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Abstract Article info

There are many extensions and generalizations of Gamma and Beta functions in the literature. History:

However, a new extension of the extended Beta function Bg Z‘OZL” ™2 (a,,a,) was introduced Received:14.12.2020

and presented here because of its important properties. The new extended Beta function has Accepted:27.05.2021

symmetric property, integral representations, Mellin transform, inverse Mellin transform and  Keywords:

statistical properties like Beta distribution, mean, variance, moment and cumulative Gamma function,

distribution which ware also presented. Finally, the new extended Gauss and Confluent Beta function,

Hypergeometric functions with their propertied were introduced and presented. Beta distribution,
Pochhammer symbol,

Mellin transform.

1. Introduction

Functions like factorial and others attracted the attention of Mathematicians for a long period of time. For
example, in 1729 a Swiss Mathematician, Leonard Euler generalized factorial function from the domain of natural
numbers to the domain over the positive complex plane. Also, in 1811, French Mathematician Adrien-Marie
Legendre decomposed Euler’s Gamma function into incomplete gamma functions and later in 1814 he introduced
the notation of I' for gamma function. In 1730, Euler also introduced beta function, B(a4, a,) for a pair of
complex numbers a; and a, with real positive parts through the integrand. Later on, various extensions of
classical gamma and beta functions were studied by renowned Mathematicians and proved to be significantly
important in different areas of Applied Mathematics, Statistics, Physics and Engineering such as heat conduction,
probability theory, Fourier, Laplace, K-transforms and so on [1-20].

Definition 1. [21] Oraby et al., proposed the following extended beta function:

; 1,4 _ - ¢
By, ap) = [j t97 (A = )% Eq, g, (_W) at, @

(Re(ay) > 0,Re(a;) > 0,Re(¢) = 0,Re(a;) > 0,Re(ay) > 0, Re(m,) > 0),

Eq4, a,() is two parameters Mittag-leffler function.

Definition 2. [22, 23] Wiman function or two parameters Mittag-Leffler function is defined by
Eq, «,(2) = Z‘;’jzom, (ay, @y € C, Re(ay) >0, Re(ay) > 0). (2)

Definition 3. [24 -26] Classical Mittag-Leffler or one parameter Mittag-Leffler function is defined by

v 4

0 z
Ea(8) = 2o gy

(a; € C, Re(ay) > 0). (3)
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Definition 4. [27] Classical gamma function is defined using integral representation as
I'(ay) = fgo t% 1 le~tdt, (Re(a;) > 0).

With the Euler reflection formula

ra)ra—a,) =— (ay > 0).

sina,’
Definition 5. [27] Classical beta function is defined as

[t (1 - )% dt, (Re(ay) > 0, Re(ay) > 0),

B(ay, @2) =9 r(ay) riay =
et (e, @z € Vo).

The relation also holds

B(ay, a, —ay) = Z—jB(al +1, a, —a;), (Re(ay) > Re(ay) > 0).

Definition 6. [20, 28] Classical pochhammer symbol is defined as

r(a+x) {al(al + D(ay +2) - (a; +x—1), (x=1),

(@ =Ty ~ 1, Ge=0, a; £ 0),

with the well-known binomial theorem

(zt)*1

2o (@) B = (1 —zt)~ .

Definition 7. [29, 30] The Mellin transform of integrable function f(z) with index [ is defined by

£rO =M@= [ ¢ F(Oadd.

The inverse Mellin transform is defined by
f@ =M Y1} = =[5 ¢ DL

Definition 8. [31] Classical Gauss hypergeometric function is defined

. . _ Vo (%)x(“z)xi
F(all aZI a31 Z) - J{:OW}{!I

(Re(ay) > 0,Re(ay) > 0,Re(az) > 0,|z| < 1).
And

1 1 — 0 — —
F(alyaz; as; Z) = mfo tﬂ-’z 1(1 - t)as az—-1 (1 - Zt) aldty

(Re(as) > Re(ay) > 0,|arg(1 — 2)| < 1).
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Definition 9. [31] Classical confluent hypergeometric function is defined as

(a5 a3 2) = Doy SBEZ, (Re(ar) > 0, Re(as) > 0,12] < 1). (14)
3 -
And
ey ) =Y lia,-1pq _ —ay-1 4zt
D(ay; as; z) = o s fo t%2~1(1 — t)%~ %21 2t gy, (15)
(Re(as) > Re(ay) > 0,]|arg(1 — z)| < 1).
Definition 10. [32] The relations between Mittag-Leffler and gamma function is
© 1-1p@3 ___rraz-y
fo uT'E,? o (mpw)du = PR yo——" (16)

Setting a3 = u = 1 in equation (16), becomes

© 11 _ r()r@a-.
fo u''Ey o, (—u)du = reaD 17)

Definition 11. The extended beta function is defined as

. 1 q,- - —
B/ # v ™ (ay,a5) = [t (L = )27 Eg, g, ( : )dt’

t™M1(1-t)M2

(18)
(Re(a,) = 0,Rela,) = 0,Re({) = 0,Rela;) > 0,Rela,) > 0,Re(m,) = 0, Re(m,) > 0),

E., «.(;)istwo parameters Mittag-Leffler function.

Definition 12. The extended Gauss hypergeometric function is defined as

F:r:: My, My

gz My m
'-?.- @y {.ﬂ']_.l ﬂ':; ﬂ'ﬂ; Z} = E;:[} {:ﬂ'}x £

a s Slagti, mg—ag) o

Blay ag—a.) ! (19)

(Re(m,) = 0,Re(m,) = 0,Re(a; ) > 0,Rela,) = 0,Re(a,) > 0,Re(az) > Rela,) > 0,Re({) = 0).

Definition 13. The extended Gauss hypergeometric function is defined as

By

z — oo
L@z z) =Xl

fo: My, M
q!:-fr:: My, My B{ 1

Hagtw, ag—az) ¥

Elas. ag—as) P (20)
(Re(m,) > 0, Re(m;) = 0, Re(e;) > 0, Re(er;) = 0,Relas) = Rela,) = 0,Re({) = 0).

2. Special Cases

Some special cases of the new extended beta function are
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Cases 1: When m; = m, then the new extended beta function reduces to the beta function [21]:

{

ol Ty, Ty g ol Ty g 1 .
BEE ™ oy 02) = BT oy, @) = [0 1 1 = 0571 By (~ i

iy ) at, (1)
(Re(a,) = 0,(Rela,) > 0,Rel({) = 0,Re(a,) = 0,Re(ar;) > 0,Re(m,) = 0).

Cases 2: If my = msand &> = 1, then the new extended beta function reduces to the beta function [33]:

g

Limy, myr yi My T -
E‘g} - {_ﬂljﬂ:} = E‘c ay '[.ﬂbﬂz} = fﬁ tel{] —¢)a= lEn'-_ (_ £ 1—) ML

) dt, (22)

(Relay) = 0,(Re(a,) = 0,Re({) = 0,Relay) = 0,Re(m,) > 0).

Cases 3: If my = m-> =1 and &> = 1, then the new extended beta functions reduce to the beta function [34]:

B’ j:r._l{:ﬂj_:ﬂj} = Bg;ﬁ__{:abag} = jﬂlt“'-‘il[:l — )% g, (— { )dt, (23)

t(1—t)
(Re(a,) = 0, (Re(a,) = 0,Re(d) = 0, Re(ay) = 0).

Cases 4: When w; = &> = 1, then the new extended beta function reduces to the beta function as in [35]:

grmx " (a,,0,) = BE”"{:al, a;) = _J'Dlt“L‘l{:l —g)azd ex'p(—;) dt, (24)

{1 £My (1 —¢)Ma
(Rela,) > 0, (Re(a,) = 0,Re({) = 0,Re(m,) > 0,Re(m,) > 0).
Cases 5: When m, = m- and o; = @~ = 1, then the new extended beta function reduces to the beta function as
in [36]:

BET ™ (ay,a,) = BX(ay,a5) = [, t97L(1 — £) = Lexp (——*’ ), (25)

{1 My —¢)My
(Relay) = 0,(Re(a,) = 0,Re({) = 0,Re(m,) = 0).

Cases 6: If my =ms =ay = o, = 1, then the new extended beta function reduces to the beta function as in
[37]:

g
ti1—t)

BEY Yay,a,) = Brlay,as) = [, t%71(1 — £) %=L exp(— )at, (26)
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(Rela,) = 0,(Re(a,) = 0,Re({) = 0).

Cases 7: If £ =0 and m; = m, = ay = o, = 1, then the new extended beta function reduces to the classical

beta function as in [27]:

BEL Yay,a,) = Blay,ay) = [ t9:1(1 — £)a="1t, 27)
(Re(a,) = 0, (Re(a,) = 0).

3. Generalized Beta Function
Theorem 1.

BEZ;:T._J mz{:ﬂ.l + l_. ﬂ.:} + BEZ: JTI._sz{:ﬂ.l, s + l] = BEZ:::T._J mz{:ﬂi, ﬂ.:}. (28)

R_

Proof. On setting left hand side of (28) to be L and direct calculation

L= fnlr“'-{:l —t)"E, (—ﬁ) {1-t)" 1+t 1}az. (29)
On simplification of the equation (29),
L=[ t0:(1-0)%E, . (—ﬁ) {(1 -6t Yat. (30)

Applying equation (18) to (30), the desired result in (28) is obtained.
Theorem 2.

B?,:: :.n-_; mz{:ﬂ'ij 1 — a:] — g I:ﬁ::'hiBﬁ’:: ™My, m:.[:al + x, 1]- (31)

Ty =0 ! E_, fy

Proof. By direct calculation

o My, e 7 1 — g
B'?J-.ﬁ"_ {'ﬂl" 1-— ﬂ,:} = ID e l{l - t} a2 Err-_,- 23 (_ rm-_nil—r}-'":) at. (32)
Applying equation (9) to (32), yield
ol Ty M 7 1 L oo . # g
B¥ ™ (a1~ ay) = R D el {.af}x%E:r-_,rrg (— m) dt. (33)

On interchanging the order of summation and integration in equation (33),
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zi Ty Mg o - Al S 7
BE":;I" "ay1-az) = Y=o {.ﬂ:]x;fu a1 Ea, ( —)tit.

t™Ma(1—r) Mz

Applying equation (18) to (34), the desired result is obtained.
Theorem 3.

Byl (au02) = oo By ™ ay 42,02 + 1),

Proof. By direct calculation

BEH ™ (ay,a,) = [y £ M1 - )%2(1— )1 E,, o, (- ) dt.

tMy(1—¢)Ma

Applying equation (9) to (36), yield

BEE ™2 (a,0,) = [y t9H (1~ D% i t¥E, o (- o) dt

tMa(1—¢)Ms

On interchanging the order of summation and integration in equation (37), we have

BEE ™ (ay,a,) = Ny fy t9 L (1= 1) % Eq, o, (— o it

£Ma(1—¢)Ma

Applying equation (18) to (38), gives the desired result.
Theorem 4. For the new extended beta function,

{Eni Ty, Mg ¢ s Mo, My 1
B:'.. " laya) =B, % (ag, ay).

Proof. Setting t —+ 1 — t in equation (18), gives the required result in (39).

4. Integral Representations

Theorem 5.

g

g oz My Ma
zin?Mip oMol

s *(ay,a,) =2 JI"D: cos?@: "l sin®elpE, (— )dfp,

CEn} My, M Y -t [(14+¢)Matmy
st oy {'ﬂl‘aj} - -'rE- |:1+r]"“-_+a=E"f'_,- ] (_—) dt,

£

B;’:H?T_,- m:{:ﬂl;ﬂj} — 21—:::2-_+:z=} J-_ll{l + I']Iﬁ'—_l{l _ I,'} m—1 E:r._P,n: {
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c IE' ﬁr_:la __I:c'_r:lqz—'_ E.I:c'_ﬂr:lm-_+m:

R (R i
(g'—q oytos—L g, g (t—a )M —g,) M

g me"{ﬂJ_,ﬂﬂ}—f

e )at. (43)

Proof. Equations (40), (41), (42) and (43) can be obtained by putting t = cos®, t=u(l+u)™?,

t=2"Y1+u)andt = (u—a"(c —a” %, respectively in equation (18) and by changing of variable.

Theorem 6.
B? 'H?ﬂ_;m-{ahﬂ ]— ?lf fFrEy —l{l — tn}ﬁ _1E:r s {._ rnm;{f_rn}mz} , (44)
ni Ty, Ma a' o . R [ gMetma
BE {ﬂ'l.lﬂ‘ }_ fD A {_ﬂ- _t] = E:r-_,. R:{_m}dt (45)

Proof. Equations (44) and (45) can be obtained by putting t = u™ and ¢ = ua’ %, respectively in equation (18)

and change of variable.
5. Mellin Transform
Theorem 7.

M{B P ’m"[alja«] 1= B(a, + myl, a; + m,l). (46)

Mien— }sz:lz'r

Proof. Using definition of Mellin transform in equation (10), we have

M{BFE™ ™ (ay, an); I} = [y O BEE ™ (ay, a5)dd. (47)

Substituting equation (18) into (47), we get

M{BZZ, (a1, a2); 1} = Jy ¢ {[g 67 (1 = ) % B o, (— i) it 48 (48)
Interchanging the order of integrations in equation (48), yield
M{BEET™ ™ (ay, ag); I = [t — ) [T B, (- ﬁ) d¢}at. (49)
On setting { = ut™:(1 — £)™= in equation (49), we obtain
M{B;* " ™ (ay, az); 1} = [ testma=i(1 — g)astmai=1 ([Zi-1p  (_y)du)dt. (50)

On applying equations (4), (5) and (17) to (50), the desired result can be obtained.
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Corollory 8. The inverse Mellin transform:

Brf-'m_,.m -’I--]-r +iw Fla,+myl) Mas+mal)
g, o

*(ay, az)=
L } V=i Mg, —aal) Flaytagtmyl +mal)

{=5dl,

where

Re(m,) = 0, Re(m,) = 0, Re(a,) = 0,Re(a,) > 0, Re(a; — sa,) > 0, Rela, + myl) =0,
Rela, +m,l) =0, Re() =0, y =0

6. Beta Distribution

The beta distribution of the new extended beta function is

1 @y—1iq mx—1 — ;
f{t} = E‘?Z:IT; M2 (ay, n::'t -9 E“'-‘ﬁz( r""'—':l—r]'mﬁ) ' 0<t<1i (51)
0, elsewhere,
{:ﬂ'lJﬂ‘f = ]EJ {J 0y, 0 = ]E+}-
The moment of X, is given by:
.? :xm'm"ln +r. @zl
E(XT") = &t o (o, a,, rER; {, a, a; € RY). (52)
é' oy

On setting r = 1 in (52), we obtained the mean of the distribution as

.E'“"ﬂn ‘n"'n . ae }
E(Xm) = e
B.; oy T Y

The variance of the distribution given in equation (51) is

. i I - R S T B - S B
o Y _ (Y12 — % o vazlBy ¢ a —
— E{X } {E{X}} - tB?dn-m 'n"lﬁ fn :I} I
Cumulative distribution is
_ BIF MM, 41, a4)
F{x} = ‘:I;::x. b
B - = “La R::'

ni My, M

where B,‘, . “lay, as)is the new extended incomplete beta function defined by:
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BE T T ay, ag) = [y 97 (1 - 0% 1E, o (- at

tM1(1—¢) M
{:ﬂ’l-' ﬂ-: = R; q_. ﬂ'l, Ifrl = R+}.

7. Gauss and Confluent Hypergeometric Function

Theorem 9.

fEnl MMy, e . @a—1 _ mg—z—1
F . (o, az; ag; z) = B—IRJ - ﬁ}_,l" t (1—1)

x (1= 2)"E,, o (— ) at. (53)

M 1—g) Mz

Proof. Applying equation (18) to (19), gives

1

fEnl Ty, Mg
F - -
Blay ag—as)

- 1 s o
7, *(a,, a;; as; z) = EK=D{.E’1}XIQ paztx—l(] _ gjas—az-1

X Eﬁ,,_}ﬁ.: (—%) dt i—?: (54)

Interchanging the order of summation and integration in equation (54), we have

1

gl My, My
F. = e
Bla, az—az)

s *(a,, a;; as; z) = f tea—1{] — ¢)jas—az—1

% $5mg(@) L By (— ) (55)

tMa(1—¢) M

Applying equation (9) to (55), give the desired result in (53).

Theorem 10.
e ey agias; 2) = g n.}‘rﬂ' Tepem L+ H1-2)% oy o, (_ zl:1+:3r1n2=+m=) dt,  (56)
% Eg, o (—(sec?™ g csc?™z)de, (57)
RET ™ ayaz a5 2) = gt fy R
% Eg o (—{cosh®™:p coth®™=g)dg, (58)
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which are the new extended hypergeometric function integral representations.

Proof. Equations (56), (57) and (58) can be obtained by substituting t = u(1 + u) %, t = sin*@and t = tanh’g

, respectively in to (53).

Theorem 11.
foi My My o . . - ! 1 az—1l{1 _ t)@z—az—1 ' — {
o (ay;aq; z)= Frep— Jpte (1 —t) = exp(zt) E,,, n‘:( r-’"‘.(l—r}l-‘ﬂ:) dt,  (59)

which is the new extended confluent hypergeometric function integral representation.

Proof. Applying equation (18) to (20), gives

Gzl My Mg o . . — 1 o 1 agtx—1q1 _ #yag—az—1 — ¢ E_H
cb'?; @y {'a:' @3i Z} "~ Blas az—as) Ex:u"r'} t (1 t} : Eff'.*""ﬂ( rm;lil—r}m:)dt !’ (60)
Interchanging the order of summation and integration in equation (60), we have
!:prr:: ™y, m:{'aﬂ_ fla: z} — ;fltnz—i{'l _ t]ﬂa—ﬂ:—i
ooay Sar e Blay az—ay)"? '
w (=¥ g
X ZXZI} i: Eﬁ"_,-ﬁ': (_ r-‘"‘.(l—r}-‘":) dt . (61)

Corollary 12. For the new extended confluent hypergeometric function, the following formula hold.

exp(=)

fnl My, My ¢
72T (0 ag; 2) =

J-Dltng_l{:l — t}ﬂa_ﬂ:_l E'XIJ{:—Zt}ERJ o ( ;) dt.

Bla, az—as) tMy(1—¢)My

Theorem 13.
d z Ty Mz itz zi Ty, Mz f
;F;‘“T "(ay, az az; 2) = RRZ Ff ,;? "(ay+1, ay + L az +1; 2, (62)

d?‘.’

ol My, Ma o (ay)plan)y 2i Ty, Mg ; 2 3
EF; r:iq m {_ﬂb fo; dg; Z} = #Ff H?__n m {_ﬂl+ M, Qx+x; ag+x; Z}, (63)
which are differential formulas.
Proof. Using equation (19), we have
Hn i Ty Tl -
8 tEn; My, Mo o . . _ % B "ay x @zt ag—az) -t
dgFEJ . (a1, ag; as; 2z) =¥y TP (a), — (64)

Setting » — »x + 1 in equation (64), we get
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) g:i- L T R S | =
A oy, x o0z L il
szE - {ah ay; ay; Z} —a E Fr— {a+ 1}.&‘ 2! (65)

Applying equation (7) to (65), the desired result in equation (62) is obtained. On successive differentiation of
equation (62), also the required result in (63) is obtained.

Corollary 14.

d - maimy,mg fEai My, Mo .
;Eﬁl‘, s (az; as; z)= naF'?a (a;+1; a5+ 1; z),

ﬁ'_

a* (o My My (@2)a et My, Me
e P e azi2) = EEFL T ag + x5 ag+x; 2).

8. Mellin Transform

Theorem 15.

fEni Ty, Mg mBlag+m,l agtm,l—a.)
M{F, =" " (ay, ay; as;2); [} = .

Fla,, a, + myl, as+ myl+m,l; z). (66)

sinml May,—an)Blayn. ag—az)
Proof. Using definition of the Mellin transform in equation (10), we have

M{Fm m‘”nz{ﬂlj as; @a; Z } J"I} 7! J_Frr_, my m"{ﬂlj ay; as; 2)dd. (67)

Substituting equation (19) into (67), we have

al " o, F 1 o o
M{ES"™ ™ (ay, az; az; 2); 1} = Jy ¢ gy Jo 1% (1 — oo

X (1= 26) "% Eq, o, (s 484G, (68)

Interchanging the order of integrations in equation (68), yields

1

M{ES=T ™ (ay, az; ag; 2); 1} = S Jy te (1 - g)eset (1 —z) e

Bilas az—a-

X {fff*‘lE«,m( W) d{} (69)

On setting { = ut™:(1 —£)™= in (69), we obtain

1

ol My Mo . _
M{F; " " (ay, a2 a3; 2); B = s————

J" Faz —1{1_;.}:23 "‘l{l—zt] ay

X {f;u:‘l Eq, o (—wduldt. (70)
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On applying equations (4), (5) and (17) to (70), the desired result obtained.
Corollary 16.

ol MMy, Ma 1 ¥ +iw Ii{astmyliMagtmal—aa)
oA T T U Y o L agtmyl )| sl—
g, omy { Lr =2r M } "r}" T rlay—all)May+atmyl+mal)

2iB(as. ag—as)

x Flay, a, +myl, az+ myl+m,l; z){ " 'ds,

where

Relm,) = 0,Re(m,) = 0,Re(a,) = 0,Rela,) = 0,Rela; — s51) = 0,Rela, + myl) =
0,Rela, +m,l) = 0,Re({) = 0,y = 0.

Corollary 17.

m Bla-+m,l, agtm,l—a-)

Mgl Mg, Ma
M{£. = "~ "lay, a; aq; )il = - -
{ 2 Ty ( 1r =02y B3 }' } sinml Ma,—as) Blasz ag—as)

x ®la, + myl, ag+myl+m.k z),

1 J~}".+i'ﬂ'=' Ma+mys)Miag+myz—as)

@Iﬁ'::?ﬂ'__.?ﬂ:{ﬂ. - 'z}:
-5 Ir 3 ¥ T rla,—a. DMa, +a-+ml+mal)

20 .E':ﬂ"_,. ﬁg_ﬁ:}
x @(a,+myl, ag+myl+m,k z){7tdl,

Where

Re(m,) = 0,Re(m,) > 0,Rela,) > 0,Re(a,) > 0, Re(a, — la,) > 0, Re(a, + myl) >0,
Re(a, +m,l) = 0,Re({) = 0,y =0

Theorem 18.

fEn! Ty, Me _ — 1. pial My, Mo =
FEJ @ ‘:ﬂb Qg; Agz; z) = (1-z) “'Fg, oy ¥ (ﬂl: Qa; Ag; z_—i)’

™ o a3: ) = exp(e) 7 a5 0z a5 2),

674
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which are the transformation formulas for the extended Gauss hypergeometric and Kumar confluent
hypergeometric functions.

Proof. Setting t =+ 1 —1t in equations (53) and (59), we obtained the required results in (71) and (72),

respectively.
Theorem 109.

Haq ag—az)

Bn‘:m-_m
ol Ty, Mo ¢ T, )
F="v"*ay, a;;az; 1) = =
¢, my L]y 2r W3y } Blas az—as)

) (73)

is the extended Gauss summation formula.

Proof. Taking z = 1, in equation (53), the required result in (73) is obtained.

9. Conclusions

0.

The new extension of the extended beta function Bf;,

;Mq, M .
2%1 ?(ay, a,), Gauss hypergeometric

Az Mg, My

function F;?."™ ™ (a;, a,; as; z) and confluent hypergeometric ~function ;%"

(ay; as; z) were
obtained and presented with their important properties. The extended beta, Gauss and confluent hypergeometric
functions and their special cases proposed in [21, 33-37] can be regained from the newly proposed functions. It

is hoped that it will be useful in Science and Technology [38-40].
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