
Cumhuriyet Science Journal 

Cumhuriyet Sci. J., 43(2) (2022) 273-276
DOI: https://doi.org/10.17776/csj.885772

│  csj.cumhuriyet.edu.tr  │ Founded: 2002 ISSN: 2587-2680    e-ISSN: 2587-246X Publisher: Sivas Cumhuriyet University 

On the Assocıated Curves of a Frenet Curve in 𝑹𝟏
𝟒

Esra Çiçek Çetin 1,a,*, Mehmet Bektaş 1,b, Münevver Yıldırım Yılmaz 1,c

1 Department of Mathematics, Faculty of Science, Fırat University, 23119 Elazığ, Türkiye.
*Corresponding author

Research Article ABSTRACT 

History 
Received:  23/02/2021 
Accepted: 29/03/2022 

Copyright 

©2022 Faculty of Science,  
Sivas Cumhuriyet University 

In the present work, we have dealt with the properties of associated curves of a Frenet curve in 𝑅ଵ
ସ. In addition 

to this, we define  principal direction curve, 𝐵ଵ  −direction curve, 𝐵ଶ − direction curve of a given Frenet curve 
by using integral curves of 4-dimensional Minkowski space. Then we introduce some characterizations for 
general helix and slant helix. Finally,  some new associated curves and theorems obtained  for space-like curves 
and time- like curves in 𝑅ଵ

ସ. Also, an example is given. 

Keywords: Frenet curve, Associated curve, Principal -direction curve, 𝐵ଵ −direction curve, 𝐵ଶ − direction curve. 

a esracicek23@gmail.com https://orcid.org/0000-0001-8213-0156 b mbektas@firat.edu.tr https://orcid.org/0000-0002-5797-4944 
c myildirim@firat.edu.tr https://orcid.org/0000-0003-1278-3981 

Introduction 

One of the important and productive area of 
differential geometry is curve theory for many 
researchers. The special defined curves such as helices, 
slant helices, rectifying curves , Bertrand and Mannheim 
curve pairs are characterized by their curvatures , in many 
ways. Also, among these special defined curves an 
interesting one is associated curves obtained by the 
integral curves of the Frenet elements. 

In general, we denominate these curves by the name 
of Frenet elements, ea. principal direction curve, binormal 
direction. The researchers focus on the subject from the 
different point of view and most of them based on the 
different dimension and different spaces because of the 
variety of the Frenet equations.  

In [1]  Babaarslan ,Tandoğan  and Yaylı  defined 
Bertrand curves and constant slope surfaces according to 
Darboux frame. Moreover,  Bektaş, Ergüt  and Öğrenmiş 
in [2] , mentioned a special curves of 4D Galilean space. 
Also, in [3] author introduced special helices on equiform 
differential geometry of time-like curves in 𝐸ଵ

ସ. In [4-5], 
authors defined associated curves on different spaces 
and researched their applications.  Following the studies 
above the geometers introduce associated directional 
curves in various spaces in [6-9]. According to these 
studies, in [10] Sahiner obtained characterizations for  
quaternionic direction curve and some special dual 
direction in 𝑅³. Due to the popularity of the special 
defined  curves these are numerous  works related to 
this subject in different aspects [11-12]. 

Inspired by the above studies  , we have  focused on 
the associated curves of a Frenet curve in 𝑅ଵ

ସ which is 
another famous research area for mathematicians. 

. 

Preliminaries 

Let 𝑅ଵ
ସ be 4-dimensional vector space endowed with 

the scalar product <, > defined as  

< 𝑥, 𝑦 >= 𝑥ଵ𝑦ଵ + 𝑥ଶ𝑦ଶ + 𝑥ଷ𝑦ଷ + 𝑥ସ𝑦ସ  (1) 

 where (𝑥ଵ, 𝑥ଶ, 𝑥ଷ, 𝑥ସ) is a rectangular coordinate system in 
𝑅ଵ

ସ 
𝑅ଵ

ସ is 4-dimensional vector space equipped with the scalar 
product < , > then 𝑅ଵ

ସ is called Lorentzian 4-space or 4-
dimensional Minkowski space.  A vector 𝑣 ∈ 𝑅ଵ

ସcan have 
one of the three casual characters called space-like ( <
𝑣, 𝑣 >> 0 or 𝑣 = 0 ), time-like ( < 𝑣, 𝑣 >< 0 ) and light-
like(or null) ( < 𝑣, 𝑣 >= 0 and 𝑣 ≠ 0) Similarly, an 
arbitrary curve 𝛼   𝛼 = 𝛼(𝑠) in 𝑅ଵ

ସis called space-like, 
time-like or light-like respectively. 
    If all of velocity vector 𝛼′(𝑠) are space-like, time-like or 
light-like respectively. The norm of a vector 𝑣 ∈ 𝑅₁⁴ is 
given by ‖𝑣‖ = √(| < 𝑣, 𝑣 > |). Therefore, 𝑣 is a unit 
vector < 𝑣, 𝑣 > ±1. A curve (space-like, or time-like ) is 
parametrized by the arc length if 𝛼′(𝑠) is unit vector for 
any 𝑠. Also, we say that the vectors 𝑣, 𝑤 ∈ 𝑅ଵ

ସ are 
orthogonal if < 𝑣, 𝑤 >= 0. [10] 
    For any three vectors 𝑎 = (𝑎ଵ, 𝑎ଶ, 𝑎ଷ, 𝑎ସ), 𝑏 =
(𝑏ଵ, 𝑏ଶ, 𝑏ଷ, 𝑏ସ), 𝑐 = (𝑐₁, 𝑐₂, 𝑐₃, 𝑐₄) ∈ 𝑅ଵ

ସ  the Lorentzian 
vector product is defined by  

𝑎 × 𝑏 × 𝑐 = ተ

−𝑒ଵ
𝑒ଶ 𝑒ଷ 𝑒ସ

𝑎ଵ

𝑏ଵ

𝑐ଵ

𝑎ଶ

𝑏ଶ

𝑐ଶ

𝑎ଷ

𝑏ଷ

𝑐ଷ

𝑎ସ

𝑏ସ

𝑐ସ

ተ 

Here 𝑒ଵ, 𝑒ଶ, 𝑒ଷ and 𝑒ସ are orthogonal vectors satisfying 
equations 
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𝑒ଵ ∧ 𝑒ଶ ∧ 𝑒ଷ = 𝑒ସ,  𝑒ଶ ∧ 𝑒ଷ ∧ 𝑒ସ = 𝑒ଵ ,  𝑒ଷ ∧ 𝑒ସ ∧ 𝑒ଵ = 𝑒ଶ, 
𝑒ସ ∧ 𝑒ଵ ∧ 𝑒ଶ = −𝑒ଷ.     [12]. 
Let 𝛾 be 𝑎 space-like curve in 𝑅ଵ

ସ with the curvatures 
𝑘ଵ, 𝑘ଶ, 𝑘ଷ.Then Frenet formulaes are given  as follows 

൦

𝑇ᇱ

𝑁′
𝐵ଵ

ᇱ

𝐵ଶ
ᇱ

൪ = ൦

0 𝑘ଵ 0 0
−𝑘ଵ 0 𝑘ଶ 0

0
0

−𝑘ଶ

0

0
𝑘ଷ

𝑘ଷ

0

൪ ൦

𝑇
𝑁
𝐵ଵ

𝐵ଶ

൪ 

Let 𝛾 be a time-like curve in 𝑅ଵ
ସ with the curvatures 

𝑘ଵ, 𝑘ଶ, 𝑘ଷ. Then Frenet formulaes  are given  as follows: 

൦

𝑇ᇱ

𝑁′
𝐵ଵ

ᇱ

𝐵ଶ
ᇱ

൪ = ൦

0 𝑘ଵ 0 0
𝑘ଵ 0 𝑘ଶ 0

0
0

−𝑘ଶ

0

0
−𝑘ଷ

𝑘ଷ

0

൪ ൦

𝑇
𝑁
𝐵ଵ

𝐵ଶ

൪ 

For a detailed information we refer to [10]. 

Associated Curves of a Frenet Curve in 𝑹₁⁴ 

In this section we have focused on the associated 
curves of a Frenet curve in 𝑅₁⁴. 

 Definition 3.1. Let us consider an admissible 𝛾 Frenet 
curve {𝑇, 𝑁, 𝐵ଵ, 𝐵ଶ} with  Frenet frame in 𝑅ଵ

ସ. 
The integral curve of the principal normal vector field 

of 𝛾 is defined as principal direction curve of 𝛾 . 
 The integral curve of the first binormal vector field of 

𝛾 is defined as 𝐵ଵ  −direction curve of 𝛾 . 
The integral curve of the second binormal vector field 

of 𝛾 is defined 𝐵ଶ −direction curve  of 𝛾 . 
Theorem 3.1. Let 𝛾 be a space-like curve whose 

curvatures are 𝑘₁, 𝑘₂, 𝑘₃ and �̅�  be the principal direction 
curve of 𝛾 in 𝑅ଵ

ସ .Then the curvatures of 𝛾 are as follows 

𝑘ଵ
തതത(𝑠) = |𝑘ଵ −  𝑘ଶ| 
𝑘ଶ
തതത(𝑠) = 0 

Proof. Let {𝑇ത, 𝑁ഥ, 𝐵ଵ
തതത, 𝐵ଶ

തതത, 𝑘ଵ
തതത, 𝑘ଶ

തതത, 𝑘ଷ
തതത} be the Frenet 

elements of �̅� . We find from the definition (3.1.a) as, we 
can easily obtain , 

 𝑁(𝑠)|ఊഥ(௦) = �̅� ᇱ(𝑠) = 𝑇ത(𝑠) 
Then, 

𝑁ഥ(𝑠) =
�̅�′′(𝑠)

‖�̅�(𝑠)‖
=

𝑁′(𝑠)

‖𝑁′(𝑠)‖
=

−𝑘ଵ𝑇 + 𝑘ଶ𝐵ଵ

‖−𝑘ଵ𝑇 + 𝑘ଶ𝐵ଵ‖

=
−𝑘ଵ𝑇 + 𝑘ଶ𝐵ଵ

|𝑘ଵ −  𝑘ଶ|

𝐵ଶ
തതത =

�̅�ᇱ ×  �̅�ᇱᇱ ×  �̅�′′′

‖�̅�ᇱ ×  �̅�ᇱᇱ ×  �̅�′′′‖
=  

𝑘ଵ𝐵ଵ +  𝑘ଶ𝑇

𝑘ଵ +  𝑘ଶ

and , 

𝐵ଵ
തതത = 𝐵ଶ

തതത  × 𝑇ത  ×  𝑁ഥ =
𝑘ଵ

ଶ + 𝑘ଶ
ଶ

|𝑘ଵ +  𝑘ଶ||𝑘ଵ −  𝑘ଶ|
𝐵ଶ 

Then the curvatures of �̅� are given by 

𝑘ଵ
തതത(𝑠) = 〈𝑇ത ᇱ, 𝑁ഥ〉 =

𝑘ଵ
ଶ + 𝑘ଶ

ଶ

|𝑘ଵ −  𝑘ଶ|
𝑘ଶ
തതത(𝑠) = 〈𝑁ഥᇱ, 𝐵ଵ

തതത〉 =  0 

Theorem 3.2.  Let 𝛾 be a space-like curve whose 
curvatures are 𝑘ଵ, 𝑘ଶ, 𝑘ଷ and 𝛾 be the 𝐵ଵ − direction curve 
of 𝛾 in 𝑅ଵ

ସ, the curvatures of 𝛾 are as follows 

𝑘ଵ
തതത(𝑠) = ට𝑘ଶ

ଶ − 𝑘ଷ
ଶ

𝑘ଶ
തതത(𝑠) = −

𝑘ଵ𝑘ଶ(𝑘ଶ
ଶ + 𝑘ଷ

ଶ)

(𝑘ଷ
ଶ − 𝑘ଶ

ଶ)
ଷ
ଶ

Proof. The proof is similar to the proof of Theorem 3.1 , 
so it is omitted. 
Theorem 3.3. Let 𝛾 be a space-like curve whose curvatures 
are 𝑘ଵ, 𝑘ଶ, 𝑘ଷ and �̅� be the 𝐵ଶ − direction curve of 𝛾, in 𝑅ଵ

ସ, 
the curvatures of �̅� are as follows 

𝑘ଵ
തതത(𝑠) = 𝑘ଷ 𝑠𝑔𝑛(𝑘ଷ) 
𝑘ଶ
തതത(𝑠) = 𝑘ଶ𝑠𝑔𝑛(𝑘ଷ) 

 Proof.  Let {𝑇ത, 𝑁ഥ, 𝐵ଵ
തതത, 𝐵ଶ

തതത, 𝑘ଵ
തതത, 𝑘ଶ

തതത, 𝑘ଷ
തതത } be the Frenet 

elements of �̅�. We find from the definition (3.1.c) , we get, 

𝐵ଶ(𝑠) = �̅�ᇱ(𝑠) = 𝑇ത(𝑠) 

Using the Frenet vector fields, we find, 

𝑁ഥ(𝑠) = 𝑠𝑔𝑛(𝑘ଷ)𝐵ଵ 
𝐵ଶ
തതത(𝑠) = 𝑇 
𝐵ଵ
തതത = −𝑠𝑔𝑛(𝑘ଷ)𝑁 

Then, the curvatures of �̅� are given by 

𝑘ଵ
തതത(𝑠) = 𝑘ଷ𝑠𝑔𝑛(𝑘ଷ) 
𝑘ଶ
തതത(𝑠) = 𝑘ଶ𝑠𝑔𝑛(𝑘ଷ) 

Theorem 3.4. Let 𝛾 be a space-like curve in 𝑅ଵ
ସ and �̅� be 

the principal direction curve of γ is a slant helix ⇔  �̅� is a 
general helix. 
Proof.   Let {𝑇, 𝑁, 𝐵ଵ, 𝐵ଶ} be the Frenet frame of 𝛾. From 
the definition (3.1.a) , we can write, 

𝑁(𝑠)|ఊഥ(௦) = �̅�ᇱ(𝑠) = 𝑇ത(𝑠) 
thus, 

𝛾 is a slant helix ⇔   〈𝑁, 𝑢〉 = 𝑐  here 𝑢 is a constant vector 
and 𝑐 = 𝑐𝑜𝑛𝑠𝑡. 

⇔ 〈 𝑇ത, 𝑢〉 = 𝑐  
⇔   𝛾  is a general helix. 

Theorem 3.5. Let 𝛾 be a space-like curve in 𝑅ଵ
ସ and �̅� be 

the 𝐵ଶ − direction of 𝛾. Then 𝛾 is a 𝐵ଶ −  slant helix ⇔ �̅� 
is a general helix. 
 Proof:   Let {𝑇, 𝑁, 𝐵ଵ, 𝐵ଶ}  be the Frenet frame of 𝛾.From 
the definition (3.1.c), we may write, 

𝐵ଶ(𝑠)|ఊഥ(௦) = �̅�ᇱ(𝑠) = 𝑇ത(𝑠) 
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Thus, 
𝛾 is 𝐵ଶ slant helix ⇔ 〈𝐵ଶ , 𝑣〉 = 𝑐  here 𝑣 is a constant 
vector and 𝑐 = 𝑐𝑜𝑛𝑠𝑡. 

⇔ 〈 𝑇ത, 𝑣〉 = 𝑐 here 𝑣 is a constant  vector and 𝑐 = 𝑐𝑜𝑛𝑠𝑡. 

⇔   𝛾   is a general helix. 

From now on we have focused on the time-like curve in 
𝑅ଵ

ସ. 
Theorem 3.6. Let  be a time-like curve in 𝑅ଵ

ସ with the 
curvatures 𝑘ଵ, 𝑘ଶ, 𝑘ଷ and �̅� be the principal direction curve 
of 𝛾.Then the curvatures of �̅� are as follows 

𝑘ଵ
തതത(𝑠) = ට𝑘ଶ

ଶ − 𝑘ଵ
ଶ 

𝑘ଶ
തതത(𝑠) = −(𝑘ଵ

ଶ − 𝑘ଶ
ଶ)

ଷ
ଶൗ

Proof. Let {𝑇ത, 𝑁ഥ, 𝐵ଵ
തതത, 𝐵ଶ

തതത, 𝑘ଵ
തതതത, 𝑘ଶ

തതത, 𝑘ଷ
തതത}  be the Frenet elements 

of �̅� . We find from the definition (3.1.a) , we can easily 
obtain , 

𝑁(𝑠)|ఊഥ(௦) = �̅�ᇱ(𝑠) = 𝑇ത(𝑠) 

Then, 

𝑁ഥ(𝑠) =
�̅�′′(𝑠)

‖�̅�(𝑠)‖
=

𝑁′(𝑠)

‖𝑁′(𝑠)‖
=

𝑘ଵ𝑇 + 𝑘ଶ𝐵ଵ

‖𝑘ଵ𝑇 + 𝑘ଶ𝐵ଵ‖

=
𝑘ଵ𝑇 + 𝑘ଶ𝐵ଵ

ට𝑘ଶ
ଶ − 𝑘ଵ

ଶ

𝐵ଶ
തതത =

�̅�ᇱ ×  �̅�ᇱᇱ ×  �̅�′′′

‖�̅�ᇱ ×  �̅�ᇱᇱ ×  �̅�′′′‖
=  

−𝑘ଵ𝐵ଵ +  𝑘ଶ𝑇

ට𝑘ଵ
ଶ − 𝑘ଶ

ଶ

and , 

𝐵ଵ
തതത = 𝐵ଶ

തതത  × 𝑇ത  ×  𝑁ഥ =
𝑘ଵ

ଶ + 𝑘ଶ
ଶ

(𝑘ଶ
ଶ − 𝑘ଵ

ଶ)𝑖
𝐵ଶ 

Then the curvatures of �̅� are given by 

𝑘ଵ
തതത(𝑠) = 〈𝑇ത ᇱ, 𝑁ഥ〉 =

𝑘ଵ
ଶ + 𝑘ଶ

ଶ

ට𝑘ଶ
ଶ − 𝑘ଵ

ଶ

𝑘ଶ
തതത(𝑠) = 〈𝑁ഥᇱ, 𝐵ଵ

തതത〉 =  −(𝑘ଵ
ଶ − 𝑘ଶ

ଶ)
ଷ

ଶൗ

Theorem 3.7. Let 𝛾 be a time-like curve whose curvatures 
are 𝑘ଵ, 𝑘ଶ, 𝑘ଷ and 𝛾 be the 𝐵ଵ − direction curve of 𝛾 in 
𝑅ଵ

ସ.Then  the curvatures of 𝛾 are as follows 
𝑘ଵ
തതത(𝑠) = 𝑘ଶ − 𝑘ଷ 

𝑘ଶ
തതത(𝑠) = |𝑘ଶ − 𝑘ଷ| 

Proof.  The proof is similar to the proof of Theorem 3.7, 
so it is omitted. 
Theorem 3.8. Let 𝛾 be a time-like curve whose curvatures 
are 𝑘ଵ, 𝑘ଶ, 𝑘ଷ and �̅� be the 𝐵ଶ − direction curve of 𝛾, in 𝑅ଵ

ସ, 
the curvatures of �̅� are as follows 

𝑘ଵ
തതത(𝑠) = 𝑘ଷ𝑠𝑔𝑛(𝑘ଷ) 

𝑘ଶ
തതത(𝑠) = (𝑘ଶ + 𝑘ଷ)𝑠𝑔𝑛(𝑘ଷ) 

Proof.  Let {𝑇ത, 𝑁ഥ, 𝐵ଵ
തതത, 𝐵ଶ

തതത, 𝑘ଵ
തതത, 𝑘ଶ

തതത, 𝑘ଷ
തതത } be the Frenet elements 

of �̅�. From the (3.1.c), we get, 

𝐵ଶ(𝑠) = �̅�ᇱ(𝑠) = 𝑇ത(𝑠) 

Using the Frenet vector fields, we find, 

𝑁ഥ(𝑠) = −𝑠𝑔𝑛(𝑘ଷ)𝐵ଵ 
𝐵ଶ
തതത(𝑠) = 𝑇 
𝐵ଵ
തതത = 𝑠𝑔𝑛(𝑘ଷ)𝑁 

Finally , the curvatures of �̅� are given by 

𝑘ଵ
തതത(𝑠) = 𝑘ଷ𝑠𝑔𝑛(𝑘ଷ) 
𝑘ଶ
തതത(𝑠) = (𝑘ଶ + 𝑘ଷ)𝑠𝑔𝑛(𝑘ଷ) 

Theorem 3.9. Let 𝛾 be a time-like curve in 𝑅ଵ
ସ and �̅� be the 

principal direction curve of γ is a slant helix ⇔ �̅� is a 
general helix. 
Proof.  Let {𝑇, 𝑁, 𝐵ଵ, 𝐵ଶ} be the Frenet frame of 𝛾. From 
the definition (3.1.a) , we also know, 

𝑁(𝑠)|ఊഥ(௦) = �̅�ᇱ(𝑠) = 𝑇ത(𝑠) 

Thus, 

𝛾 is a slant helix ⇔   〈𝑁, 𝑢〉 = 𝑐  here 𝑢 is a constant vector 
and 𝑐 = 𝑐𝑜𝑛𝑠𝑡. 

⇔ 〈 𝑇ത, 𝑢〉 = 𝑐 
⇔   𝛾  is a general helix. 

Theorem 3.10.  Let 𝛾 be a space-like curve in 𝑅ଵ
ସ and �̅� be 

the 𝐵ଶ − direction of 𝛾. Then 𝛾 is a 𝐵ଶ − slant helix ⇔ �̅� 
is a general helix. 

Proof: Let {𝑇, 𝑁, 𝐵ଵ , 𝐵ଶ}  be the Frenet frame of 𝛾.From 
the definition (3.1.c), we may write, 

𝐵ଶ(𝑠)|ఊഥ(௦) = �̅�ᇱ(𝑠) = 𝑇ത(𝑠) 

Thus, 

𝛾 is 𝐵ଶ slant helix ⇔ 〈𝐵ଶ , 𝑣〉 = 𝑐  here 𝑣 is a constant 
vector and 𝑐 = 𝑐𝑜𝑛𝑠𝑡. 

⇔ 〈 𝑇ത, 𝑣〉 = 𝑐 here 𝑣 is a constant  vector and 𝑐 = 𝑐𝑜𝑛𝑠𝑡. 
⇔   𝛾  is a general helix. 

Example 

In this section , an example of directional associated curves 
of space-like curve are given  as follows:      
Consider a space-like curve 

𝛼(𝑠) = (sin 2𝑠 , cos 2𝑠 , √3𝑠, √3) 

The Frenet frame vectors and curvatures are obtained by 
𝑇 = (2 cos 2𝑠 , −2 sin 2𝑠 , √3, 0 ) 
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𝑁 = ( − sin 2𝑠 , − cos 2𝑠 , 0, 0) 

 𝐵ଵ =
1

√113
൫8 cos 2𝑠 − sin 2𝑠 , − cos 2𝑠 − 8 sin 2𝑠 , 4√3, 0൯ 

𝐵ଶ = (0,0,0,0) 

𝑘ଵ = 4 ,     𝑘ଶ = √113 

We obtain principal-direction , 𝐵ଵ −direction and 
𝐵ଶ −direction , 

𝑁(𝑠)|ఊഥ(௦) = �̅�ᇱ(𝑠) = 𝑇ത(𝑠)

= ቆ 
1

2
cos 2𝑠 , −

1

2
sin 2𝑠 ,

√3

4
, 0 ቇ 

𝑁ഥ(𝑠) =
�̅�ᇱᇱ(𝑠)

‖�̅�(𝑠)‖
= ( − sin 2𝑠 , − cos 2𝑠 , 0, 0 ) 

𝐵ଶ
തതത =

�̅�ᇱ ×  �̅�ᇱᇱ ×  �̅�ᇱᇱᇱ

‖�̅�ᇱ ×  �̅�ᇱᇱ ×  �̅�ᇱᇱᇱ‖
= ቆ0,0,0, −

√3

2
ቇ 

𝐵ଵ
തതത = 𝐵ଶ

തതത  × 𝑇ത ×  𝑁ഥ = ( 
√3

4
cos 2𝑠 ,

√3

2
sin 2𝑠 , −

√3

3
, 0) 

Then  we get the curvatures of �̅� as 

𝑘ଵ
തതത(𝑠) = 〈𝑇ത ᇱ, 𝑁ഥ〉 = 1 

𝑘ଶ
തതത(𝑠) = 〈𝑁ഥᇱ, 𝐵ଵ

തതത〉 =  −
√3

2
cosଶ 2𝑠 + √3 sinଶ 2𝑠 
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