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1. Introduction

It is well-known that the first definition of statistical convergence was given by Fast [1] and Steinhaus [2],
independently. It is more general than the ordinary convergence. The statistical convergence in approximation
theory was first used by Gadjiev and Orhan [3] to prove the Korovkin-type approximation theorem [4]. The
studies and related results can be found in [5-8].

Moore [9] was the first who introduced the notion of relative uniform convergence of a sequence of functions.
Later on, Chittenden [10] gave a detailed definition of this convergence (which is equivalent to Moore's
definition). Recently, Demirci and Orhan [11] defined a new type of statistical convergence by using this
convergence and they presented its applications to Korovkin type approximation. For more details on these types
of convergences and their applications, we refer to [12-17].

Another interesting type of convergence is the uniform convergence of a sequence of functions at a point [18].
More recently, Demirci et al. [19] extended this type of convergence to relative uniform convergence of a
sequence of functions at a point where the set of the neighborhoods of the point at which relative uniform
convergence is considered (see, e.g., [20, 21]).

Our focus of the present work is to generalize the concept of statistical convergence using relative uniform
convergence at a point. For this purpose, we first define the concept of statistical relative uniform convergence
of double sequences of functions at a point and we give some examples, showing that our results are strict
generalization of the corresponding classical ones. We also establish some important approximation results.

2. Preliminaries

The idea of uniform convergence of a sequence of functions at a point was defined by J. Klippert and G. Williams
in [18]. This type of convergence is a stronger method than the well known uniform convergence. Recently,
Demirci et al. [19] gave the notion of relative uniform convergence of a sequence of functions at a point and they
proved the Korovkin type approximation theorems. Now we recall these interesting types of convergences:

Definition 2.1 [18] Suppose that (fj) is a sequence of real functions defined on G < R. Let u, € G. We say that
(fj) converges uniformly at the point u, to f: G — R provided that for every € > 0, there exist § > 0andJ € N
such that for every j > J, if [u — uo| < 8, then |f;(w) — f(w)| < e.
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Definition 2.2 [19] Let (f;) be a sequence of real functions defined on G and u, € G. We say that (f;) converges

relatively uniformly at the point u, to f: G — R with respect to the scale function o(u), |o(w)| # 0, if for every
€ > 0, there exist § > 0 and J € N such that for every j = J, if |[u — uy| < 6, then

i) = fW)] < elo@)I.

More recently, Dirik et al. [21] introduced the uniform convergence of a sequence of functions at a point for

double sequences. Before this definition, we first give the following:

A double sequence u = (ui]-) is said to be convergent in Pringsheim's sense iff for every € > 0, there exists | =

J(&) € N such that |ui,- — L| < g whenever i,j > J. Then, L is called the Pringsheim limit of u and is denoted by

P — lim u;; = L (see [22]). In this case, we say that u is " P —convergent to L ". Also, if there exists a positive
1,j—0

number I such that |u;;| <1 forall (i,j) € N> = N x N, then u is said to be bounded. It is important to say that
a convergent double sequence need not be bounded but it is necessary to be bounded for a convergent single
sequence.

Definition 2.3 [21] Suppose that (ﬁ-j) is a double sequence of real functions defined on G2 c R?. Let (ug, vy) €
G2. We say that (fij) converges uniformly at the point (ug, vo) to f: G2 - R iff for every e > 0, thereare § > 0
and J € N such that for every i,j > J, if \/(u —ug)?+ (v —1vy)% <6 (or |lu—1uy| <8§and|v —vy| < §), then

|fijwv) — fFu,v)| < e

Example 2.1 Define g;;:[0,1]> - R by

2 2
u“ +v*, Jjisasquare,
qiu,v) = .
'g”( ) { 0, otherwise.

We claim that (gij) converges uniformly to g = 0 at (ug, vo) = (0,0). Indeed, let € > 0 be given and choose

6= \E andJ = 1. Leti,j >Jandu,v € [0,1] with |u| < 6, |[v] < 6. Then,

lgij(w,v) — g(u,v)| = |gi;j(w, v)| <u? +v? <262 ==
However, (g;;) does not converge uniformly to g = 0 on [0,1]2.

3. Statistical Relative Uniform Convergence At a Point

The statistical convergence for single sequences was given in 1951 and this concept was extended to the double
sequences by Moricz [23] in 2004 as follows:

Let A € N? be a two-dimensional subset of positive integers, then A;j denotes the set {(m,n) € A:m < i,n < j}
and |4;;| denotes the cardinality of A;;. The double natural density of A is given by

5,(A):= P — lim =

i,jooolj

|41,

if it exists. The number sequence u = (ul-j) is said to be statistically convergent to L provided that for every € >
0, the set

A=Ap,(e):= {i <m,j<n |uij —L| > g}

has natural density zero; in that case, we write st, — lim w;; = L (see [23]).
[,j—
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Now, we can give the following definition which is our new type of convergence:

Definition 3.1 Let G* c R? and suppose that (f;;) is a double sequence of real functions defined on G2. Let
(ug,v9) € G2%. We say that (fij) converges statistically relatively uniformly at the point (ug,vy) to f:G2 > R
with respect to the scale function o iff for each e > 0 there aren > 0 and A € N2 with §,(4) = 0 such that for
everye >0 and (i,j) € N2\A, if /(u —ug)2 + (v — v9)2 < (or [u — up| < nand [v — v,| < 1), then

|fij(w,v) = f(u,v)| < ela(w, v)I.
Now we give the following remark that gives the relations between types of convergences.

Remark 3.1 It can be immediately seen that if (ﬁj) is statistically relatively uniformly convergent to a function
f on G2, then (fl-j) converges statistically relatively uniformly at each point in G2. Also, observe that the
statistical uniform convergence of a double sequence of functions at a point is the special case of statistical
relative uniform convergence of a double sequence of functions at a point in which the scale function is a non-
zero constant. If o(u, v) is bounded, then the statistical relative uniform convergence at a point implies the
statistical uniform convergence at a point. However, the statistical relative uniform convergence at a point does
not imply the statistical uniform convergence at a point, when o (u, v) is unbounded.

Now, we give the following example to show the effectiveness of newly proposed method:
Example 3.1 Define h;;: [0,1]> - R by
iju’v, i=k*andj = I?

hij(u,v) = { 2i2juy

5+i2ju2v’

1)

otherwise.

k,1=1,2,... We claim that (hij) converges statistically relatively uniformly to h = 0 at (u,, vy) = (0,0) to the
scale function

o, v) = {% (u,v) €]0,1]2, @

1, u=0o0rv=0.

Indeed, let € > 0 be given and choose n = \E andA = {(i,j):i=k?*and j = 1%,k,1 = 1,2,...}. Then §,(4) =
0. Let (i,j) € N®\4 and (u,v) € [0,1]? with |u| < n and |v| < 7n. Then,

hij(u,v) 2i? judv? 2 _
| otuv) | = |5+i2ju2v < 2ullv] <2n® =e.
However, (hi]-) does not converge statistically uniformly at (0,0). Indeed, for € = % (u,v) = G%) € ]0,1]?

with % <, % < nand (i,j) € N?\4, we get

2i% ju?v
5+i2juv

1
=->
3

(SRR

Also, it is neither uniformly nor relatively uniformly convergent to h = 0.
4. Korovkin Type Approximation
In this section, we apply the notion of statistical relative uniform convergence of double sequences of functions

at a point to prove a Korovkin type approximation theorem. Suppose that C(G?) is the space of all functions f
continuous on G2. We know that C(G?) is a Banach space with norm ||f|| = SUp(yvyeg2 | f (W, V).
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We denote the value of L;;(f) at a point (u,v) € G? by Lij(f (s, );u,v) or briefly, L;;(f;u, v) and we use the
test functions

eo(w,v) = 1,e;(w,v) = u,e,(u,v) = vand e;(u, v) = u? + v2.

Theorem 4.1 [7] Suppose that (Ll-j) is a double sequence of positive linear operators acting from C(G?) into
itself. Then, for all f € C(G?),

sty = lim [|Ly;(F) = f]| = 0 iff
Sty — i'ljiinoo”l‘ij(er) —e] =0, (r=0123).

Now, we give the following main theorem.

Theorem 4.2 Let (Ll-]-) be a double sequence of positive linear operators acting from C(G?) into itself. Then
(LL- j (er)) (r = 0,1,2,3) converges statistically relatively uniformly at (u,, vy) to e, with respect to the scale

function o, iff for each f € C(G?), (Lij(f)) converges statistically relatively uniformly at (u,, vy) to f with

respect to the scale function o where o (u, v) = max{|o,(u, v)|:r = 0,1,2,3}, |o,.(u,v)| > 0 and |o,-(u, v)]| is
possibly unbounded, r = 0,1,2,3.

Proof We begin the proof of the "if" part. Our hypothesis is that (Ll-j(f)) converges statistically relatively
uniformly at (ug, vo) to f for each f € C(G?) with respect to the scale function o, which means that Vf € C(G?),
Ve >0,3n > 0and A € N? with §,(4) = Osuchthat |L;;(f;u,v) — f(u,v)| < elo(u,v)|, ¥(i,j) € N*\Aand
\/(u —uy)? + (v — )% < 7. Since e, € C(G?), r = 0,1,2,3, if we choose ¢ = % then we get ve* >
0,37 >0 and A € N? such that |L;;(e,;u,v) — e, (w,v)| < €*|o,(w,v)|, ¥ =0,1,2,3, ¥(i,j) € N*\4 and

V@ —ug)? + (v — vy)? < 1. Now, we turn to the "only if* part. Let f € C(G?) and (u,v) € G? be fixed. Let
E = max{|u|, |[u|?}, F = max{|v|, |v|?} and H = max{E, F}. Also, by the continuity of f on G2, we can write
|f(u,v)| < M. Hence,

|f(S,t) —f(u,v)l < |f(S't)| + |f(u,17)| < 2M.

Moreover, since f is uniformly continuous on G2, we write that for every £ > 0, there exists a number § > 0
such that |£ (s, t) — f (u, v)| < & holds for all (s, t) € G? satisfying /(s — u)2 + (t — v)2 < &. Hence, we get

f(s,8) = Fa )l <S4+ 5 {(s —w? + (£ - v)?). ©)
This means
-G - WP+ - < f(s,0) — fwv) <S+ 2 {(s —w? + (t - v)?).

Without loss of generality, € can be chosen such that 0 < ¢ < 1. By the hypothesis, for every r = 0,1,2,3 there
are n, > 0 and 4, € N? with §,(4,) = 0 such that

e 6% 6%
"4AM’56M’ 56 MH

}Icfr(u,v)l

S| m

|Lij(er;w,v) — e, (w,v)| < min{
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whenever (i, j) € N2\4,, |[u —uy| <1, and |v — vy| < n,-. Then, we get

e € 6% 6%

Z’W’ssM'%MH} o, v)

|Ll~j(er;u, v) — e, (u, v)| < min{

whenever (i, j) € N2\4, |u — ug| < nand |v — vy| < n where
A = U3_, A, with §,(4) = 0 and n = min{n,:r = 0,1,2,3}.
We write
Lij(( —w)?* + (—v)%u,v)
< |LyjCeziw v) — e3(wv)| + 2ful|Lij(er; 1, v) — e, v)| + 2[vl|Lyj(ez; u, v) — e, (u,v))|

+ [u? + U2||Lij(€o;u, v) —eo(u, v)l

£62
< 8—Ma(u, 17)

for (i,j) € N2\4 and (u,v) € G? with |[u — uy| < nand |v — vy| < 1. Using the linearity and the positivity of
the operators L;; and (3), we have

|Lij (f;w,v) = Fuv)| < |Lij(fiw,v) = F(wv)Lgj (egiw, )| + 1 (w, v)]|Lij (eo; w, v) — o (w, v)]
< Ly (54250 — w)? + (t = )21 w,v) + MLy (eoru, v) — eo (1, v)|
= £ Lijleq;u,v) + 55 Lij((—w)? + (—1) %, v) + M|Lyj(eg; u, v) — e (u, v)|
< {2+ M}|Lyj (oo, v) = e(u,v)| + 5 + 2 Ly (( —w)? + (—v)%5u,v)
< eo(u,v)

whenever (i, j) € N?\A4 and (u,v) € G2 with |u — uy| < nand |[v — v,| < 1. Hence, we get the desired result.

If one replaces the scale function by a non-zero constant, then the next result immediately follows from our main
Korovkin type approximation theorem.

Corollary 4.1 Let (Ll-j) be a double sequence of positive linear operators acting from C(G?) into itself. Then
(Ll-j(er)) (r = 0,1,2,3) converges statistically uniformly at (uy,v,) to e, iff for each f € C(G?), (Lij(f))
converges statistically uniformly at (ug, vy) to f.

Also, if one replaces the statistical limit with Pringsheim limit and scale function by a non-zero constant, then
the next result which was obtained in [21] follows from our main Korovkin type approximation theorem.
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Corollary 4.2 [21] Let (Ll-j) be a double sequence of positive linear operators acting from C(G?) into itself.
Then (Lij (e,,)) (r = 0,1,2,3) converges uniformly at (ug, v,) to e, iff for each f € C(G?), (Ll-j (f)) converges
uniformly at (ug, vg) to f.

5. An application

In this section, we deal with an example that shows our main Korovkin type approximation theorem is stronger
than the corresponding classical ones.

Example 5.1 Let G? = [0,1]?. Consider the following Bernstein operators [24] given by

By(F5u,v) = Zheo Thuo £ (£.5) (1) () w1 = wivkvld = vyt “

where (u,v) € G2, f € C(G?). Using these polynomials, we introduce the following positive linear operators on
C(G?):

Liy(fiw,v) = (14 hy(w,v)) By (f51,v) (5)

where h;; (u, v) is given by (3.1). Now, observe that

Lij(ep;u,v) = (1 + hij(u, v)) eo(u,v), Lij(eq;u,v) = (1 + hij(u,v)) e:(w,v),

u-u? v—vz]

Lij(ez;u,v) = (1 + hij(u, v)) ex(u,v), Lij(es;u,v) = (1 + hyj(u, v)) [e3(u, v) + +

i
Now we claim that (Lij(er)) converges statistically uniformly to e, at (uy, vy) = (0,0) to the scale function

g, == o whichisgivenby (3.2) (r = 0,1,2,3). Lete > Obegivenand 4, :=A ={(i,)):i = k? and j = 1%, k,l =
1,2, ..}, then 8,(4,) = 0 (r = 0,1,2,3).

Now, let (i, j) € N?\4, and (u, v) € [0,1]? with |u| <1, and |v| < n, where n, = \/g . Then,

Lij(eO;uJ 1)) - eO(uJ 1))

oo(u,v)

hij(u,v)
o(u,v)

<2ullv|<2nd=¢

our claim is true for » = 0. Also,

Lij(el;uJ 1)) - el(uJ 1))

o1 (u, v)

€1 (u, v)hij (u, 17)

<2ul?lv|<2ni=¢

o(u,v)
whenever (i,j) € N?\4, and |u| < n, and |v| < n, where n; = iﬁ Similarly,

Lij(ez;u,v) —e(u,v)| _ |ea(u, v)hy;(u,v)

o(u,v)

<2ullv|*<2ni =¢

o, (u, v)
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whenever (i, j) € N?\4, and |u| < n, and |v| < n, where n, = 3\/% Hence, we get that our claim is true for r =
1,2. Finally,

Lij(es;u,v) —es(u,v)| u—u? v-—v?
1+h--u,v es(u,v) + — + - —ez(u,v
o e o) (GO SR Ry R
hyj(u,v) u-u?  v-v? u—u? v-v?
- | o(u,v) [63(u, v) + i + j ] + |ia(u,v) jo(wv)
h;i(uv)
< Y
4|a(u) + 2|ul|v]

< 10Jullv| < 10n% =¢

whenever (i,j) € N?\4; and |u| < n; and |v| < n; wheren; = \/%and our claim is true for r = 3. Hence from

our main Theorem 4.2, we get

Lij(f;u,v) — f(w,v) -

o(u,v) -

whenever (i,j) € N?\4, |u| <n and |v| < n where n = mm{\/%i/%\%} However, since |Lij(€o:u. v) —

eo(u, v)| = h;;(u, v), the sequence (Lij(eo)) is not statistically uniformly convergent to e, at (0,0). Hence, we
can say that Theorem 4.1 (statistical Korovkin type theorem) and Corollary 4.1 do not work for our operators
defined by (5). Also, (Ll-j (eo)) is not uniformly convergent to e, at (0,0) and Corollary 4.2 does not work for
our operators, too.

6. Rate of Convergence

The main aim of this section is to study the rate of convergence with the aid of the modulus of continuity that is
defined by

w03 (f; 8) = sup{If (5,6) = Fw,v)]: (5,6), (w v) € 62,\/(s —w)? + (¢ — v)? < &}

where f € C(G?) and § > 0. In order to obtain our result, we will make use of the elementary inequality, for all
f € C(G?) andforA,é >0,

w2 (f348) < (1 + [ADw,(f; 6)
where [A] is defined to be the greatest integer less than or equal to A (see also [25, 26]).

Theorem 6.1 Let (Lij) be a double sequence of positive linear operators acting from C(G?) into itself. Assume
that the following conditions hold:

(1 (Ll-j (eo)) converges statistically uniformly to e, at (uy, vy) with respect to the scale function g,
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. e w2(f38i5)
(i) stz = lim o)

= 0 for each (u, v) € G* where §;; = \/Lij((. —w)?+ (—v)%u,v).

Then we have, for all f € C(G?), (Lij(f)) converges statistically uniformly to f at (uy, vo) with respect to the
scale function o, where o (u, v) = max{|o,(u,v)|:r = 0,1}.

Proof Let (u,v) € G2 and f € C(G?) be fixed. Using the linearity and the positivity of the operators L;j, for all
(i,/) € N? and any § > 0, we have

|Lij(fiu,v) = fw,v)| < |Lij(f;u,v) — f(w, v)Lij(eo; w, v)| + 1f (w, v |Lij (e, v) — o (w, )]

—wW)24+(—-v)?
< Ly ((1 +W) wo(f; 8w, v> + |f (w, V)| Lij(eo; w, v) — eo(w,v)|

H)
= w,(f; 6)Lijeoru, v) + 2L L ((—u)? + (—v)%u,v) +

|f(u; U)llLij(EO;u, 17) - eo(u, 17)|

Putd:= §;; = JLif((' —u)? + (.—v)?; u, v). Hence, we get

|Lij (Fiuv)—f (u)|

o(u,v)

Lij(eosu,v)—eo (u,v) w2 (f:6i5)
oo (W) loy(uv)|’

< [w2(f: 6) + 1f (w,v)]

By using (i) and (ii) the proof is completed.

Acknowledgment

The author received no financial support for the research, authorship, and/or publication of this article.
Conflicts of interest

The author states that she did not have a conflict of interest.

References [5] Belen C., Yildirnm M., Generalized A-Statistical
Convergence and a Korovkin Type Approximation

[1] Fast H., Sur la Convergence Statistique, Collog. Theorem for Double Sequences, Miskolc
Math., 2 (1951) 241-244. Mathematical Notes, 14 (1) (2013) 31-39.

[2] Steinhaus H., Sur la Convergence Ordinaire et la 6] Demirci K., Dirik F., Four-Dimensional Matrix
Convergence Asymtotique, Collog. Math., 2 Transformation and Rate of A-Statistical
(1951) 73-74. Convergence of Periodic Functions, Math.

[3] Gadjiev A. D., Orhan C., Some Approximation Comput. Modelling, 52 (9-10) (2010) 1858-1866.
Theorems via Statistical Convergence, Rocky (7] Dirik F., Demirci K., Korovkin Type
Mountain J. Math., 32 (2002) 129-138. Approximation Theorem for Functions of Two

[4] Korovkin P. P., Linear Operators and Variables in Statistical Sense, Turk J Math, 34
Approximation Theory. Delhi: Hindustan Publ. (2010) 73-83.

Co., (1960).

130



Yildiz | Cumhuriyet Sci. J., 42(1) (2021) 123-131

[8] Unver M., Orhan C., Statistical Convergence with
Respect to Power Series Methods and
Applications to  Approximation  Theory,
Numerical Functional Analysis and Optimization,
40 (5) (2019) 535-547.

[9] Moore E. H., An Introduction to a Form of General
Analysis, The New Haven Mathematical
Colloquium, Yale University Press, New Haven,
(1910).

[10] Chittenden E. W., On the Limit Functions of
Sequences of Continuous Functions Converging
Relatively Uniformly, Transactions of the AMS,
20 (1919) 179-184.

[11] Demirci K., Orhan S., Statistically Relatively
Uniform Convergence of Positive Linear
Operators, Results Math., 69 (2016) 359-367.

[12] Demirci K., Kolay B., A-Statistical Relative
Modular Convergence of Positive Linear
Operators, Positivity, 21 (3) (2017) 847-863.

[13] Demirci K., Orhan S., Kolay B., Relative Hemen
Hemen Yakinsaklik ve Yaklasgim Teoremleri,
Sinop Universitesi Fen Bilimleri Dergisi, 1 (2)
(2016) 114-122.

[14] Demirci K., Yildiz S., Statistical Relative
Uniform Convergence in Dually Residuated
Lattice Totally Ordered Semigroups, Sarajevo J.
Math., 15 (2) (2019) 227-237.

[15] Sahin P. O., Dirik F., Statistical Relative Uniform
Convergence of Double Sequences of Positive
Linear Operators, Appl. Math. E-Notes, 17 (2017)
207-220.

[16] Sahin P. O., Dirik F., Statistical Relative Equal
Convergence of Double Function Sequences and
Korovkin-Type  Approximation Theorem,
Applied Mathematics E-Notes, 19 (2019) 101-
115.

[17] Yilmaz B., Demirci K., Orhan S., Relative
Modular Convergence of Positive Linear
Operators, Positivity, 20 (3) (2016) 565-577.

[18] Klippert J., Williams G., Uniform Convergence of
a Sequence of Functions at a Point, Internat. J.
Math. Ed. Sci. Tech., 33 (1) (2002) 51-58.

[19] Demirci K., Boccuto A., Yildiz S., Dirik F.,
Relative Uniform Convergence of a Sequence of
Functions at a Point and Korovkin-Type
Approximation Theorems, Positivity, 24 (1)
(2020) 1-11.

[20] Boccuto A., Demirci K., Yildiz S., Abstract
Korovkin-type theorems in the filter setting with
respect to relative uniform convergence, Turkish
Journal of Mathematics, 44 (4) (2020) 1238-
1249.

[21] Dirik F., Demirci K., Yildiz S., Acu A. M., The
Uniform Convergence of a Double Sequence of
Functions at a Point and Korovkin-Type
Approximation Theorems, Georgian
Mathematical Journal, 1 (ahead-of-print) (2020)

[22] Pringsheim A., Zur Theorie der Zweifach
Unendlichen Zahlenfolgen, Math. Ann., 53 (1)
(1900) 289-321.

[23] Moricz F., Statistical Convergence of Multiple
Sequences, Arch. Math., (Basel) 81 (2004) 82-89.

[24] Stancu D. D., A Method for Obtaining
Polynomials of Bernstein Type of Two Variables,
The American Mathematical Monthly, 70 (3)
(1963) 260-264.

[25] DeVore R.A., Lorentz G.G. Constructive
Approximation (Grund. Math. Wiss. 303). Berlin:
Springer Verlag, (1993).

[26] Altomare F., Campiti M., Korovkin-Type
Approximation Theory and its Applications. New
York: Walter de Gruyter, (1994).

131



