or

Λ(¬v) = Λ(¬x)




is called bs-

closed ray.

4.2. Bipolar Soft Ordered Topology.

Theorem 4.16. Let (Γ,Λ, V ) be a bs-set with a simple ordered bs-set relation;

assume that (Γ,Λ, V ) has more then one element. Let
˜̃
β be a collection of all bs-

subsets of (Γ,Λ, V ) of the following types:

(1) (Φ, Ũ , V ),
(2) All bs-open intervals (Γ(v),Γ(y)) and (Λ(¬y),Λ(¬v)) in (Γ,Λ, V ),
(3) All bs-intervals of from [Γ(v0),Γ(y)) and (Λ(¬y),Λ(¬v0)], where Γ(v0) is the
least element of (Γ, V ) and Λ(¬v0) is the greatest element of (Λ,¬V ),
(4) All bs-intervals of the form (Γ(v),Γ(y0)] and [Λ(¬y0),Λ(¬v)), where Γ(y0) is
the greatest element of (Γ, V ) and Λ(y0) is the least element of (Λ,¬V ).

Then the collection
˜̃
β is a bs-base for a bs-topology on (Γ,Λ, V ).

If (Γ, V ) has no least element or (Λ,¬V ) has no greatest element, there is no
s-sets in type (3). Moreover; if (Γ, V ) has no greatest element or (Λ,¬V ) has no
least element, there is no s-sets in type (4).

Proof. Lets check
˜̃
β satisfies the requirements for being a bs-base given in the Def-

inition 3.4.

(1) (Φ, Ũ , V ) ∈ ˜̃
β,

(2) Take e ∈ V , x ∈ Γ(e) and y ∈ Λ(¬e). By comparability there exists a bs-interval
(Γ1,Λ1, B), where x ∈ Y ⊂ V and x ∈ Γ1(e) and y ∈ Λ1(¬e).

(3) Let (Γ1, G1, Y ), (Γ2,Λ2, Z) ∈ ˜̃
β, where (Γ1,Λ1, Y ) =

(
(Γ(v),Γ(y)),

(Λ(¬y),Λ(¬v))

)
,

(Γ2,Λ2, Z) =

(
(Γ(z),Γ(d)),

(Λ(¬d),Λ(¬z))

)
. Then

(Γ1, G1, Y )∩̃(Γ2,Λ2, Z) =

(
(Γ(v),Γ(y)),

(Λ(¬y),Λ(¬v))

)
∩̃
(

(Γ(z),Γ(d)),
(Λ(¬d),Λ(¬z))

)
=

(Φ, Ũ , V ) (Γ(y) < Γ(z)) ∨ (Λ(¬z) < Λ(¬y))

(Φ, Ũ , V ) (Γ(d) < Γ(v)) ∨ (Λ(¬v) < Λ(¬d))
(Γ(z),Γ(y)) ∧ (Λ(¬y),Λ(¬z)) (Γ(z) < Γ(y)) ∨ (Λ(¬y) < Λ(¬z))
(Γ(v),Γ(d)) ∧ (Λ(¬d),Λ(¬v)) (Γ(v) < Γ(d)) ∨ (Λ(¬d) < Λ(¬v))
(Γ(z),Γ(d)) ∧ (Λ(¬d),Λ(¬z)) ((Γ(v) < Γ(z)) ∧ (Γ(y) < Γ(d)))
(Γ(z),Γ(d)) ∧ (Λ(¬d),Λ(¬z)) ((Λ(¬z) < Λ(¬v)) ∧ (Λ(¬d) < Λ(¬y)))
(Γ(v),Γ(d)) ∧ (Λ(¬d),Λ(¬v)) ((Γ(z) < Γ(v)) ∧ (Γ(d) < Γ(y)))
(Γ(v),Γ(d)) ∧ (Λ(¬d),Λ(¬v)) ((Λ(¬v) < Λ(¬z)) ∧ (Λ(¬y) < Λ(¬d)))
(Γ(v′),Γ(d′)) ∧ (Λ(¬d′),Λ(¬v′))

�
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Example 4.17. Let V = {v1, v2, v3} be a parameter set and U = {u1, u2, u3, u4, u5}
be a universe set. K(v1) = {u1, u2}, K(v2) = {u2}, K(v3) = {u3, u4, u5};

<=(K,L,M)=

{
K(v1)×K(v2),K(v2)×K(v3),K(v1)×K(v3),

L(¬v2)× L(v1), L(¬v3)× L(¬v2), L(¬v3)× L(¬v1)

}
.

Then the bs-ordered topology is;

˜̃τ =


(Φ, Ũ , A), [Γ(v1),Γ(v2)), (Γ(v1),Γ(v2)), [Γ(v1),Γ(v3)),

(Γ(v1),Γ(v3)), [Γ(v1),Γ(v3)], (Γ(v2),Γ(v3)), (Γ(v2),Γ(v3)],
(Λ(¬v2),Λ(¬v1)], (Λ(¬v2),Λ(¬v1)), (Λ(¬v3),Λ(¬v1)],

(Λ(¬v3),Λ(¬v1)), [Λ(¬v3),Λ(¬v1)],
(Λ(¬v3),Λ(¬v2)), [Λ(¬v3),Λ(¬v2))

 .

Example 4.18. Let U = R, V = [ 3
2 ,∞), ¬V = (¬∞,¬ 3

2 ] and (Γ,Λ, V ) be a

bs-set where Γ(v) = ( 3
2 , v] and Λ(¬v) = (¬v,¬ − 3

2 ]; ∀v ∈ V . Lets define simple

ordered on (Γ,Λ, V ) as follows: Γ(v) < Γ(y) :⇔ v < y :⇔ ( 3
2 , v] ⊆ ( 3

2 , y] and

Λ(¬y) < Λ(¬v) :⇔ ¬y < ¬v :⇔ (¬v,¬ − 3
2 ] ⊆ (¬y,¬ − 3

2 ]. Γ( 3
2 ) is the smallest

element and ,Λ(¬ − 3
2 ) is the biggest element, so

˜̃
β =

 [Γ( 3
2 ),Γ(v)), [Λ(¬v),Λ(¬ − 3

2 )),
(Γ(v),Γ(y)), (Λ(¬v),Λ(¬y))

:
Γ(v),Γ(y) ∈ (Γ, V )

and
Λ(¬v),Λ(¬y) ∈ (Λ,¬V )


is a bs-base for the bs-ordered topology on (Γ,Λ, V ).

Example 4.19. Let U = (−∞,−1] ∪ [1,∞) be the initial universe and V = Z−

be the parameter set and ¬V = Z+, let (Γ,Λ, V ) be a bs-set, defined by (Γ, V ) =
{Γ(v) = (v,−1] : v ∈ V } and (Λ, V ) = {Λ(¬v) = (¬v,¬1] : ¬v ∈ ¬V }. Consider
the bs-set relation < on (Γ,Λ, V ), which is defined by Γ(v) < Γ(y) :⇔ v < y and
Λ(¬y) < Λ(¬v) :⇔ y < v. (Γ,Λ, V ) is a simple ordered bs-set with the relation <.
By examining the bs-subsets of (Γ,Λ, V ), F (−1) is the biggest element and Λ(¬1) is

the smallest element .
˜̃
β = {(Γ(v),Γ(−1)], (Γ(v),Γ(y)), [Λ(¬1),Λ(¬v)), (Λ(¬y),Λ(¬v)) :

Γ(v),Γ(y) ∈ (Γ, V ) and Λ(¬v),Λ(¬y) ∈ (Λ,¬V )} is a base for the bs-ordered topol-
ogy.

Definition 4.20. Let (Γ,Λ, V, ˜̃τ) be a bs-topological space and B̃S be a collection

of nonnull bs-open subsets of (Γ,Λ, V ). If finite intersection of the elements of B̃S
is a base for ˜̃τ then ˜̃BS is called bs-subbase, ie.;

ỸB̃S = {∩̃j∈J(Yj , Sj , Vj) : J is a finite and for all j ∈ J, (Yj , Sj , Vj) ∈ B̃S}

Theorem 4.21. Let (Γ,Λ, V ) be a nonnull bs-set and B̃S be a collection of bs-
subsets of (Γ,Λ, V ). Then there exists a bs-topology on (Γ,Λ, V ) which has as a

subbase B̃S.

Proof. Lets show that ỸB̃S = {∩̃j∈J(Yj , Sj , Vj) : J is a finite and for all j ∈
J, (Yj , SjVj) ∈ B̃S} satisfies the conditions of being a bs-base

(1) (Γ,Λ, V ) = ∩̃j∈J(Yj , Sj , Vj) then (Γ,Λ, V ) ∈ ỸB̃S .

(2) Let (Γ1,Λ1, Y ), (Γ2,Λ2, B) ∈ ỸB̃S ⇒ If (Γ1,Λ1, Y )∩̃(Γ2,Λ2, Y ) = (Φ, Ũ , Y ) ⇒
(Γ1, v1, Y )∩̃(Γ2,Λ2, Y ) = ∪̃j∈∅(Γj ,Λj , Yj).
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If (Γ1,Λ1, Y )∩̃(Γ2,Λ2, Y ) 6= (Φ, U, Y ) ⇒ since (Γ1,Λ1, Y ) = ∪̃ni=1(Yi, Si, Vi),
(Γ2,Λ2, Y ) = ∪̃mj=1(Yj , Sj , Vj),

(Γ1,Λ1, Y )∩̃(Γ2,Λ2, Y ) = ∪̃ni=1(Yi, Si, Vi) ∩̃ ∪̃
m
j=1(Yj , Sj , Vj) = ∪̃mj=1(Yj , Sj , Vj).

This is finite intersection of elements of B̃S so in ỸB̃S . Therefore ỸB̃S is a bs-
base. �

5. Conclusion

The aim of this study is to give some applications by defining the concept of
bipolar soft ordered topology and to lead the studies that can be done on this
bipolar soft ordered topological structure. For this, we first gave a new concept for
the bipolar soft topology. We also established a relationship R̃ on a bipolar soft
set by completing the concept of bipolar soft interval. Finally, thanks to R̃, the
concept of bipolar soft ordered topology and some examples on this bipolar soft
ordered topology are given.
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[21] I. Zorlutuna, M. Akdağ, W.K. Min, S. Atmaca, Remarks On soft topological spaces, Ann.

Fuzzy Math. Inf., Vol.3, No.2, pp.171-185, (2012).

[22] S. Hussain, B. Ahmad, Some properties of soft topological spaces, Comput. Math. Appl.,
Vol.62, pp.4058-4067, (2011).

[23] B. Pazar Varol, H. Aygün, On soft hausdorf spaces, Ann. Fuzzy Math. Inf., Vol.5, No.1,

pp.15-24, (2013).
[24] W.K. Min, A note on soft topological spaces, Comput. Math. Appl., Vol.62, pp.3524-3528,

(2011).
[25] M. Shabir, M. Naz, On Bipolar Soft Sets, arXiv: 1303.1344v1 [math.LO], (2013).

[26] F. Karaaslan, S. Karatas, A new approach to bipolar soft sets and its applications, Discrete

Math. Algorithm. Appl., 07, 1550054, (2015).
[27] M. Shabir, A. Bakhtawar, Bipolar soft connected, bipolar soft disconnected and bipolar soft

compact spaces, Songklanakari J. Sci. Technol., Vol.39, No.3, pp.359-371, (2017).
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