Cumbhuriyet Science Journal

e-ISSN: 2587-246X Cumhuriyet Sci. J., 42(2) (2021) 327-332
ISSN: 2587-2680 http://dx.doi.org/10.17776/cs].826062

Existence of nonoscillatory solutions of second-order neutral
differential equations

M.Tamer SENEL*"" | Bengii CINA*"
'Erciyes University, Faculty of Sciences, Typo of Mathematics, Kayseri/ TURKEY
2Sivas Cumhuriyet University, University, Zara Veysel Dursun UBYO, Sivas/ TURKEY

Abstract Article info

In this study we shall obtain some sufficient conditions for the existence of positive solutions  History:
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deviating arguments. For some different cases of the range of p(t) by using Banach contraction Accepted: 26.04.2021
principle we will give some sufficient conditions for the nonoscillatory solutions of second-
order neutral differential equation. With this purpose we will use fixpoint theorem. At the end
of the research, there is an example that meets the conditions we have given. Our results
improve and extend some existing results.
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1. Introduction

In this work we consider the second-order neutral nonlinear differential equation with distributed

deviating arguments of the form

(20 = [ POt~ dE) + [ it x(o1 (6, O)IE — [22 f (6, x(02 e, ))dE = g(0) @
where g € C([ty, ), R), P(t, &) € C([ty,») X [a,b],R) for 0 <a<band 0;(t, &) € C([ty, ) X
[a;, b;], R) with tli_)rrgoai(t,f) =0 and0 < a; < b;, i =1,2.

In this paper, we assume that f;(t, x) € C([ty, @) X R, R) is a nondecreasing in x for i = 1,2,

xf;(t,x) >0 for x+# 0,i =1,2 and satisfies

Ifi@t, %) — filt, V)| < q(©|x—y| for t € [tp,0) and x,y € [e,f], @
where q; € C([ty,®),RT), i=1,2 and [e,f] (0<e<f or e<f <0) is any closed interval.

Furthermore, suppose that

J sqi(s)ds < o, i=1,2, (3)
f;:slﬁ-(s, d)lds < o, forsome d #0, i=1,2, )
I, slg(s)lds < . 5)

The nonoscillatory behavior of solutions of neutral differential equations has been considered by different authors
in the past. This work was motivated by the paper of Yang, Zhang and Ge in [1] which is concerned with the
existence of nonoscillatory solutions of second-order differential equation of the form

(x(@®) —p@®x(—1))" + fi(t,x(0:(1))) — fo(t, x(02(0))) = 0 (6)

and T. Candan and R.S. Dahiya in [2] which is concerned with the existence of first and second-order neutral
differential equations of the form
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dk

L) + POx(t = D] + [ q1(6,Ox(t — )dE — [ g (t, wx(t — Wy = 0. (7)

In 2016, Candan [3] investigated nonoscillatory solutions of higher-order neutral differential equations of the
form

n-1)71"7]
r[[x0 — £ patexte - 0ae] "] | + 1 @ 66 0 =0

Neutral differential equations have numerous applications in natural sciences and engineering. Especially, neutral
differential equations arise in a variety of real world problems such as in the study of non-Newtonian fluid theory
and porous medium problems. In recent years, there have been many studies concerning the oscillatory and
nonoscillatory behavior of neutral differential equations. For example, Li, Pintus, and Viglialoro [4] studied
“Properties of solutions to porous medium problems with different sources and boundary conditions” in 2019.
Also, Liand Rogovchenko [5] studied “On the asymptotic behavior of solutions to a class of third-order nonlinear
neutral differential equations” in 2020. Many authors have investigated existence of oscillation and nonoscillation
solutions of neutral differential equations. Please, see [1-16] and references cited therein.

The purpose of this article is to give some sufficient conditions for the existence of nonoscillatory solutions of
(1) according to different cases of the range of p(t) by using Banach contraction principle.

Let To = min {t; — b, infrse, mingerq, p,1 01 (¢, &), infise, mingeq, 5,1 02(t, &)} for t; > t,. By a solution
of equation (1), we mean a function x € C ([T;, ), R) in the sense that x(t) — ffjp(t, Ex(t—&)dé

is two times continuously differentiable on [t;, «o] and such that equation (1) is satisfied for t > t;.

As is customary, a solution of (1) is said to be oscillatory if it has arbitrarily large zeros. Otherwise the

solution is called nonoscillatory.

2. Main Results

Theorem 2.1. Assume that (3) - (5) hold, P(t,¢) = 0 and f;P(t, &§)dé < p<1.Then (1) has a bounded
nonoscillatory solution.

Proof. Suppose (4) holds with d > 0. A similar argument holds for d < 0. Let N, = d.

Set

A={xeX: N, <x(t) < N,, t=ty}

where N1 and N, are positive constants such that

N; + pN, < Nj.

It is obvious that A is a closed, bounded and convex subset of X. Because of (3) - (5), we cantake at; > t,
sufficiently large such that t —b > t,, 0;(t,§) = to ¢ € [a;,by], i=1,2 for t > t; and

p + f::s[(bl —a1)q1(s) + (by —ay)q,(s)]ds < 0, <1, (8)
Iy, sl(by = a)fi(s,d) + 1g()I1ds < @~ Ny = pNy, ©)
and

I;. sl = a)fa(s, ) + 1g(9)lds < N, - a, (10)

where a € (N; + pN,, N,). Defineamapping S: A — X as follows:
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(o = [ Pt O)x(t = )dg = [7(s = O [[," fils, x(01(5, )
(Sx)(e) = ~ [V (s x(a (s ONdE - g()]ds,  t2 4

(Sx)(t1), to =t =ty

It is easy to see that Sx is continuous. For every x € Aand t > t; dealing with (10) we can get
SO®) = a— [} Pt Ox(t —dE — [P(s = 0) [, fu(s, x(01(5,)))dé
= Ju2 2 (5, x(03(5,))dE = g(5)| ds

< a+ [ sl(by — az)f>(s,d) + 1g(s)l] ds

< N,
and taking (9) into account, we can get
SO0 = a— [, Pt Ox(t - )dg - [7(s = D[, fuls,x(01 (5, £)))de

= Ju2 £z (5,x(02(5, E0)dE = g()] ds

> a —pNy — [, s[(by — ap)fi(s,d) + 1g(s)[1 ds
> Nj.
Thus we proved that SA < A. Now we shall show that S is a contraction mapping on A.

In fact, for x,y € A and t > t;, in view of (2) and (8) we have

S0 = (Y@ < [2 P&, O)lx(t — &) — y(t — E)lde

+ 175 = 0 [21f2(5,2(02(5,))) = fa(s,7(02(s5, ) déds
+ 175 = 0 [ 20 (5, )) = fi(s, ¥(01(s, ) dgds
< [P OIx(e - §) - y(t — )ldg

+ 175 [ u(9)x(01(5,) — y(o1(s, ) dds

+ 175 [ 2(9)|x(02(5, ) — y (02 (s, £)|déds

< e -yl (p+ I sl(by = a1)q1 () + (b2 — a2)q2(s) ] ds) < 6yllx -yl

which implies with the sup norm that
ISx = Syll < 041lx — yll.

Since 6; < 1, S is a contraction mapping on A. By Banach Contraction Mapping Principle, there exists a unique
fixed point x € A such that Sx = x, which is obviously a positive solution of (1). This completes the proof.

Theorem 2.2. Assume that (3) - (5) hold, P(t,é) <0 and —1 <p < f;P(t, &)dé. Then (1) has abounded
nonoscillatory solution.

Proof. Suppose (4) holds with d > 0. A similar argument holds for d < 0. Let N, = d.
Set

A= {x€X: N; <x(t)< N,, t=ty},
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where N3 and N4 are positive constants such that

N3 < (1—p)N,.

It is obvious that A is a closed, bounded and convex subset of X. Because of (3) - (5), we cantake at; > t,

sufficiently large suchthat t — b > ty, 0;(t,¢) = t, ¢ € [a;,b;], 1=1,2 for t > t; and

p + f:s[(lh —a;)q1(s) + (b —azx)q,(s)]ds < 6, <1, (11)
I sl(by = aDfi(s,d) +1g()l1ds < a— N, (12)

and

I, sl(b2 = a)fo(s,d) + 19Nl ds < A =pIN, —a, (13)

where a € (N3, (1 —p)—N,). Defineamapping S: A — X as follows:
(< = [ P(t E)x(t = )dE = [7(s = ) [ [} fu(s, x(01(5,©)))d
(Sx)(0) = ~ I fa (5, x(02(5, ONAE — ()] ds,  t= 1

\ (520 (e0), <t <t

It is easy to see that Sx is continuous. For every x € Aand t = t; dealing with (13) we can get

S0 = a— [ Pt Ox(t - )dg - [7(s = D[, fuls, 201 (s, £))de

= Jul 2 (5, x(02(5,)dE = g(s) | ds
< a+pNy+ [ sl(by — a2)fa(s,d) +1g(s)l1 ds < N,

and taking (12) in to account, we can get

SO0 = a— [ Pt Ox(t - §)dé = [7(s = 0) [, fu(s, x(01(5, )€
— 12 f2 (5, 2(02(5,))d§ — g(s)] ds
> a — [ sl(by — aD)fals,d) + g(s)l1 ds = Na.

Thus we proved that SA < A. Now we shall show that S is a contraction mapping on A.

In fact, for x,y € A and t > t;, inview of (2) and (11) we have

b
I60® - MO = [ (PG = —x - ©)lag

+ (s = ) [21fa (5, x(02(5,0))) — fo(s, ¥ (02(5,))) | dédls
+ 7= 0 [ x(01(5, ) — fis, ¥(01 (s, ) déds
< [2(=P(tO)Ix(t — &) —y(t — O)Id¢
+ 175 [ 0u(9)x(01(5,)) — y(o1(s, )] dds
+ 175 J) aa(9)x(02(s,§) — y(o2(s, ) déds
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IA

e =yl (p+ J,7 s[(bs — 21)q1(5) + (b — a2)q2(s) 1 ds)
< Oxllx =yl

which implies with the sup norm that

I1Sx — Syll < 6,llx — yll.

Since 6, < 1, S is a contraction mapping on A. By Banach Contraction Mapping Principle, there exists a unique
fixed point x € A such that Sx = x, which is obviously a positive solution of (1). This completes the proof.

Example 2.3. For t > 0 consider the equation
(%(®) - [ exp(=t = 39)x(t - £)dg) + [7 2exp(=Dx(t — 26)d§ — [ exp(—0)x(t — £)d§

= Zexp(—t) — exp(—t — 3) + 9 exp(—3t) + 16 exp(—4t). (14)

Notethat P(t, &) = exp(—t —3¢), o0,(t, &) =t —2¢, 0,(t,&) =t —¢&, fi(t,w) =2exp(—t)u, f,(t,u) =
exp(—t)u and g(t) = éexp(—t) —exp(—t — 3) + 9exp(—3t) + 16 exp(—4t). We can check that the
conditions of Theorem 2.1 are all satisfied. We note that x(t) = exp(—3t) + 1 is a nonoscillatory solution of

(14).
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