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In the present work, we have dealt with the properties of associated curves of a Frenet curve in Rf. In addition
to this, we define principal direction curve, B; —direction curve, B, — direction curve of a given Frenet curve
by using integral curves of 4-dimensional Minkowski space. Then we introduce some characterizations for
general helix and slant helix. Finally, some new associated curves and theorems obtained for space-like curves

and time- like curves in R}. Also, an example is given.
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Introduction

One of the important and productive area of
differential geometry is curve theory for many
researchers. The special defined curves such as helices,
slant helices, rectifying curves , Bertrand and Mannheim
curve pairs are characterized by their curvatures , in many
ways. Also, among these special defined curves an
interesting one is associated curves obtained by the
integral curves of the Frenet elements.

In general, we denominate these curves by the name
of Frenet elements, ea. principal direction curve, binormal
direction. The researchers focus on the subject from the
different point of view and most of them based on the
different dimension and different spaces because of the
variety of the Frenet equations.

In [1] Babaarslan ,Tandogan and Yayh defined
Bertrand curves and constant slope surfaces according to
Darboux frame. Moreover, Bektas, Ergiit and Ogrenmis
in [2] , mentioned a special curves of 4D Galilean space.
Also, in [3] author introduced special helices on equiform
differential geometry of time-like curves in Ef. In [4-5],
authors defined associated curves on different spaces
and researched their applications. Following the studies
above the geometers introduce associated directional
curves in various spaces in [6-9]. According to these
studies, in [10] Sahiner obtained characterizations for
quaternionic direction curve and some special dual
direction in R3. Due to the popularity of the special
defined curves these are numerous works related to
this subject in different aspects [11-12].

Inspired by the above studies , we have focused on
the associated curves of a Frenet curve in Rf which is
another famous research area for mathematicians.

Keywords: Frenet curve, Associated curve, Principal -direction curve, B; —direction curve, B, — direction curve.
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Preliminaries

Let R} be 4-dimensional vector space endowed with
the scalar product <, > defined as
<XY >=X1Y1 T XoY2 T X33 T X4V (1)
where (x4, X4, X3, X,) is a rectangular coordinate system in
Ry
R# is 4-dimensional vector space equipped with the scalar
product <,> then R{ is called Lorentzian 4-space or 4-
dimensional Minkowski space. A vector v € Rfcan have
one of the three casual characters called space-like ( <
v, v >>0orv =0),time-like (< v,v >< 0) and light-
like(or null) ( <v,v>=0 andv # 0) Similarly, an
arbitrary curve @ a = a(s) in Rfis called space-like,
time-like or light-like respectively.

If all of velocity vector a'(s) are space-like, time-like or
light-like respectively. The norm of a vector v € Ry* is
given by ||v|| = V(] < v,v > |). Therefore, v is a unit
vector < v,v > +1. A curve (space-like, or time-like ) is
parametrized by the arc length if a'(s) is unit vector for
any s. Also, we say that the vectors v,w € Rf are
orthogonal if < v,w >= 0. [10]

For any three vectors a = (a;,a,,as,a,),b =
(by, by, b3, by),c = (c1,Ca,C3,Cs) ERY  the Lorentzian
vector product is defined by

—e; €2 €3 €&
axXbxc= P
by b, b; b,

Here ey, e,, 5 and e, are orthogonal vectors satisfying
equations
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etNeyNes=e,, e;NesNe,=e;, eshe,Ne; = ey,
e, Neg Ne, = —e;.  [12].

Let y be a space-like curve in Rf with the curvatures
ki, k,, k3. Then Frenet formulaes are given as follows

T’ 0 ky 0 0 T
N| |-k, 0 k, O]||N
Bil7[ 0o -k, 0 ki||B
B, 0 0 ks ollB

Let ¥ be a time-like curve in Rf with the curvatures
ki, k,, k3. Then Frenet formulaes are given as follows:

T’ 0 Kk 0 0 [T
N| |k, © k, 0 ([N
Bil 7o -k, 0 ky||B:
B, 0 0 ks o0llB2

For a detailed information we refer to [10].
Associated Curves of a Frenet Curve in R;*

In this section we have focused on the associated
curves of a Frenet curve in R,*.

Definition 3.1. Let us consider an admissible y Frenet
curve {T, N, B;, B,} with Frenet frame in Rf.

The integral curve of the principal normal vector field
of y is defined as principal direction curve of y .

The integral curve of the first binormal vector field of
y is defined as B; —direction curve of y .

The integral curve of the second binormal vector field
of y is defined B, —direction curve of y .

Theorem 3.1. Let ¥ be a space-like curve whose
curvatures are k4, k2, k3 and 7 be the principal direction
curve of y in Rf .Then the curvatures of y are as follows

Fa(s) = ey — kol
ky(s) =0

Proof. Let {T,N,B;, B, ki, k;,k;} be the Frenet
elements of ¥ . We find from the definition (3.1.a) as, we
can easily obtain,

NSy =7'(s) =T(s)

Then,
N(s) 7'(s) N'(s) —k,T + k;B,

S) = —— = 7 =

7N NI 1=k T + kB |l
_ _le + szl
lky — kol
— VX y'xy" kBt kT
PNy x v x 7 kot kg

and,

- k% + k2

B,=B, xT x N =
! 2 lky + kollky — kol 2

Then the curvatures of ¥ are given by
— o k% + k2
ki(s) =(T',N) = ———
() = (TN =

ky(s) =(N",B;) = 0

Theorem 3.2. Let y be a space-like curve whose
curvatures are k4, k,, k3 and y be the B; — direction curve
of y in R{, the curvatures of y are as follows

ki(s) = /k% — k3

_ keykey (k3 + k3
kz(S) - _ 1 2( 2 33)
(k3 = k3)2

Proof. The proof is similar to the proof of Theorem 3.1 ,
so it is omitted.

Theorem 3.3. Let y be a space-like curve whose curvatures
are kq, k,, ks and 7 be the B, — direction curve of y, in R,
the curvatures of y are as follows

E(S) = k3 sgn(ks)
ky(s) = kysgn(ks)

Proof. Let {T,N,B;, By kq,ky k;} be the Frenet
elements of y. We find from the definition (3.1.c) , we get,

By(s) =7'(s) =T(s)
Using the Frenet vector fields, we find,

N(s) = sgn(ks)B,
By(s) =T
By = —sgn(ks)N

Then, the curvatures of ¥ are given by

ky(s) = kysgn(ks)
ky(s) = kysgn(ks)

Theorem 3.4. Let y be a space-like curve in R} and 7 be
the principal direction curve of y is a slant helix & yisa
general helix.

Proof. Let {T,N, B;, B,} be the Frenet frame of y. From
the definition (3.1.a) , we can write,

NSy =7'(s) =T(s)
thus,

y is aslant helix & (N, u) = ¢ here u is a constant vector
and ¢ = const.

o (T,uy=c
& vy isa general helix.

Theorem 3.5. Let y be a space-like curve in R} and 7 be
the B, — direction of y. Then y is a B, — slant helix © 7
is a general helix.

Proof: Let{T,N,B;,B,} be the Frenet frame of y.From
the definition (3.1.c), we may write,

B, (8)lys) = 7'(s) = T(s)
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Thus,
y is B, slant helix © (B,,v) =c¢
vector and ¢ = const.

here v is a constant

< (T,v) = c here v is a constant vector and ¢ = const.
& y isa general helix.

From now on we have focused on the time-like curve in
R,

Theorem 3.6. Let be a time-like curve in Rf with the
curvatures kq, k,, k3 and ¥ be the principal direction curve
of y.Then the curvatures of y are as follows

k_l(s) = ,’kzz - klz
ky(s) = —(ky® = k22

Proof. Let {T, N, B}, By, ky, k;, k3} be the Frenet elements
of ¥ . We find from the definition (3.1.a) , we can easily

obtain ,

NSy =7'(s) =T(s)

Then,
_ 7"(s) N'(s) kT + k,B,
N(S) = — = 7 =

Iy IN'GI ks T + k2 Byl

’kzz - klz
o y'x vy x oy —kB, + k,T
2 = — —r —
X X
lly" < v x vl K — 12

and ,

o k? + k2

B, =B, XT X N=

(p? — Iy )i °

Then the curvatures of ¥ are given by
ki + k3

’kzz - klz

Ka(s) = (N, By) = —(ki% — k)2

ky(s) =(T'",N) =

Theorem 3.7. Let y be a time-like curve whose curvatures
are ki, k,, ks and y be the B; — direction curve of y in
R#¥.Then the curvatures of y are as follows

ki(s) = k; — k3

ky(s) = lky — ks

Proof. The proof is similar to the proof of Theorem 3.7,
s0 it is omitted.

Theorem 3.8. Let y be a time-like curve whose curvatures
are kq, k,, k; and 7 be the B, — direction curve of y, in R,
the curvatures of y are as follows

k—l(s) = kssgn(ks)

ky(s) = (ky + k3)sgn(ks)

Proof. Let{T,N, By, B,, ky, k, k3 } be the Frenet elements
of y. From the (3.1.c), we get,

By(s) =7'(s) =T(s)
Using the Frenet vector fields, we find,

E(S) = —sgn(ks)B;
B,(s) =T
By = sgn(k;)N

Finally , the curvatures of ¥ are given by

E(S) = kzsgn(ks)
kz(s) = (kz + k3)sgn(ks)

Theorem 3.9. Let y be a time-like curve in Rf and 7 be the
principal direction curve of y is a slant helix & y is a
general helix.

Proof. Let {T,N, B;, B,} be the Frenet frame of y. From
the definition (3.1.a) , we also know,

NSy =7'(s) = T(s)
Thus,

y isaslant helix & (N, u) = ¢ here u is a constant vector
and ¢ = const.

s (T,u)y=c
& y is ageneral helix.

Theorem 3.10. Let y be a space-like curve in Rf and 7 be
the B, — direction of y. Then y is a B, — slant helix © y

is a general helix.

Proof: Let {T,N,B;,B,} be the Frenet frame of y.From
the definition (3.1.c), we may write,

B, (8)lysy = 7'(s) = T(s)
Thus,

y is B, slant helix & (B,,v) = ¢  here v is a constant

vector and ¢ = const.

& (T,v) = c here vis a constant vector and ¢ = const.
&y is a general helix.

Example
In this section , an example of directional associated curves

of space-like curve are given as follows:
Consider a space-like curve

a(s) = (sin 2s, cos 2s,V/3s, \/§)

The Frenet frame vectors and curvatures are obtained by
T=(2 cosZs,—ZsinZs,\/g,O)
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N = (—sin2s,—cos 2s,0,0)

By = \/%(BCOSZS— sin2s,—cos2s — 85in25,4\/§,0)
B, = (0,0,0,0)

ky=4, k,=+113

We obtain principal-direction , B; —direction and

B, —direction ,

NSy =7'(s) = T(s)

1 1 V3
= (ECOSZS,—ESH‘IZS,—,O)

4
_ y'' (s
N(s) = ||y)7((s))|| = (—sin2s,—cos2s,0,0)
L 7' v x 7 \/§
2 = ):/ ):II ):III = (0‘0’0'__>
Iy x v x y"l 2
— - _ A3 3 V3
B =B, xT X N=(—cos2s,—sin2s,——,0)
4 2 3
Then we get the curvatures of y as
k() =(T''Ny=1

ks (

o V3
s) =(N',B;) = —TCOSZ 25 + /3 sin? 2s
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