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Abstract

In this paper, we study the special tube surfaces generated by rectifying curves with respect
to the Darboux frame in terms of the geodesic curvature, the normal curvature and the
geodesic torsion in Galilean 3-space. During this study we establish some definite results
of geodesics on specific tube surfaces with the help of Clairauts theorem in detail and
we compute the Gaussian curvature and the mean curvature of the special tube surfaces
with respect to the Darboux frame. After that, considering the geodesic conditions and
the curvatures of the special tube surface, we give some theorems for the rectifying curves
with v—parameter (and w—parameter) being a geodesic curve and an asymptotic curve,
respectively.
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1. Introduction

Recently, curves and surfaces in Galilean space have been a current research topic
for many researchers. For example, the rectifying curves play some important roles in
mechanics, kinematics as well as in defining the curve of constant precession, and the
position vector of a rectifying curve is always in the direction of the Darboux vector.

Geodesics are widely studied in Riemannian geometry through metric geometry and
general relativity. In other words, the curves with stationary arc length between two
given points X and Y are called the geodesic lines, and they are determined by the
solutions of geodesic differential equations, to construct these differential equations we
shall use variational calculus and Lagrange equations. Also, geodesic equations are given
with constancy of motion in the form of energy with many approaches externalizing the
significant use of energy, as introduced in many books [12, 14, 16].

In considering the mathematical problem of geodesics on the tube surface generated by
rectifying curve with the Darboux frame, there is an important advantage conceptually
that derives from taking a physicist’s point of view by interpreting parametrized geodesics
as the paths traced out in time by the motion of a point on the tube surface by identifying
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the time parameter. This combination of the constants of the motion is of course also
constant along a geodesic. The existence of this constant is a conclusion of the one-
parameter rotational group of symmetries of the tube surface, like this, a constant of the
movement introduces a new thing when the surface is invariant under any one-parameter
group of symmetries, which is seen in the variational approximate to the geodesic equations
easily. Mathematically, this quantity is a constant obtained by Clairaut for geodesic
movement on the surface defined in a coordinate system adapted to this one-parameter
group of symmetries [14].

Many studies of tube surfaces, including rectifying curves, the Darboux frame, geodesic
curve, Mean curvature, Gaussian curvature, have received much attention from our re-
searchers. Among them, we can cite our work [4], we described the rotational surfaces
using curves and matrices which are the subgroups of rotating a selected axis in Galilean
4-space. We also refer to [19]. We examined the tube surfaces generated by the curve
in Galilean 3-space and gave certain results of describing the geodesics on the surfaces
[3,5]. Besides, we obtained conditions being geodesic on the tubular surface with the help
of Clairauts theorem. We also studied the linear Weingarten surfaces and H K-quadric
surfaces, harmonic surfaces using the Gaussian and mean curvatures of tubular surfaces
generated by rectifying curves in Galilean 3-space [2]. In our study [6] we expressed the
specific kinetic energy, the specific angular momentum, and conditions being geodesic on
rotational surface generated by a magnetic curve with the help of Clairaut’s theorem with
the Killing magnetic field. We also refer to [7]. Dede defined the tubular surfaces and
the differential properties of tube surfaces in Galilean space [8]. Ali determined the po-
sition vector ofan arbitrary curve with respect to the Frenet frame in Galilean 3-space.
Also, the author deduced in terms of the curvature and torsion, the natural representa-
tion of the position vector of an arbitrary curve being a plane curve, helix, general helix,
Salkowski curves and anti-Salkowski curves in Galilean space, respectively [1]. Milin-Sipus
and Divjak [13] developed the local theory of surfaces immersed in the pseudo-Galilean
space, a special type of Cayley-Klein spaces, and they studied surfaces of constant cur-
vatures. Kasap and et al. [10], analyzed a family of surfaces from a given space-like(or
time-like) geodesic curve using the Frenet frame of the curve in Minkowski space, and they
expressed the surface family of a linear combination of the components of this framework.
Also, they gave necessary and sufficient conditions for the coefficients to meet both ge-
odesic and isoparametric requirements. Kim and Yoon [11] classified the ruled surfaces
in L?—spaces which satisfy some algebraic equations in terms of the Gaussian curvature.
Karacan and et al. [9], Saad and et al. [17] studied the geodesics and surfaces in Minkowski
space.

The aim of this work is to introduce the special tube surfaces produced by rectifying
curves with respect to the Darboux frame in Galilean 3-space using Clairaut’s theorem. We
organise this study as follows: Section 2 provides some preliminary definitions and theorem
useful for the reader. In Section 3, we characterize an isotropic rectifying curve generated
by the Galilean Darboux frame in G3. In Section 4, we give some characterizations for the
specific tube surfaces generated by a rectifying curve with the Darboux frame in Galilean
3-space with help of the Clairaut’s theorem. Furthermore, by using the Gaussian and the
mean curvatures of specific tube surfaces and the Euler-Lagrange equations, we investigate
the relation between the rectifying curves with v—parameter (and w—parameter) and
special curves such as geodesics and asymptotic curves on the special tube surfaces.

2. Preliminaries

The classical context of Euclidean space is the source of results that can be transferred
to some other geometries. One way of describing new geometries is Cayley-Klein spaces.
Projective spaces are expressed as P, R, and this is expressed by an absolute shape that
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is a subset of P, R which occurs as a sequence of quadric and planes 1. The projective
space, P, R, has invariants as the absolute shape definition for the subgroup of projections.
It is called the Cayley-Klein space motion group. Thanks to the absolute shape, metric
connections are defined and invariant under the motion group.

The scalar product of the vectors U = (uj,ug,us), V = (v1,v2,v3) in G3 is defined as
follows

if 0 0
(U,V) = U1 1' up #0orv # . (2.1)
ugve +uyvy, if up =0,v7 =0
The cross product is given in Galilean space as
UxV— (0, v1ug — v3ul, vou — VIU2) , %ful %0 or vy 750‘ (2.2)
(vsug — vous,0,0), ifu; =0,v1 =0

Let 5: 1 C R — G35 be a curve parametrized by arc length with curvatures x > 0, 7.
Then, for the curve f(w) = (w,y(w),z(w)) the vectors of the Frenet-Serret frame are
defined by

t/ /
) = ) = (1 (), (w)imw) = ) = 2,
where the real-valued function x(w) =|| ' (w) || is given as the first curvature of the curve
B, the second curvature function is defined as 7(w) =| n/(w) ||. For the curve in Gj,
Frenet-Serret equations can be written as follows
t' = kn,n’ =7b,b/ = —7n. (2.3)
Furthermore, a surface © = O(w,v) in G3 is given by
O(w,v) = (z(w,v),y(w,v), 2(w,v)). (2.4)
Then, the unit isotropic normal vector field n on ©(w,v) can be expressed as
0,4 X 06
n= = = ) (25)
10w % O]l

where the partial differentiation with respect to parameters w and v have the following
forms

_ 00(w,v) _ 06(w,v)
Ow="3y 1Ov="5, (26)

The isotropic unit vector J is expressed on the tangent plane of the surface given by

I7v@7w — x7w@7v

o= 2.7
= ; (2.7)
where x,, = w, Ty = Bx%’”) and W = [|© 4, X O 4.
Let us define
91 =T, 92 =T, Gij = 9igj; ' = u’)”;g2 = f;g” =g'9’;i,j=1,2 (2.8)
hi = (0%,,07,)  hs = (07,07, ) 1ha = (67,07, (2.9)

where ©%, and ©7, are vector projections O, and © , onto the yz-plane. The distance
square form ds? is given on the surface ©(w,v) as

ds® = ds% + ds% = (g1dw + ggdv)2 +e (hnde + 2h1odwdv + h22dv2) , (2.10)
herein

. {0, dw : dv non-isotropic (2.11)

1, dw : dv isotropic
[12,14,15].
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The coefficients of ds? are denoted by g;j» which can be represented in terms of g; and
hi; as follows
W = gihas — 29192h12 + g5ha1.
The Gaussian curvature and the mean curvature of a surface are defined by the coeffi-

cient L;; of the second fundamental form, which are the normal components of © ; (i, j =
1,2)

2
O, = ZFZG,I@ + Lijn, (2.12)
k=1
where Ffj is the Christoffel symbols and L;; are given as follows

1 1
Lij= —(q19%, — 9i,;0%,m) = — (9207, — 6i,;0%,n) . (2.13)

91 92

From this, the Gaussian curvature K and the mean curvature H are given as

_ M - 95L11 — 2g192L12 + g3L3,

172

K 112
w w

(2.14)
[16].

Definition 2.1 ([18]). Let 8 : I C R — S C G3 be a unit-speed curve and let ?,6,7

be the Darboux frame fields. Then, the system {?, ,W} is an orthonormal frame and
the vectors of the Galilean Darboux frame are given as

t'=keQ + knn; Q' = gm0’ = —7,Q, (2.15)

here k, and k,, are called the tangential and normal component of the curvature vector
respectively. Also, these functions are called as the geodesic curvature and the normal
curvature respectively. These vectors yield a unit tangent vector field ¢ of the curve 8 on
S and units of normal vector field n at the point B(w) of § and @ = n Xg, t, the frame
{t,Q,n} is called the Darboux frame or the tangential-normal frame field.

Definition 2.2 ([12]). A vector = (x1, z2,x3) is called non-isotropic if 1 # 0. All units
isotropic vectors are of the form x = (1, x2,x3). For isotropic vectors, z; = 0 holds.

Theorem 2.3 ([14]). (Clairauts Theorem) Let 3 be a geodesic on a surface of rotation S,
let p be the distance function of a point of S from the azis of rotation, and let 6 be the
angle between B and the meridians of S. The psinf is constant along B. Conversely, if
psind is constant along the curve B on the surface, and if no part of B is part of some
parallel of S, then B is a geodesic curve.

3. Characterization of isotropic rectifying curves with the Darboux frame
in Gg

In this section, we characterize an isotropic rectifying curve with vector fields tangen-
tial component and binormal component in terms of their curvatures using the Galilean
Darboux frame in G3. By definition, the position vector of the curve satisfies the equation

Blw) = S0t + 216; Yo(w), X1 (w) € C, (3.1)

and differentiating the equation (3.1) with respect to w and using the Frenet equations
(2.15), we obtain
- o -
t =%t + (Eok'g + 21) 6 + (Eok‘n + 217'9) ﬁ (32)
It follows that
Yo =1; Egkg + X1 = 0; X0k, + 217'9 =0, (33)
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and therefore

—k,
Eo—c—i—w;El——/kg(c+w)dw+02and21—(w—i_c), (3.4)

Tg

where ¢,co € Rg. In this way o(w) and 3;(w) are expressed in terms of curvature
functions kg, k,, and 7, of the rectifying curve . Furthermore, by using the last equation
in (3.3) and relation (3.4), we easily find that the curvatures kg, k, and 7, satisfy the
equation

Ty {/kzg (c—I—w)dw—i—cQ}—kn(w—i-c):O. (3.5)

Conversely, assume that equation (3.5) is satisfied. Then, we can write the curve

a(w) = B(w) = ST — 1 G

with the functions Xg(w), X1 (w) € C* as in the equation (3.4). Since o' = 0, we can say
that 5 is congruent to an isotropic rectifying curve.
Hence, we can write the position vector as

B(w) = (¢ +w) T + <—/kg (c+w)dw+02) o]
or
B(w) = (c+w) ¥ + (W) q. (3.6)
g
If the curve 3 is a geodesic, k; = 0 and from (3.5) we get

catg (W) —kp (W) (w+c¢) =0=k, =c2 79

3.7
w4 ¢’ (3.7)

and since the equation k2 = kg + k2 is satisfied for the Galilean Darboux frame, by

considering the equations k; = 0 and k,, = co wTj’rc the curvature k of the curve (8 is found
as

Tg

K= *tco (3.8)

w+c
Therefore, from (3.8) and (3.7) we get kK = tk,.
In this way, we obtain the following theorem.

Theorem 3.1. Let : I C R — G3 be a smooth isotropic curve with curvatures k(w) > 0,
T in Gs. If B is a rectifying curve generated by the Galilean Darboux frame, then the
following statements hold:

(1) The position vector of the curve [ is given by

Blw) = (c+w) T + (— / kg (w) (¢ + w) duw + 02> o]

or

Bw) = (c+ w)? _ (kn(w)(w> 6

Tg

(2) B is congruent to an isotropic rectifying curve, if and only if

7y (W) {/kg(w) (c+ w) dw+02} — kp (w) (w+¢) =0,¢, ¢ € Ry.

(3) If the curve S is a geodesic curve, the normal curvature and the curvature k are
given as

-
kn,=4rk==+ J_.
" " Qw+c
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4. The special tube surfaces generated by the rectifying curve with the
Darboux frame in G;

In this section, we present tube surfaces generated by a rectifying curve with the Dar-
boux frame in three-dimensional Galilean space. Furthermore, we compute the Gaussian
and mean curvature of tubular surface with the Darboux frame, by using Clairaut’s the-
orem we investigate the relation between the curves with v—parameter (and the curves
with w—parameter) and special curves such as geodesics, asymptotic curves on the specific
tube surfaces with the Darboux frame.

A canal surface is expressed as one-parameter set of spheres, whose center is described
by a radius function p and the orbit § (w), in addition to parametrizing the spine curve
via the Frenet frame. If the radius function p is constant, the canal surface is called the
tube or tubular surface [8].

We know that a tube surface ©(w,v) of radius p around S(w) is the set of points at
a distance A from [(w), such that S(w) is a center curve on the surface O(w,v), R is a

point on the surface ©(w,v) and { t', J, W} is Frenet frame at R € ©(w,v). Then, since
the characteristic circles of canal surface lie in the plane which is perpendicular to the
tangent of center curve S(w), we can write tube surface with Darboux frame in G3 as

_>
R=p3(w)+p=p=Alcosvn +sinvb), (4.1)
where v is the Euclidean angle between isotropic vectors; 7 and 7 lie in the Euclidean

normal plane of the curve g (w).

Theorem 4.1. Let 8 be an isotropic rectifying curve with the curvatures k > 0,7 in G3,
and let ©(w, v) be the tube surface generated by the curve 3 with the Darbouz frame. Then,
the following statements hold:

(1) The tube surface ©(w,v) with the Darboux frame is parametrized by
kn(w + C)

+ Asin vﬁ
Tg

O(w,v) = (w+ c)?> + Acosvn + (—

(2) The Gaussian curvature K and the mean curvature H are respectively given as

—sinwv (2/@,-}—(11)—}—6)%) — cosv (kn + (w + ¢)kgTg) I -1

A ) = ﬂa
where this family of the tube surface has constant mean curvature.
(3) The first fundamental form of the surface © is given by

I =2w° + (1)2o2.
2H

(4) If B(w (s)) is a geodesic curve on O(w (s),v), the following statements satisfy:
(i) If the curve B is a geodesic with v—parameter on the surface ©(w,v), then

K (w,v) =

v=2cH?s+dy or v = 2H/sin9d5.
(ii) If the curve B is a geodesic with w—parameter on the surface ©(w,v), then
w = /COSHdS or w = %s—&—dL

(iii) If the rectifying curve B is a geodesic on the surface ©(w (s),v), then
K (w,v) = 2Hk (w) cos v,

where c;,d; € R and 6 is the angle between the meridian 3 and Ny(s)-
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Proof. Let us first assume that ©(w,v) is the tube surface generated by the rectifying
curve 8 with the Darboux frame. From (4.1), the surface is given by the parametrization

O(w,v) = B(w) + A(cos v + sin va), (4.2)

where v is the angle between the isotropic vectors 7 and Z Also, from the equation
(3.1) satisfying the condition (3.5), the tube surface is written as

O(w,v) = (w+ c)?> + Acosvn + (— / kg (c+w)dw + co + Asinv)a (4.3)
or
O(w,v) = (w—l—c)?—i—Acosz—%— (—M —{—Asinv)a. (4.4)
Tg

The tangent space of the tube surface ©(w, v) given by the equation (4.4) at an arbitrary
point of ©(w,v) is spanned by

Ow :?+((w+c)kz — AcosvTy) a—F(TgAsinv)ﬁ:Ns; (4.5)
©, = A(cos v@ —sinv) = AN, (4.6)
Subsequently, the vector cross product is obtained as
0 €3 €3
B (w+ c)kg : _ : )
Ouw Xg, Oy = |1 ( ~Acosvr, T4Asinv | = A(0,sinv, cosv); (4.7)
0 Acosv —Asinv
H@wxc3@v::A. (4.8)

By using equations (4.7) and (4.8), the unit isotropic normal vector 1 of ©(w, v) can be
expressed as follows

7 = sin va + cosvT. (4.9)

Furthermore, from (2.7) we obtain the equation 6 = 779“ = sinv7T — cos va, and since

7 and a are the isotropic vectors, the Galilean Frenet frame consideration leads to,

r(w,v) =w+c;zy =1 = g1;2, = 0= go;

—1
g11=1,912=0,920 =0;¢' =0,¢9° = R (4.10)

hii = 1,hia = 0, hoy = A2, (4.11)

It is possible to calculate the second fundamental form of ©(w,v), which leads to the
following equations

dk, d
Oww = <2k: + (w+e) 2 — Acosvi - T2ASIHU)

dw
d
+ (kn + (w + c)kyry — AT2 cosv + CTZA sin v) 7 (4.12)
Opy = A(—sin va — o8V ); Oy = Ty A sin va +1yAcos v . (4.13)

The second fundamental form coefficients can be calculated from (2.13) by using the
equations (4.9), (4.12), (4.13). Then, we get

dkg
Ly = @ww-G377 =sinv (Qk + (w+c¢) dw) + cosv (kn + (w + ¢)kgTy) — AT;;

Loy = —A; L1g = 14A. (4.14)
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Hence, from (2.14) the Gaussian curvature K and the mean curvature H are obtained
as

—sinv ( 2k +(w+c)% —cosv (kp + (w + ¢)ky7y)
K (w,v) = (2% dw >A " 997 . (4.15)
2 2
_ 95Lu —2g9192L12 + g1 Loy~ -1
H= 5002 =571 (4.16)
For the geodesic rectifying curve since %jc) =constant and £k, = 0, we can write

K (w,v) = 2Hk, cosv = 2Hk (w) cos v.

After substituting (4.10) and (4.11) into (2.10), for the first fundamental form of the
tube surface the coefficients can be obtained as follows:

1 2
I = dw? 2 2
dw® + ¢ <dw + <2H> dv® |,
by means of Galilean geometry, we get

1 2
I = 2dw® + <2H> dv?e =1. (4.17)

Since 7, # 0, for (w%)k" = 74 the first fundamental form has two variable parameters.
It is also important to note that the parametrization coordinates are orthogonal since
the first fundamental form is diagonal and Lagrangian can be obtained from the first
fundamental form. Then, we have

2w’ + <1>2@2 ~ L. (4.18)
2H
The trajectories of moving particles on O(w (s),v) are determined by the following
equations:
0 ([ oL oL 0 (0L oL
ds (‘%’99) " ow (s);% (gg) T o’ (4.19)

These equations are called as the Euler-Lagrange equations. The particular solution
providing the initial value of differential equations in (4.19) is a geodesic 3 passing through
initial point (w(sg), v(sp)) and the end point (w(s1),v(s1)).

From Theorem 2.3, the geodesics on the tube surface can be obtained by using the
Euler-Lagrange differential equations as follows:

0 oL _ _OL __ : OL  __ A, — :
(1) For 4 (%’@) = Ju(s = 0, we obtain TulT = 4w =constant, which means

w(s) = %s +dyorw(s) = % (4.20)

2 2
(2) For % <%f) = g—% = 0, we can obtain % (2 (ﬁ) i}) = 0, which means 2 (ﬁ) v

is constant along the geodesic and leading to
v=2H%cy8+dy or v = 2H?cs. (4.21)
Let f(w) be a geodesic on the surface O(w (s),v). Meanwhile, let § be the angle between
p which is a meridian and N, (), and Ny is the vector pointing along parallels of ©. Thus,

it can be said that {N,, N, } has an orthonormal basis and the unit tangent vector f can
be written as

: : . . 1
B = Nycos+ N,sinf = w (s) Oy + 10, = w (s) Ny — vﬁNv.
It can be seen that ﬁi} = —sin 6, and we can also write as (2;)2 v = —ﬁ sin §=constant

along f(w(s)). On the contrary, S(w(s)) is a rectifying curve satisfying the condition
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1
(2H)?
the equation L, substituting in the first Euler Lagrange equation. After that we obtain

v =constant, then the second Euler-Lagrange equation is satisfied and differentiating

v= —2H/sin ds. (4.22)

Furthermore, the equation w = s+ d; can be written as w = 9. It is also possible
to see that w (s) = cosf. Hence, we can write 4w = 4 cos f=constant along the rectifying
curve S(w (s)). If f(w(s)) is a rectifying curve satisfying the condition 4 cos # =constant,
then the first Euler-Lagrange equation is satisfied and derivative of the equation L is taken,
substituting in the second Euler Lagrange equation. Hence, we get

w = /cos fds, (4.23)
where ¢;, d; € Ry. O
Theorem 4.2. The general equations of geodesics on the tube surface © (w,v) in G3 are

given by the following equations:

(1) For the parameters v = 2H?cys+dy or v = —2H [ sin0ds, the following equations
are satisfied

d 1 d -1
@ VIl —He; or &0 = = L1 —sin20;c3 € Ry (4.24)

dv 2v2c3 H? dv 2H+/2sin 6
and the curve B is also geodesic with v—parameter.

(2) For the parameters w = [cosfOds or w = s + di, the following equations are
satisfied

d d —2H
Qo —csH /Loy — %4 or 22 — V' Ly —2cos?0;cs5,c4 € Ry (4.25)

dw dw ~ cosf
and the curve B is also geodesic with w—parameter, where H is the mean curvature
on the tube surface O(w,v), 6 is the angle between the meridian  and Nuy(s)-

Proof. In order to obtain the general equation of geodesics, we can taken into consider-
ation the Euler-Lagrange equations in (4.19) together with metric on the tube surfaces
in Galilean 3-space. From the solving of the differential equations in (4.19), we have the
following cases:

(1) For the parameters v = 2H?cys + dg or v = —2H [ sin fds, the geodesic equation

can be obtained by solving the differential equation % % = g—ﬁ, leading to
ds
0 = 2H?cy or v = —2H sinf. Also, if we substitute ¢ into the equation 20° +
2
(ﬁ) Vv’ = L1 2, then we get
dw dv\? 1 \2 /dv\?
(ww) () (&) =
dv ds 2H ds
Furthermore, we obtain the general equations of geodesic as % — VIiHPe )
2v/2c3H?
dw _ —+/L1—sin? 0
dv = 24/2Hsinf

(2) For the parameters w = [ cosfds or w = ¢ s + di obtained by solving the differ-

o Fiw = cosf. If w is added to
s

the Lagrangian equation, the following equation can be written

dw\ 2 o [ dv dw\?

ential equation % <‘9L ) = %7 we can write w =
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Hence, the general equations of geodesic on © is written as j—; =—csH,/Ls — %

—2H~+/Lo—2cos? 0
or % = —Y 2 "—— where ¢;,d; € R.

g

Corollary 4.3. Let 8 be a regular rectifying curve in G3 with curvatures k > 0,7 and let
O(w,v) be the tube surface generated by the rectifying curve B with the Darboux frame.
Then, the following statements hold:

(a) The rectifying curves with v—parameter on O(w,v) are also geodesic curves.
(b) The rectifying curves with w—parameter on ©(w,v) are geodesic curves if and only
if kg, kn and 74 satisfy the following condition

74 (W) = —2H/ ( <2kg + (w + C)%) cosv — (kp + (w + c)ky7y) sinv ) dw,
where H is the mean curvature on the surface ©.

Proof. Let’s find the expressions ©,, X, M Ouw X, M for the curve 8 with v—parameter(
3 3

and w—parameter) on the tube surface O(w,v).
If the curve with v— parameter is a geodesic curve, then the equation ©,, X, n=0is
3

satisfied. Hence, we get ©y, x , 7 =0 by using the expression Oy, X 7.
3 3

If the curve 8 on the surface is the geodesic curve with w-parameter, from the equations
(4.12) and (4.9), we get

B (Zk: +(w+c)%—%(w>)cosv —
Ouw X, 1= ( — (kn - (gw - c)kgrgd—ngﬁz Ek"(fjg )) sinv — %A i

and for the geodesic curve 8 with w—parameter, the last equation is equal to zero. So, we

obtain
B dky  d® [kn(w+c)
0= <2kg+(w+c)dw—dw2 ( - Cos v

- (k;n + (w+ Q)kgry — Tg% (k;”(“HrC))) sino — 94 (4.26)

Tq dw

Moreover, for a rectifying curve we obtain the following equation
_ 2H/ ( (2kg + (w+ c)%) cosv — (kn + (w + €)ky7y) sin v ) dw =1, (w). (4.27)
O

Theorem 4.4. Let 5 be an isotropic rectifying curve in Gs with curvatures k > 0,7 and
let ©(w,v) be the tube surface generated by the rectifying curve with the Darbouz frame.
Then, the following statements hold:

(a) If the curve B with w—parameter on O(w,v) is a geodesic curve, then the following
equations are satisfied

4 - sinv
= —
T(w) = 2H / K (w) sin vdw;
j— Tw .
rlw) = 2H sinv’

K (w,v) = m7,coto.
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(b) If the curve B with w—parameter on O(w,v) is an asymptotic curve, then the
following equation are satisfied

—f(w)sinv — g(w) cos v

K (w,v) = 2Hk(w) sinv F(w) cosv — g(w)simv

where f(w) = (26 + (w + ¢)kw) , g(w) = (W + ¢)KT.

Proof. (a) If the rectifying curve 8 with w—parameter on the tube surface ©(w,v) is
a geodesic curve, then ky =0, k, = K, 7y = 7. So, from (4.26) we get
dr -1
CKkSINU = A A= ——
rsinv = ——4; 5H

and from the previous equation we write

2H//<c (w) sinvdw = 7 (w)

or _
“RAY _ 4, (4.28)
Tw
Also, from (4.15) we have
K (w,v) = $ = Ty COt V; (4.29)
—Ksinv —1 Tw
_ -l __Tw 4.30
Tw 2H e (w) 2H sinv ( )

(b) If the curve  with w—parameter on the tube surface ©(w,v) is an asymptotic
curve, then k, =0 kg = k, 7y = 7 and from (4.26), we get

(26 + (0 + c)ky) cosv — (w + c)wTsinw _ (4.31)

Tw

and for the equations f(w) = (2k 4+ (w + ¢)ky) , g(w) = (w + ¢)xT, the Gaussian
curvature K (w,v) is obtained as
K(wv) = = (25 + (W + €)ky) Sjlnv — (w+ c)m-cosv;

—f(w)sinv — g(w) cosv_

K(wv) = m f(w)cosv — g(w)sinv ’

—f(w)sinv — g(w) cos v

K (w,v) = 2Hk(w) sinv (4.32)

f(w) cosv — g(w) sinv
]

Theorem 4.5. Let © be the tube surface generated by the rectifying curve 8 in Gs. Then,
the following statements hold:

(1) If the rectifying curve B with w—parameter is an asymptotic curve if and only if
the following condition is satisfied.

(2kg + (w+ C)%) sinv + (kn + (w + ¢)ky7y) cosv
2
-
g

In this case,
(ay) For the condition A = ”(:’();)02”, if the rectifying curve B with w—parameter

is also a geodesic curve, then the Gaussian curvature is given by

K (w,v) = =1 (w)? (1 + (w+ o)1 (w)).




A mathematical interpretation on special tube surfaces in Galilean 3-space 643

(a2) If the rectifying curve B with w—parameter is an asymptotic curve satisfying
the following equation

(25 + (W + €)Ky) sinwv + (w + ¢)KT cosv
2
-

A=

then the Gaussian curvature is given by
K (w,v) = —1 (w)?.

(2) There is no asymptotic rectifying curve B with v—parameter on the tube surface

O.

Proof. (1) Let © be the tube surface generated by the rectifying curve § with w—parameter
in Gg. If the curve § is an asymptotic, then the equation @ww.G3 n = 0 is satisfied.

In this case, from the equations (4.9) and (4.12), we get

2
@ww-g3n = <2kg+('U)+C)dkg_ d (kn(w+6)>>81nv

dw  dw? Ty

d [k,
+ <kn+(w+c)kg7'g_7'g(hu < (w+0)>> COSU—AT!JQ'

Tg
Hence, from the previous equation we obtain

2k +(w+0)% sinv + (kp + (w + ¢)ky7y) cosv
et b b
g

Thus,
(a1) If the rectifying curve 3 is a geodesic curve on the surface, then ky = 0, k), = &,
o (
=T

Ty =T, ;”7;6) =constant. If we replace these in (4.33) it follows that

K COSV
A= ——, (4.34)
T
and by a calculation, the Gaussian curvature is

— (k4 (w + ¢)kT) cosv

A

K (w,v) = = —7(w)? 1+ (w+ o) (w)). (4.35)

(a2) If the rectifying curve § is an asymptotic curve, then k; = k. k, =0, 7y = 7.
If we replace in (4.33) we get

s (2K + (W~ ¢)ky) sinv + (w + ¢)kT cosv

= (4.36)
and by a calculation, the Gaussian curvature is
K (w,0) = = (2K + (W + ¢)ky) sinv — (w + ¢)KT cos v Y (4.37)

A

(2) If the curve § is an asymptotic curve with v—parameter, the equation GM,.G n=20
3
is satisfied. In this case, we obtain @vv.Gg n # 0. Therefore, there is no asymptotic

rectifying curve g with v—parameter.
O
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5. Conclusion

In this paper, we investigate the rectifying curves with Darboux frame in Galilean 3-
space. Then, by using the rectifying curves with Darboux frame we introduce the special
tube surface in Galilean 3-space. Besides, we compute the Gaussian and mean curvature
of tube surface with Darboux frame and we give some characterizations for the geodesic
curves and the asymptotic curves with v—parameter( and w—parameter) by using the
Gaussian and mean curvatures. Furthermore, we express the general equations of geodesics
on special tube surfaces with the Darboux frame by using the Euler-Lagrange equations
with the help of Clairauts theorem.
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