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Abstract

A. F. Horadam defined the complex Fibonacci numbers and Fibonacci quaternions in the
middle of the 20th century. Half a century later, S. Halıcı introduced the complex Fibonacci
quaternions by inspiring from these definitions and discussed some properties of them.
Recently, the elliptic biquaternions, which are generalized form of the complex and real
quaternions, have been presented. In this study, we introduce the set of Fibonacci elliptic
biquaternions that includes the set of complex Fibonacci quaternions as a special case, and
investigate some properties of Fibonacci elliptic biquaternions. Furthermore, we give the
Binet formula and Cassini’s identity in terms of Fibonacci elliptic biquaternions. Finally,
we give elliptic and real matrix representations of Fibonacci elliptic biquaternions.

1. Introduction

Real quaternions and complex quaternions were introduced by Hamilton in 1843 [1] and 1853 [2], respectively. The set of real
quaternions and the set of complex quaternions are represented as

H = {w = w0 +w1i+w2j+w3k : w0,w1,w2,w3 ∈ R} (1.1)

and

HC = {W =W0 +W1i+W2j+W3k : W0,W1,W2,W3 ∈ C}

respectively where the quaternionic units i, j and k satisfy

i2 = j2 = k2 =−1 , ij =−ji = k , jk =−kj = i , ki =−ik = j.

As a consequence of the representations given above, a complex quaternion W can be written as

W = w+ iw∗, i2 =−1 (1.2)

where w and w∗ are real quaternions.
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In 1963, n− th Fibonacci quaternion

Wn = Fn +Fn+1i+Fn+2j+Fn+3k

was introduced by changing the components in equation (1.1) with the consecutive Fibonacci numbers by Horadam. Also,
Horadam similarly defined the n− th Lucas quaternion

Tn = Ln +Ln+1i+Ln+2j+Ln+3k.

Here Ln and Fn are n− th Lucas number and n− th Fibonacci number, respectively [3].

On the other hand, the complex Fibonacci numbers were defined as

Cn = Fn + iFn+1, i2 =−1

in [3]. Then, Halıcı expanded this definition to the complex quaternions with the name ”n− th complex Fibonacci quaternion”.
Halıcı gave this definition by changing the real quaternions w and w∗ in the equation (1.2) with consecutive Fibonacci
quaternions Wn and Wn+1 as in the following [4]:

Rn =Wn + iWn+1, i2 =−1.

There are many studies on Fibonacci quaternions and complex Fibonacci quaternions in the literature. The readers are referred
to the studies [3]-[8] for these topics.

Recently, Özen and Tosun have expressed elliptic biquaternions comprising the complex and real quaternions [9]. The set of
them is given as follows:

HCp =
{

U =U0 +U1i+U2j+U3k : U0,U1,U2,U3 ∈ Cp
}

where Cp =
{

u+ Iv : u,v ∈ R, I2 = p, p ∈ R−
}

indicates the set of elliptic numbers. The system of elliptic numbers is a
one-parameter family of generalized complex number systems. The readers are referred to [10]-[14] for some interesting
studies on the generalized complex numbers and elliptic numbers.

For any two elliptic biquaternions U =U0 +U1i+U2j+U3k ∈HCp and V =V0 +V1i+V2j+V3k ∈HCp, addition and scalar
multiplication by λ ∈ Cp are given by

U +V = (U0 +V0)+(U1 +V1) i+(U2 +V2) j+(U3 +V3) k
λU = (λU0)+(λU1) i+(λU2) j+(λU3)k

and also, the multiplication of U and V is defined as in the following [9]:

UV = [(U0V0)− (U1V1)− (U2V2)− (U3V3)]+ [(U0V1)+(U1V0)+(U2V3)− (U3V2)] i
+[(U0V2)− (U1V3)+(U2V0)+(U3V1)] j+[(U0V3)+(U1V2)− (U2V1)+(U3V0)] k.

Moreover, the Hamiltonian, complex and total conjugates of U are as below:

U = U0−U1i−U2j−U3k
U∗ = U0

∗+U1
∗i+U2

∗j+U3
∗k

U† = U0
∗−U1

∗i−U2
∗j−U3

∗k

where superscript stars on U0, U1, U2 and U3 denote the usual complex conjugation. On the other hand, the semi-norm of U is
defined as [9]:

N(U) =U0
2 +U1

2 +U2
2 +U3

2.

In the next section, we introduce Fibonacci elliptic biquaternions and give their some properties. In the last section, we give
elliptic and real matrix representations of Fibonacci elliptic biquaternions.

2. Fibonacci elliptic biquaternions and their some properties

Thanks to [15], we know that p−complex Fibonacci numbers are given as in the following:

(Cp)n = Fn + IFn+1, I2 = p ∈ R
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where Fn is the n− th Fibonacci number. Here, we consider the case p ∈R− and call these numbers Fibonacci elliptic numbers.
Thus, n− th Fibonacci elliptic number is defined as

(Cp)n = Fn + IFn+1, I2 = p ∈ R−.

By following the method given in [4], we expand this definition to the elliptic biquaternions with the name ”n− th Fibonacci
elliptic biquaternion”. That is, n− th Fibonacci elliptic biquaternion is given by

(Up)n =Wn + IWn+1, I2 = p ∈ R−

where

Wn = Fn +Fn+1i+Fn+2j+Fn+3k

and

Wn+1 = Fn+1 +Fn+2i+Fn+3j+Fn+4k

are consecutive Fibonacci quaternions. Therefore, (Up)n can be written as follows:

(Up)n = (Fn + IFn+1)+(Fn+1 + IFn+2)i+(Fn+2 + IFn+3)j+(Fn+3 + IFn+4)k, I2 = p ∈ R−. (2.1)

As a consequence of the definition of Fibonacci elliptic numbers and the equation (2.1), (Up)n can also be given in the following
form

(Up)n = (Cp)n +(Cp)n+1i+(Cp)n+2j+(Cp)n+3k, I2 = p ∈ R−.

Thus, (Up)n includes a scalar part

S
(
(Up)n

)
= (Cp)n

and a vectorial part

V
(
(Up)n

)
= (Cp)n+1i+(Cp)n+2j+(Cp)n+3k.

The Hamiltonian, complex and total conjugates of (Up)n can be found as

(Up)n = (Cp)n− (Cp)n+1i− (Cp)n+2j− (Cp)n+3k
(Up)

∗
n = (Cp)

∗
n +(Cp)

∗
n+1 i+(Cp)

∗
n+2 j+(Cp)

∗
n+3 k

(Up)
†
n = (Cp)

∗
n− (Cp)

∗
n+1 i− (Cp)

∗
n+2 j− (Cp)

∗
n+3 k

where (Cp)
∗
n = Fn− IFn+1. From here, it can be easily seen that the following identities hold:

(Up)n +(Up)n = 2(Cp)n

(Up)n +(Up)
∗
n = 2Wn.

The semi norm of (Up)n can be given as in the following:

N
(
(Up)n

)
= (Cp)

2
n +(Cp)

2
n+1 +(Cp)

2
n+2 +(Cp)

2
n+3 .

If we use the identities

Fn−1 +Fn+1 = Ln, n ∈ Z+

and

F2
n +F2

n+1 = F2n+1, n ∈ Z

given in [16], we get

N
(
(Up)n

)
= (F2n+1 + pF2n+3 +F2n+5 + pF2n+7)+2I (Fn+1Ln+1 +Fn+3Ln+3) .

Note that we will show the set of Fibonacci elliptic biquaternions with FHCp throughout the paper. For negative indices, the
Fibonacci elliptic biquaternions can be given as in the following lemma.
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Lemma 2.1. For (Up)n ∈ FHCp, the equality

(Up)−n = (−1)n [(−Fn + IFn−1)+(Fn−1− IFn−2) i+(−Fn−2 + IFn−3) j+(Fn−3− IFn−4)k]

is satisfied.

Proof. By considering the definition of the Fibonacci elliptic biquaternions and the equality F−n = (−1)n+1Fn given in [17],
we can write the followings:

(Up)−n = (F−n + IF−n+1)+(F−n+1 + IF−n+2) i+(F−n+2 + IF−n+3) j+(F−n+3 + IF−n+4)k

=
(
F−n + IF−(n−1)

)
+
(
F−(n−1)+ IF−(n−2)

)
i+
(
F−(n−2)+ IF−(n−3)

)
j+
(
F−(n−3)+ IF−(n−4)

)
k

=
(
(−1)n+1Fn + I(−1)nFn−1

)
+
(
(−1)nFn−1 + I(−1)n−1Fn−2

)
i

+
(
(−1)n−1Fn−2 + I(−1)n−2Fn−3

)
j+
(
(−1)n−2Fn−3 + I(−1)n−3Fn−4

)
k

= (−1)n [(−Fn + IFn−1)+(Fn−1− IFn−2) i+(−Fn−2 + IFn−3) j+(Fn−3− IFn−4)k] .

Now, we give the following theorem which reveals an essential relation between the Fibonacci numbers and Fibonacci elliptic
biquaternions.

Theorem 2.2. (Binet Formula) For (Up)n ∈ FHCp, Binet formula is given as

(Up)n = (Up)1Fn +(Up)0Fn−1

where n≥ 0.

Proof. By direct calculation, the followings can be written easily:

(Up)1Fn +(Up)0Fn−1 = [(F1 + IF2)+(F2 + IF3) i+(F3 + IF4) j+(F4 + IF5)k]Fn

+[(F0 + IF1)+(F1 + IF2) i+(F2 + IF3) j+(F3 + IF4)k]Fn−1

= F1Fn +F2Fni+F3Fnj+F4Fnk+ I (F2Fn +F3Fni+F4Fnj+F5Fnk)
+F0Fn−1 +F1Fn−1i+F2Fn−1j+F3Fn−1k+ I (F1Fn−1 +F2Fn−1i+F3Fn−1j+F4Fn−1k)

= [(F0Fn−1 +F1Fn)+ I (F1Fn−1 +F2Fn)]+ [(F1Fn−1 +F2Fn)+ I (F2Fn−1 +F3Fn)] i
+[(F2Fn−1 +F3Fn)+ I(F3Fn−1 +F4Fn)] j+[(F3Fn−1 +F4Fn)+ I(F4Fn−1 +F5Fn)]k.

Using the identity

FnFm +Fn+1Fm+1 = Fm+n+1, m,n ∈ Z+

given in [5] and the equalities

F0Fn−1 +F1Fn = 0Fn−1 +1Fn = Fn

and

F1Fn−1 +F2Fn = 1Fn−1 +1Fn = Fn−1 +Fn = Fn+1,

the proof is completed.

Theorem 2.3. (Cassini’s Identity) For (Up)n ∈ FHCp, Cassini’s identity is given as

(Up)n−1(Up)n+1− (Up)
2
n = (−1)n (2W1−3k− pF2

1 T0− pF2W0 +3pF2
)
+ I (Wn−1Wn+2−WnWn+1)

where n≥ 1.

Proof. By direct calculation, we get

(Up)n−1(Up)n+1− (Up)
2
n = (Wn−1 + IWn)(Wn+1 + IWn+2)− (Wn + IWn+1)

2

= Wn−1Wn+1 + pWnWn+2 + I (WnWn+1 +Wn−1Wn+2)−
(
W 2

n + pW 2
n+1 +2IWnWn+1

)
= Wn−1Wn+1−W 2

n + p
(
WnWn+2−W 2

n+1
)
+ I (Wn−1Wn+2−WnWn+1) .
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Using the identities

Wn−1Wn+1−W 2
n = (−1)n (2W1−3k)

and

Wn+1−rWn+1+r−W 2
n+1 = (−1)n−r [F2

r T0 +F2r (W0−3r)
]
( f or r = 1)

given in [5], the proof is completed.

3. Matrix representations of Fibonacci elliptic biquaternions

In this section, elliptic and real matrix representations of Fibonacci elliptic biquaternions are given by emphasizing the
isomorphisms which determine these matrix representations.

3.1. 2x2 and 4x4 elliptic matrix representations of Fibonacci elliptic biquaternions

Thanks to Özen and Tosun [18], we know that there is a faithful relation between the elliptic biquaternions and 2x2 elliptic
matrices. Every elliptic biquaternion U =U0 +U1i+U2j+U3k ∈ HCp has a 2x2 elliptic matrix representation

σ (U) =

 U0 +
1√
|p|

IU1 −U2− 1√
|p|

IU3

U2− 1√
|p|

IU3 U0− 1√
|p|

IU1


which is determined by means of the following linear isomorphism [18]

σ : HCp → M2×2 (Cp)

U → σ (U) =

U0 +
1√
|p|

IU1 −U2− 1√
|p|

IU3

U2− 1√
|p|

IU3 U0− 1√
|p|

IU1

 .
Let us consider the restriction of this isomorphism to the set of Fibonacci elliptic biquaternions. Then we get the following
isomorphism:

σ
∗ : FHCp → σ (FHCp)⊂M2×2 (Cp)

(Up)n → σ
∗ ((Up)n

)
=

 (Cp)n +
1√
|p|

I(Cp)n+1 −(Cp)n+2−
1√
|p|

I(Cp)n+3

(Cp)n+2−
1√
|p|

I(Cp)n+3 (Cp)n−
1√
|p|

I(Cp)n+1

 .
Thus, we can give the following definition by using the equality I2 = p =−

√
|p|
√
|p|.

Definition 3.1. The matrix
(

Fn−
√
|p|Fn+2

)
+ I
(

1+ 1√
|p|

)
Fn+1

(
−Fn+2 +

√
|p|Fn+4

)
− I
(

1+ 1√
|p|

)
Fn+3(

Fn+2 +
√
|p|Fn+4

)
+ I
(

1− 1√
|p|

)
Fn+3

(
Fn +

√
|p|Fn+2

)
+ I
(

1− 1√
|p|

)
Fn+1


derived from σ∗

(
(Up)n

)
is called 2x2 elliptic matrix representation of (Up)n.

On the other hand, there is an isomorphism between the matrix space M =




X0 −X1 −X2 −X3
X1 X0 −X3 X2
X2 X3 X0 −X1
X3 −X2 X1 X0

 : X0,X1,X2,X3 ∈ Cp


and the elliptic biquaternion space HCp [19]:

γ : HCp → M

U → γ (U) =


U0 −U1 −U2 −U3
U1 U0 −U3 U2
U2 U3 U0 −U1
U3 −U2 U1 U0

 .
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Similarly above, if this isomorphism is restricted to the set of Fibonacci elliptic biquaternions, it is not difficult to see the
following isomorphism

γ
∗ : FHCp → γ (FHCp)⊂M

(Up)n → γ
∗ ((Up)n

)
=


(Cp)n −(Cp)n+1 −(Cp)n+2 −(Cp)n+3
(Cp)n+1 (Cp)n −(Cp)n+3 (Cp)n+2
(Cp)n+2 (Cp)n+3 (Cp)n −(Cp)n+1
(Cp)n+3 −(Cp)n+2 (Cp)n+1 (Cp)n

 .
Then, we can give the following according to definition of n− th Fibonacci elliptic number.

Definition 3.2. The matrix
Fn + IFn+1 −Fn+1− IFn+2 −Fn+2− IFn+3 −Fn+3− IFn+4

Fn+1 + IFn+2 Fn + IFn+1 −Fn+3− IFn+4 Fn+2 + IFn+3
Fn+2 + IFn+3 Fn+3 + IFn+4 Fn + IFn+1 −Fn+1− IFn+2
Fn+3 + IFn+4 −Fn+2− IFn+3 Fn+1 + IFn+2 Fn + IFn+1


derived from γ∗

(
(Up)n

)
is called 4x4 elliptic matrix representation of (Up)n.

3.2. 8x8 real matrix representations of Fibonacci elliptic biquaternions

In the study [20], Özen and Tosun obtained 8x8 real matrix representation of an arbitrary elliptic biquaternion in the space
HCp. However, the isomorphism that determines this representation was not emphasized with its domain and range in this
study. So, we are not able to apply the method of restriction as in the previous subsection. Here we give particular importance
to get an isomorphism whose domain is FHCp and whose range is a special 8x8 real matrix set. Because of this, we need
some preparation.

From [21], it is known that there is an isomorphism between the elliptic matrix set M4×4(Cp) and real matrix set MΩ
8×8(R) as

in the following:

ψ : M4×4 (Cp) → MΩ
8×8 (R)

A = A1 + IA2 → ψ (A) =
[

A1 −
√
|p|A2√

|p|A2 A1

]

where MΩ
8×8 (R) =

{[
G −

√
|p|H√

|p|H G

]
: G,H ∈M4×4 (R)

}
.

Since γ (FHCp) ⊂ M ⊂ M4×4 (Cp), we can restrict the isomorphism ψ to the set γ (FHCp). If we do this, we have the
isomorphism ψ∗ : γ (FHCp) → ψ (γ (FHCp))⊂MΩ

8×8(R). To obtain 8x8 real matrix representations of Fibonacci elliptic
biquaternions is the aim of us. To do so, we write γ∗

(
(Up)n

)
as follows:

γ
∗ ((Up)n

)
= B1 (n)+ IB2 (n)

where

B1 (n) =


Fn −Fn+1 −Fn+2 −Fn+3

Fn+1 Fn −Fn+3 Fn+2
Fn+2 Fn+3 Fn −Fn+1
Fn+3 −Fn+2 Fn+1 Fn

 ∈M4×4 (R)

and

B2 (n) =


Fn+1 −Fn+2 −Fn+3 −Fn+4
Fn+2 Fn+1 −Fn+4 Fn+3
Fn+3 Fn+4 Fn+1 −Fn+2
Fn+4 −Fn+3 Fn+2 Fn+1

 ∈M4×4 (R) .

Then, the compound function δ = ψ∗ ◦ γ∗ yields the following isomorphism:

δ : FHCp→ ψ (γ (FHCp))⊂MΩ
8×8(R)

(Up)n→ δ
(
(Up)n

)
=

[
B1 (n) −

√
|p|B2 (n)√

|p|B2 (n) B1 (n)

]
.

Consequently, we can give the following definition.
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Definition 3.3. The real matrix

Fn −Fn+1 −Fn+2 −Fn+3 −
√
|p|Fn+1

√
|p|Fn+3

√
|p|Fn+3

√
|p|Fn+4

Fn+1 Fn −Fn+3 Fn+2 −
√
|p|Fn+2

√
|p|Fn+4

√
|p|Fn+4 −

√
|p|Fn+3

Fn+2 Fn+3 Fn −Fn+1 −
√
|p|Fn+3 −

√
|p|Fn+1 −

√
|p|Fn+1

√
|p|Fn+2

Fn+3 −Fn+2 Fn+1 Fn −
√
|p|Fn+4 −

√
|p|Fn+2 −

√
|p|Fn+2 −

√
|p|Fn+1√

|p|Fn+1 −
√
|p|Fn+2 −

√
|p|Fn+3 −

√
|p|Fn+4 Fn −Fn+1 −Fn+2 −Fn+3√

|p|Fn+2
√
|p|Fn+1 −

√
|p|Fn+4

√
|p|Fn+3 Fn+1 Fn −Fn+3 Fn+2√

|p|Fn+3
√
|p|Fn+4

√
|p|Fn+1 −

√
|p|Fn+2 Fn+2 Fn+3 Fn −Fn+1√

|p|Fn+4 −
√
|p|Fn+3

√
|p|Fn+2

√
|p|Fn+1 Fn+3 −Fn+2 Fn+1 Fn


derived from δ

(
(Up)n

)
is called 8x8 real matrix representation of (Up)n.

4. Conclusion

In this study, Fibonacci elliptic biquaternions and their some properties are introduced. Also, Binet formula and Cassini’s
identity are given in terms of Fibonacci elliptic biquaternions. Moreover, real and elliptic matrix representations of Fibonacci
elliptic biquaternions are derived.

When p = −1, the set of elliptic numbers matches up with the set of complex numbers. In that case, the set of elliptic
biquaternions is reduced to the set of complex quaternions. Therefore, Fibonacci elliptic biquaternions can be seen as
generalized form of complex Fibonacci quaternions that take an important place in the literature.

The use of matrix techniques gives us many advantages in many areas of science. In this respect, this study can be seen as the
first step of the future studies which will be presented by using the matrix representations of Fibonacci elliptic biquaternions.
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