
Sakarya University Journal of Science
ISSN 1301-4048 | e-ISSN 2147-835X | Period Bimonthly | Founded: 1997 | Publisher Sakarya University |

http://www.saujs.sakarya.edu.tr/en/

Title: Some New Inequalities for (α,m1,m2 )-GA Convex Functions

Authors: Mahir KADAKAL
Recieved: 2020-03-05 15:15:55

Accepted: 2020-05-10 00:00:34

Article Type: Research Article
Volume: 24
Issue: 4
Month: August
Year: 2020
Pages: 652-664

How to cite
Mahir KADAKAL; (2020), Some New Inequalities for (α,m1,m2 )-GA Convex Functions.
Sakarya University Journal of Science, 24(4), 652-664, DOI:
https://doi.org/10.16984/saufenbilder.699212
Access link
http://www.saujs.sakarya.edu.tr/en/pub/issue/55932/699212

New submission to SAUJS
http://dergipark.org.tr/en/journal/1115/submission/step/manuscript/new



Some New Inequalities for (𝜶, 𝒎𝟏, 𝒎𝟐)-GA Convex Functions 

 

 

Mahir KADAKAL*1 

Abstract 

In this manuscript, firstly we introduce and study the concept of (𝛼, 𝑚ଵ, 𝑚ଶ)-Geometric-
Arithmetically (GA) convex functions and some algebraic properties of such type functions. 
Then, we obtain Hermite-Hadamard type integral inequalities for the newly introduced class 
of functions by using an identity together with Hölder integral inequality, power-mean 
integral inequality and Hölder-İşcan integral inequality giving a better approach than Hölder 
integral inequality. Inequalities have been obtained with the help of Gamma function. In 
addition, results were obtained according to the special cases of 𝛼, 𝑚ଵ and 𝑚ଶ. 

Keywords: (𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex function, Hölder integral inequality, power-mean 
inequality, Hölder-İşcan inequality, Hermite-Hadamard integral inequality. 
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1.  INTRODUCTION 

Let 𝑓: 𝐼 ⊂ ℝ → ℝ be a convex function 
defined on the interval 𝐼 of real numbers and 
𝑎, 𝑏 ∈ 𝐼 with 𝑎 < 𝑏. Then the following 
inequalities 

𝑓 ቀ
௔ା௕

ଶ
ቁ ≤

ଵ

௕ି௔
∫

௕

௔
𝑓(𝑥)𝑑𝑥 ≤

௙(௔)ା௙(௕)

ଶ
  

hold. Both inequalities hold in the reversed 
direction if the function 𝑓 is concave [4, 6]. The 
above inequalities were firstly discovered by the 
famous scientist Charles Hermite. This double 
inequality is well-known in the literature as 
Hermite-Hadamard integral inequality for convex 
functions. This inequality gives us upper and 
lower bounds for the integral mean-value of a 
convex function. Some of the classical 
inequalities for means can be derived from 
Hermite-Hadamard inequality for appropriate 
particular selections of the function 𝑓. 

Convexity theory plays an important role 
in mathematics and many other sciences. It 
provides powerful principles and techniques to 
study a wide class of problems in both pure and 
applied mathematics. Readers can find more 
information in the recent studies [1, 5, 8, 10, 11, 
15, 19, 20, 23, 24, 25] and the references therein 
for different convex classes and related Hermite-
Hadamard integral inequalities. 

Definition 1. ([17,18]) A function 𝑓: 𝐼 ⊆ ℝା =
(0, ∞) → ℝ is said to be 𝐺𝐴-convex function on 𝐼 
if the inequality 

𝑓൫𝑥ఒ𝑦ଵିఒ൯ ≤ 𝜆𝑓(𝑥) + (1 − 𝜆)𝑓(𝑦) 

holds for all 𝑥, 𝑦 ∈ 𝐼 and 𝜆 ∈ [0,1], where 
𝑥ఒ𝑦ଵିఒ and 𝜆𝑓(𝑥) + (1 − 𝜆)𝑓(𝑦) are 
respectively the weighted geometric mean of two 
positive numbers 𝑥 and 𝑦 and the weighted 
arithmetic mean of 𝑓(𝑥) and 𝑓(𝑦).  

Definition 2. ([22]) A function 𝑓: [0, 𝑏] → ℝ is 
said to be 𝑚-convex for 𝑚 ∈ (0,1] if the 
inequality 

𝑓(𝛼𝑥 + 𝑚(1 − 𝛼)𝑦) ≤ 𝛼𝑓(𝑥) + 𝑚(1 − 𝛼)𝑓(𝑦) 

holds for all 𝑥, 𝑦 ∈ [0, 𝑏] and 𝛼 ∈ [0,1].  

Definition 3. ([12]) The function 𝑓: [0, 𝑏] → ℝ, 
𝑏 > 0, is said to be (𝑚ଵ, 𝑚ଶ)-convex, if the 
inequality 

𝑓(𝑚ଵ𝑡𝑥 + 𝑚ଶ(1 − 𝑡)𝑦) ≤ 𝑚ଵ𝑡𝑓(𝑥) + 𝑚ଶ(1 − 𝑡)𝑓(𝑦) 

holds for all 𝑥, 𝑦 ∈ 𝐼, 𝑡 ∈ [0,1] and (𝑚ଵ, 𝑚ଶ) ∈
(0,1]ଶ.  

Definition 4. ([13]) 𝑓: [0, 𝑏] → ℝ, 𝑏 > 0, is said 
to be (𝛼, 𝑚ଵ, 𝑚ଶ)-convex function, if the 
inequality 

𝑓(𝑚ଵ𝑡𝑥 + 𝑚ଶ(1 − 𝑡)𝑦) ≤ 𝑚ଵ𝑡ఈ𝑓(𝑥) + 𝑚ଶ(1 − 𝑡ఈ)𝑓(𝑦) 

holds for all 𝑥, 𝑦 ∈ 𝐼, 𝑡 ∈ [0,1] and (𝛼, 𝑚ଵ, 𝑚ଶ) ∈
(0,1]ଷ.  

Definition 5. ([16]) For 𝑓: [0, 𝑏] → ℝ and 
(𝛼, 𝑚) ∈ (0,1]ଶ, if 

𝑓(𝑡𝑥 + (1 − 𝑡)𝑦) ≤ 𝑡ఈ𝑓(𝑥) + 𝑚(1 − 𝑡ఈ)𝑓(𝑦)    

is valid for all 𝑥, 𝑦 ∈ [0, 𝑏] and 𝑡 ∈ [0,1], then we 
say that 𝑓(𝑥) is an (𝛼, 𝑚)-convex function on 
[0, 𝑏]. 

Definition 6. ([17]) The 𝐺𝐺-convex functions 
(called in what follows multiplicatively convex 
functions) are those functions 𝑓: 𝐼 → 𝐽 (acting on 
subintervals of (0, ∞)) such that 

𝑥, 𝑦 ∈ 𝐼 𝑎𝑛𝑑 𝜆 <∈ [0,1] ⟹ 𝑓(𝑥ଵି௧𝑦௧) ≤ 𝑓(𝑥)ଵିఒ𝑓(𝑦)ఒ 

i.e., it is called log-convexity and it is different 
from the above.  

Definition 7. ([9]) Let the function 𝑓: [0, 𝑏] → ℝ 
and (𝛼, 𝑚) ∈ [0,1]ଶ. If 

𝑓൫𝑥௧𝑦௠(ଵି௧)൯ ≤ 𝑡ఈ𝑓(𝑎) + 𝑚(1 − 𝑡ఈ)𝑓(𝑏). (1.1) 

for all [𝑎, 𝑏] ∈ [0, 𝑏] and 𝑡 ∈ [0,1], then 𝑓(𝑥) is 
said to be (𝛼, 𝑚)-geometric arithmetically convex 
function or, simply speaking, an (𝛼, 𝑚)-GA-
convex function. If (1.1) reversed, then 𝑓(𝑥) is 
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said to be (𝛼, 𝑚)-geometric arithmetically 
concave function or, simply speaking, an (𝛼, 𝑚)-
GA-concave function.  

A refinement of Hölder integral inequality 
better approach than Hölder integral inequality 
can be given as follows: 

Theorem 1. (Hölder-İşcan integral inequality [7]) 

Let 𝑝 > 1 and 
ଵ

௣
+

ଵ

௤
= 1. If 𝑓 and 𝑔 are real 

functions defined on [𝑎, 𝑏] and if |𝑓|௣, |𝑔|௤ are 
integrable functions on the interval [𝑎, 𝑏] then   

∫
௕

௔
|𝑓(𝑥)𝑔(𝑥)|𝑑𝑥  

≤
ଵ

௕ି௔
ቊቀ∫

௕

௔
(𝑏 − 𝑥)|𝑓(𝑥)|௣𝑑𝑥ቁ

భ

೛
ቀ∫

௕

௔
(𝑏 − 𝑥)|𝑔(𝑥)|௤𝑑𝑥ቁ

భ

೜  

+ ቀ∫
௕

௔
(𝑥 − 𝑎)|𝑓(𝑥)|௣𝑑𝑥ቁ

భ

೛
ቀ∫

௕

௔
(𝑥 − 𝑎)|𝑔(𝑥)|௤𝑑𝑥ቁ

భ

೜
ቋ.  

Definition 8. (Gamma function) The classic 
gamma function is usually defined for 𝑅𝑒𝑧 > 0 by 

Γ(𝑧) = ∫
ஶ

଴
𝑡௭ିଵ𝑒ି௧𝑑𝑡.  

The main purpose of this paper is to introduce the 
concept of (𝛼, 𝑚ଵ, 𝑚ଶ)-geometric arithmetically 
(GA) convex functions and establish some results 
connected with new inequalities similar to the 
Hermite-Hadamard integral inequality for these 
classes of functions. 

2.  MAIN RESULTS FOR (𝜶, 𝒎𝟏, 𝒎𝟐)-GA 
CONVEX FUNCTIONS 

In this section, we introduce a new 
concept, which is called (𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex 
functions and we give by setting some algebraic 
properties for the (𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex 
functions, as follows: 

Definition 9. Let the function 𝑓: [0, 𝑏] → ℝ and 
(𝛼, 𝑚ଵ, 𝑚ଶ) ∈ (0,1]ଷ. If 

𝑓൫𝑎௠భ௧𝑏௠మ(ଵି௧)൯ ≤ 𝑚ଵ𝑡ఈ𝑓(𝑎) + 𝑚ଶ(1 − 𝑡ఈ)𝑓(𝑏)      (2.1) 

for all [𝑎, 𝑏] ∈ [0, 𝑏] and 𝑡 ∈ [0,1], then the 
function 𝑓 is said to be (𝛼, 𝑚ଵ, 𝑚ଶ)-geometric 
arithmetically convex function, if the inequality 
(2.1) reversed, then the function 𝑓 is said to be 
(𝛼, 𝑚ଵ, 𝑚ଶ)-geometric arithmetically concave 
function.  

Example 1. 𝑓(𝑥) = 𝑐, 𝑐 < 0 is a (𝛼, 𝑚ଵ, 𝑚ଶ)-
geometric arithmetically convex function. 

We discuss some connections between the 
class of the (𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex functions 
and other classes of generalized convex functions. 

Remark 1. When 𝑚ଵ = 𝑚ଶ = 𝛼 = 1, the 
(𝛼, 𝑚ଵ, 𝑚ଶ)-geometric arithmetically convex 
(concave) function becomes a geometric 
arithmetically convex (concave) function defined 
in [17, 18].  

Remark 2. When 𝑚ଵ = 1, 𝑚ଶ = 𝑚, the 
(𝛼, 𝑚ଵ, 𝑚ଶ)-geometric arithmetically convex 
(concave) function becomes an (𝛼, 𝑚)-geometric 
arithmetically convex (concave) function defined 
in [9].  

Remark 3. When 𝑚ଵ = 𝑚ଶ = 1 and 𝛼 = 𝑠, the 
(𝛼, 𝑚ଵ, 𝑚ଶ)-geometric arithmetically convex 
(concave) function becomes a geometric 
arithmetically-𝑠 convex (concave) function 
defined in [14].  

Remark 4. When 𝛼 = 1, the (𝛼, 𝑚ଵ, 𝑚ଶ)-
geometric arithmetically convex (concave) 
function becomes a (𝑚ଵ, 𝑚ଶ)-GA convex 
(concave) function defined in [21].  

Proposition 1. The function 𝑓: 𝐼 ⊂ (0, ∞) → ℝ is 
(𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex function on 𝐼 if and only 
if 𝑓 ∘ 𝑒𝑥𝑝: 𝑙𝑛𝐼 → ℝ is (𝛼, 𝑚ଵ, 𝑚ଶ)-convex 
function on the interval 𝑙𝑛𝐼 = {𝑙𝑛𝑥|𝑥 ∈ 𝐼}.  

Proof. (⇒) Let 𝑓: 𝐼 ⊂ (0, ∞) → ℝ (𝛼, 𝑚ଵ, 𝑚ଶ)-
GA convex function. Then, we write 

(𝑓 ∘ 𝑒𝑥𝑝)(𝑚ଵ𝑡𝑙𝑛𝑎 + 𝑚ଶ(1 − 𝑡)𝑙𝑛𝑏) 
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≤ 𝑚ଵ𝑡ఈ(𝑓 ∘ 𝑒𝑥𝑝)(𝑙𝑛𝑎) + 𝑚ଶ(1 − 𝑡ఈ)(𝑓 ∘ 𝑒𝑥𝑝)(𝑙𝑛𝑏). 

From here, we get 

𝑓൫𝑎௠భ௧𝑏௠మ(ଵି௧)൯ ≤ 𝑚ଵ𝑡ఈ𝑓(𝑎) + 𝑚ଶ(1 − 𝑡ఈ)𝑓(𝑏). 

Hence, the function 𝑓 ∘ exp is (𝛼, 𝑚ଵ, 𝑚ଶ)-
convex function on the interval 𝑙𝑛𝐼. 

(⇐) Let 𝑓 ∘ exp: ln𝐼 → ℝ, (𝛼, 𝑚ଵ, 𝑚ଶ)-
convex function on the interval 𝑙𝑛𝐼. Then, we 
obtain 

𝑓൫𝑎௠భ௧𝑏௠మ(ଵି௧)൯ = 𝑓൫𝑒௠భ௧௟௡௔ା మ(ଵି௧)௟௡௕൯ 

= (𝑓 ∘ 𝑒𝑥𝑝)(𝑚ଵ𝑡𝑙𝑛𝑎 + 𝑚ଶ(1 − 𝑡)𝑙𝑛𝑏) 

≤ 𝑚ଵ𝑡ఈ𝑓(𝑒௟௡௔) + 𝑚ଶ(1 − 𝑡ఈ)𝑓(𝑒௟௡௕) 

= 𝑚ଵ𝑡ఈ𝑓(𝑎) + 𝑚ଶ(1 − 𝑡ఈ)𝑓(𝑏), 

which means that the function 𝑓(𝑥) (𝛼, 𝑚ଵ, 𝑚ଶ)-
GA convex function on 𝐼.  

Theorem 2.  Let 𝑓, 𝑔: 𝐼 ⊂ ℝ → ℝ. If 𝑓 and 𝑔 are 
(𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex functions, then 𝑓 + 𝑔 is 
an (𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex function and 𝑐𝑓 is an 
(𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex function for 𝑐 ∈ ℝା.  

Proof. Let 𝑓, 𝑔 be (𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex 
functions, then 

(𝑓 + 𝑔)൫𝑎௠భ௧𝑏௠మ(ଵି௧)൯ 

= 𝑓൫𝑎௠భ௧𝑏௠మ(ଵି௧)൯ + 𝑔൫𝑎௠భ௧𝑏௠మ(ଵି௧)൯ 

≤ 𝑚ଵ𝑡ఈ𝑓(𝑎) + 𝑚ଶ(1 − 𝑡ఈ)𝑓(𝑏) 

+𝑚ଵ𝑡ఈ𝑔(𝑎) + 𝑚ଶ(1 − 𝑡ఈ)𝑔(𝑏) 

= 𝑚ଵ𝑡ఈ(𝑓 + 𝑔)(𝑎) + 𝑚ଶ(1 − 𝑡ఈ)(𝑓 + 𝑔)(𝑏) 

Let 𝑓 be (𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex function and 
𝑐 ∈ ℝ(𝑐 ≥ 0), then 

(𝑐𝑓)൫𝑎௠భ௧𝑏௠మ(ଵି௧)൯ 

≤ 𝑐[𝑚ଵ𝑡ఈ𝑓(𝑥) + 𝑚ଶ(1 − 𝑡ఈ)𝑓(𝑦)] 

= 𝑚ଵ𝑡ఈ(𝑐𝑓)(𝑥) + 𝑚ଶ(1 − 𝑡ఈ)(𝑐𝑓)(𝑦). 

This completes the proof of the theorem.  

Theorem 3. If 𝑓: 𝐼 → 𝐽 is a (𝑚ଵ, 𝑚ଶ)-GG convex 
and 𝑔: 𝐽 → ℝ is a (𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex 
function and nondecreasing, then 𝑔 ∘ 𝑓: 𝐼 → ℝ is 
a (𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex function.  

Proof. For 𝑎, 𝑏 ∈ 𝐼 and 𝑡 ∈ [0,1], we get 

(𝑔 ∘ 𝑓)൫𝑎௠భ௧𝑏௠మ(ଵି௧)൯ 

= 𝑔 ቀ𝑓൫𝑎௠భ௧𝑏௠మ(ଵି௧)൯ቁ 

≤ 𝑔൫[𝑓(𝑎)]௠భ௧[𝑓(𝑏)]௠మ(ଵି௧)൯ 

≤ 𝑚ଵ𝑡ఈ𝑔(𝑓(𝑥)) + 𝑚ଶ(1 − 𝑡ఈ)𝑔(𝑓(𝑦)). 

This completes the proof of the theorem.  

Theorem 4. Let 𝑏 > 0 and 𝑓ఉ: [𝑎, 𝑏] → ℝ be an 
arbitrary family of (𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex 
functions and let 𝑓(𝑥) = 𝑠𝑢𝑝ఉ𝑓ఉ(𝑥). If 𝐽 =

{𝑢 ∈ [𝑎, 𝑏]: 𝑓(𝑢) < ∞} is nonempty, then 𝐽 is an 
interval and 𝑓 is an (𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex 
function on 𝐽.  

Proof. Let 𝑡 ∈ [0,1] and 𝑥, 𝑦 ∈ 𝐽 be arbitrary. 
Then  

𝑓൫𝑎௠భ௧𝑏௠మ(ଵି௧)൯ 

= sup
ఉ

𝑓ఉ൫𝑎௠భ௧𝑏௠మ(ଵି௧)൯ 

≤ sup
ఉ

ൣ𝑚ଵ𝑡ఈ𝑓ఈ(𝑥) + 𝑚ଶ(1 − 𝑡ఈ)𝑓ఉ(𝑦)൧ 

≤ 𝑚ଵ𝑡ఈsup
ఉ

𝑓ఉ(𝑥) + 𝑚ଶ(1 − 𝑡ఈ)sup
ఉ

𝑓ఉ(𝑦) 

= 𝑚ଵ𝑡ఈ𝑓(𝑥) + 𝑚ଶ(1 − 𝑡ఈ)𝑓(𝑦) < ∞. 

This shows simultaneously that 𝐽 is an interval 
since it contains every point between any two of 
its points, and that 𝑓 is an (𝛼, 𝑚ଵ, 𝑚ଶ)-GA 
convex function on 𝐽. This completes the proof of 
the theorem.  
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Theorem 5. If the function 𝑓: [𝑎, 𝑏] → ℝ is an 
(𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex function then 𝑓 is 
bounded on the interval [𝑎, 𝑏].  

Proof. Let 𝐾 = max{𝑚ଵ𝑓(𝑎), 𝑚ଶ𝑓(𝑏)} and 𝑥 ∈
[𝑎, 𝑏] is an arbitrary point. Then there exists a 𝑡 ∈
[0,1] such that 𝑥 = 𝑎௠భ௧𝑏௠మ(ଵି௧). Thus, since 
𝑚ଵ𝑡ఈ ≤ 1 and 𝑚ଶ(1 − 𝑡ఈ) ≤ 1 we have 

𝑓(𝑥) = 𝑓൫𝑎௠భ௧𝑏௠మ(ଵି௧)൯ 

≤ 𝑚ଵ𝑡ఈ𝑓(𝑎) + 𝑚ଶ(1 − 𝑡ఈ)𝑓(𝑏) ≤ 2𝐾 = 𝑀. 

Also, for every 𝑥 ∈ [𝑎௠భ , 𝑏௠మ] there exists a 𝜆 ∈

ቈට
௔೘భ

௕೘మ
, 1቉ such that 𝑥 = 𝜆√𝑎௠భ𝑏௠మ  and 𝑥 =

√௔೘భ௕೘మ

ఒ
. Without loss of generality we can 

suppose 𝑥 = 𝜆√𝑎௠భ𝑏௠మ . So, we have 

𝑓൫√𝑎௠భ𝑏௠మ൯  

= 𝑓 ቆටൣ𝜆√𝑎௠భ𝑏௠మ൧ ቂ
√௔೘భ௕೘మ

ఒ
ቃቇ  

≤ ට𝑓(𝑥)𝑓 ቀ
√௔೘భ௕೘మ

ఒ
ቁ.  

By using 𝑀 as the upper bound, we obtain 

𝑓(𝑥) ≥
𝑓ଶ൫√𝑎௠భ𝑏௠మ൯

𝑓 ቆ
√𝑎௠భ𝑏௠మ

𝜆
ቇ

≥
𝑓ଶ൫√𝑎௠భ𝑏௠మ൯

𝑀
= 𝑚. 

This completes the proof of the theorem.  

3.  HERMITE-HADAMARD INEQUALITY 
FOR (𝜶, 𝒎𝟏, 𝒎𝟐)-GA CONVEX FUNCTION 

This section aims to establish some 
inequalities of Hermite-Hadamard type integral 
inequalities for (𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex 
functions. In this section, we will denote by 
𝐿[𝑎, 𝑏] the space of (Lebesgue) integrable 
functions on the interval [𝑎, 𝑏]. 

Theorem 6.  Let 𝑓: [𝑎, 𝑏] → ℝ be an (𝛼, 𝑚ଵ, 𝑚ଶ)-
GA convex function. If   𝑎 < 𝑏 and 𝑓 ∈ 𝐿[𝑎, 𝑏], 

then the following Hermite-Hadamard type 
integral inequalities hold:  

𝑓൫√𝑎௠భ𝑏௠మ൯ ≤
ଵ

௟௡௕೘మି௟௡௔೘భ
∫

௕೘మ

௔೘భ

௙(௨)

௨
𝑑𝑢   

≤
௠భ௙(௔)

ఈାଵ
+

ఈ௠మ௙(௕)

ఈାଵ
.                   (3.1)  

Proof. Firstly, from the property of the 
(𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex function of 𝑓, we can 
write  

𝑓൫√𝑎௠భ𝑏௠మ൯ = 𝑓 ቀඥ𝑎௠భ௧𝑏௠మ(ଵି௧)𝑎௠భ(ଵି௧)𝑏௠మ௧ቁ  

≤
௙൫௔೘భ೟௕೘మ(భష೟)൯ା௙൫௔೘భ(భష೟)௕೘మ೟൯

ଶ
.  

Now, if we take integral in the last inequality 
with respect to 𝑡 ∈ [0,1], we deduce that 

𝑓൫√𝑎௠భ𝑏௠మ൯  

≤
ଵ

ଶ
∫

ଵ

଴
𝑓൫𝑎௠భ௧𝑏௠మ(ଵି௧)൯𝑑𝑡 +

ଵ

ଶ
൫𝑎௠భ(ଵି௧)𝑏௠మ௧൯𝑑𝑡  

=
ଵ

ଶ

ଵ

௟௡ ೘మି௟௡௔೘భ
∫

௕೘మ

௔೘భ

௙(௨)

௨
𝑑𝑢  

+
ଵ

ଶ

ଵ

௟௡௕೘మି௟௡௔೘భ
∫

௕೘మ

௔೘భ

௙(௨)

௨
𝑑𝑢  

=
ଵ

௟௡௕೘మି௟௡௔೘భ
∫

௕೘మ

௔೘భ

௙(௨)

௨
𝑑𝑢.  

Secondly, by using the property of the 
(𝛼, 𝑚ଵ, 𝑚ଶ)-GA convex function of 𝑓, if the 
variable is changed as 𝑢 = 𝑎௠భ௧𝑏௠మ(ଵି௧), then  

ଵ

௟௡௕೘మି௟௡௔೘భ
∫

௕೘మ

௔೘భ

௙(௨)

௨
𝑑𝑢  

= ∫
ଵ

଴
𝑓൫𝑎௠భ௧𝑏௠మ(ଵି௧)൯𝑑𝑡  

≤ ∫
ଵ

଴
[𝑚ଵ𝑡ఈ𝑓(𝑎) + 𝑚ଶ(1 − 𝑡ఈ)𝑓(𝑏)]𝑑𝑡  

= 𝑚ଵ𝑓(𝑎) ∫
ଵ

଴
𝑡ఈ𝑑𝑡 + 𝑚ଶ𝑓(𝑏) ∫

ଵ

଴
(1 − 𝑡ఈ)𝑑𝑡  

=
௠భ௙(௔)

ఈାଵ
+

ఈ௠మ௙(௕)

ఈାଵ
  

This completes the proof of the theorem.  
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Corollary 1. By considering the conditions of 
Theorem 6, if we take 𝑚ଵ = 𝑚ଶ = 1 and 𝛼 = 1 
in the inequality (3.1), then we get 

𝑓൫√𝑎𝑏൯ ≤
ଵ

௟௡௕ି௟௡௔
∫

௕

௔

௙(௨)

௨
𝑑𝑢 ≤

௙(௔)ା௙(௕)

ଶ
.  

This inequality coincides with the inequality in 
[2].  

Corollary 2. By considering the conditions of 
Theorem 6, if we take 𝛼 = 1 in the inequality 
(3.1), then we get 

𝑓൫√𝑎௠భ𝑏௠మ൯ ≤
ଵ

௟௡௕೘మି௟௡ ೘భ
∫

௕೘మ

௔೘భ

௙(௨)

௨
𝑑𝑢  

≤
௠భ௙(௔)ା௠మ௙(௕)

ଶ
.  

This inequality coincides with the inequality in 
[14].  

4.  SOME NEW INEQUALITIES FOR 
(𝜶, 𝒎𝟏, 𝒎𝟐)-GA CONVEX FUNCTIONS 

The main purpose of this section is to 
establish new estimates that refine Hermite-
Hadamard integral inequality for functions whose 
first derivative in absolute value, raised to a 
certain power which is greater than one, 
respectively at least one, is (𝛼, 𝑚ଵ, 𝑚ଶ)-GA 
convex function. Ji et al. [9] used the following 
lemma. Also, we will use this lemma to obtain 
our results. 

Lemma 1. ([3])  Let 𝑓: 𝐼 ⊆ ℝା = (0, ∞) → ℝ be 
differentiable function and 𝑎, 𝑏 ∈ 𝐼 with 𝑎 < 𝑏. If 
𝑓ᇱ ∈ 𝐿([𝑎, 𝑏]), then  

௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥  

=
௟௡௕ି௟௡௔

ଶ
∫

ଵ

଴
𝑎ଷ(ଵି௧)𝑏ଷ௧𝑓ᇱ(𝑎ଵି௧𝑏௧)𝑑𝑡.  

Theorem 7.  Let the function 𝑓: ℝ଴ = [0, ∞) →
ℝ be a differentiable function and 𝑓ᇱ ∈ 𝐿[𝑎, 𝑏] 
for 0 < 𝑎 < 𝑏 < ∞. If |𝑓ᇱ| is (𝛼, 𝑚ଵ, 𝑚ଶ)-GA 

convex on ൤0, 𝑚𝑎𝑥 ൜𝑎
భ

೘భ , 𝑏
భ

೘మൠ൨ for [𝛼, 𝑚ଵ, 𝑚ଶ] ∈

(0,1]ଷ, then the following integral inequalities 
hold  

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ                      (4.1) 

≤
௠భ

ଶ
ฬ𝑓ᇱ ൬𝑎

భ

೘భ൰ฬ  

ቂ
௕యି௔య

ଷ
−

௔య௰൫ఈାଵ,ଷ(௟௡௔ି௟௡௕)൯ି௔య௰(ఈାଵ,଴)

ଷഀశభ(௟௡௔ି௟௡௕)ഀ
ቃ  

+
௠మ

ଶ
ฬ𝑓ᇱ ൬𝑏

భ

೘మ൰ฬ ቂ
௔య௰൫ఈାଵ,ଷ(௟௡௔ି௟௡௕)൯ି௔య௰(ఈାଵ,଴)

ଷഀశభ(௟௡௔ି௟௡௕)ഀ
ቃ,  

where Γ is the Gamma function.  

Proof. By using Lemma 1 and the inequality  

|𝑓ᇱ(𝑎ଵି௧𝑏௧)| = ቤ𝑓ᇱ ൬𝑎
భ

೘భ൰
௠భ(ଵି௧)

𝑓ᇱ ൬𝑏
భ

೘మ൰
௠మ௧

ቤ  

≤ 𝑚ଵ(1 − 𝑡ఈ) ฬ𝑓ᇱ ൬𝑎
భ

೘భ൰ฬ + 𝑚ଶ𝑡ఈ ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ,  

we get  

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ  

≤
௟௡(௕/௔)

ଶ
∫

ଵ

଴
ห𝑎ଷ(ଵି௧)𝑏ଷ௧ห|𝑓ᇱ(𝑎ଵି௧𝑏௧)|𝑑𝑡  

≤
௟௡(௕/௔)

ଶ
∫

ଵ

଴
𝑎ଷ(ଵି௧)𝑏ଷ௧ ൦

𝑚ଵ(1 − 𝑡ఈ) ฬ𝑓ᇱ ൬𝑎
భ

೘భ൰ฬ

+𝑚ଶ𝑡ఈ ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ
൪ 𝑑𝑡  

= 𝑚ଵ ฬ𝑓ᇱ ൬𝑎
భ

೘భ൰ฬ
௟௡(௕/௔)

ଶ
∫

ଵ

଴
(1 − 𝑡ఈ)𝑎ଷ(ଵି௧)𝑏ଷ௧𝑑𝑡  

+𝑚ଶ ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ
௟௡(௕/௔)

ଶ
∫

ଵ

଴
𝑡ఈ𝑎ଷ(ଵି௧)𝑏ଷ௧𝑑𝑡  

=
𝑚ଵ

2
ቤ𝑓ᇱ ቆ𝑎

ଵ
௠భቇቤ ቈ

𝑏ଷ − 𝑎ଷ

3

−
𝑎ଷ𝛤൫𝛼 + 1, 3(𝑙𝑛𝑎 − 𝑙𝑛𝑏)൯ − 𝑎ଷ𝛤(𝛼 + 1,   0)

3ఈାଵ(𝑙𝑛𝑎 − 𝑙𝑛𝑏)ఈ
቉ 

+
௠మ

ଶ
ฬ𝑓ᇱ ൬𝑏

భ

೘మ൰ฬ ቂ
௔య௰൫ఈାଵ,   ଷ(௟௡௔ି௟ )൯ି௔య௰(ఈାଵ,   ଴)

ଷഀశభ(௟௡௔ି௟௡௕)ഀ
ቃ.  
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Corollary 3. By considering the conditions of 
Theorem 7, if we take 𝑚ଵ = 𝑚ଶ = 1 and 𝛼 = 1 
then we get 

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ  

≤
ห௙ᇲ(௔)ห

଺
[𝐿(𝑎ଷ, 𝑏ଷ) − 𝑎ଷ] +

ห௙ᇲ(௕)ห

଺
[𝑏ଷ − 𝐿(𝑎ଷ, 𝑏ଷ)],  

where 𝐿 is the logarithmic mean.  

Corollary 4. By considering the conditions of 
Theorem 7, if we take 𝛼 = 1 in the inequality 
(4.1), then we get 

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ  

≤
𝑚ଵ

2
ฬ𝑓ᇱ ൬𝑎

ଵ
௠భ൰ฬ [𝐿(𝑎ଷ, 𝑏ଷ) − 𝑎ଷ] 

+
௠మ

ଶ
ฬ𝑓ᇱ ൬𝑏

భ

೘మ൰ฬ [𝑏ଷ − 𝐿(𝑎ଷ, 𝑏ଷ)].  

Theorem 8.  Let the function 𝑓: ℝ଴ = [0, ∞) →
ℝ be a differentiable function and 𝑓ᇱ ∈ 𝐿[𝑎, 𝑏] 
for 0 < 𝑎 < 𝑏 < ∞. If |𝑓ᇱ|௤ is (𝛼, 𝑚ଵ, 𝑚ଶ)-GA 

convex on ൤0, 𝑚𝑎𝑥 ൜𝑎
భ

೘భ , 𝑏
భ

೘మൠ൨ for [𝛼, 𝑚ଵ, 𝑚ଶ] ∈

(0,1]ଷ and 𝑞 ≥ 1 then  

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ                            (4.2) 

≤
௟௡௕ି௟௡௔

ଶ
𝐿

ଵି
భ

೜(𝑎ଷ, 𝑏ଷ)                       

. ቎𝑚ଵ ฬ𝑓ᇱ ൬𝑎
భ

೘భ൰ฬ
௤

ቌ

௕యି௔య

ଷ(௟௡௕ି௟௡௔)

−
௔య௰൫ఈାଵ,   ଷ(௟௡ )൯ି௔య௰(ఈାଵ,   ଴)

ଷഀశభ(௟௡௕ି௟ )(௟௡௔ି௟௡௕)ഀ

ቍ  

+ 𝑚ଶ ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ
௤

ቀ
௔య௰൫ఈାଵ,   ଷ(௟௡௔ି௟ )൯ି௔య௰(ఈାଵ,   ଴)

ଷഀశభ(௟௡௕ି௟௡௔)(௟௡௔ି௟௡௕)ഀ
ቁ቉

భ

೜

,  

where 𝐿 is the logarithmic mean.  

Proof. By using both Lemma 1, power-mean 
inequality and the (𝛼, 𝑚ଵ, 𝑚ଶ)-GA convexity of 

|𝑓ᇱ|௤ on the interval ൤0, 𝑚𝑎𝑥 ൜𝑎
భ

೘భ , 𝑏
భ

೘మൠ൨, that is, 

the inequality  

|𝑓ᇱ(𝑎ଵି௧𝑏௧)| = ቤ𝑓ᇱ ൬𝑎
భ

೘భ൰
௠భ(ଵି௧)

𝑓ᇱ ൬𝑏
భ

೘మ൰
௠మ௧

ቤ

௤

  

≤ 𝑚ଵ(1 − 𝑡ఈ) ฬ𝑓ᇱ ൬𝑎
భ

೘భ൰ฬ
௤

+ 𝑚ଶ𝑡ఈ ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ
௤

,  

is satisfied and  we get 

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ  

≤
௟௡ቀ

್

ೌ
ቁ

ଶ
ቂ∫

ଵ

଴
𝑎ଷ(ଵି௧)𝑏ଷ௧𝑑𝑡ቃ

ଵି
భ

೜  

൥∫
ଵ

଴
𝑎ଷ(ଵି௧)𝑏ଷ௧ ቤ𝑓ᇱ ቆ൬𝑎

భ

೘భ൰
௠భ(ଵି௧)

൬𝑏
భ

೘మ൰
௠మ௧

ቇቤ

௤

𝑑𝑡൩

భ

೜

  

≤
௟௡ቀ

್

ೌ
ቁ

ଶ
ቂ∫

ଵ

଴
𝑎ଷ(ଵି௧)𝑏ଷ௧𝑑𝑡ቃ

ଵି
భ

೜  

. ൮∫
ଵ

଴
𝑎ଷ(ଵି௧)𝑏ଷ௧

⎣
⎢
⎢
⎡𝑚ଵ(1 − 𝑡ఈ) ฬ𝑓ᇱ ൬𝑎

భ

೘భ൰ฬ
௤

+𝑚ଶ𝑡ఈ ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ
௤

⎦
⎥
⎥
⎤

𝑑𝑡൲

భ

೜

  

=
௟௡ቀ

್

ೌ
ቁ

ଶ
ቂ∫

ଵ

଴
𝑎ଷ(ଵି௧)𝑏ଷ௧𝑑𝑡ቃ

ଵି
భ

೜  

×

⎣
⎢
⎢
⎡𝑚ଵ ฬ𝑓ᇱ ൬𝑎

భ

೘భ൰ฬ
௤

∫
ଵ

଴
(1 − 𝑡ఈ)𝑎ଷ(ଵି௧)𝑏ଷ௧𝑑𝑡

+𝑚ଶ ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ
௤

∫
ଵ

଴
𝑡ఈ𝑎ଷ(ଵି௧)𝑏ଷ௧𝑑𝑡 ⎦

⎥
⎥
⎤

భ

೜

  

=
௟௡௕ି௟

ଶ
𝐿

ଵି
భ

೜(𝑎ଷ, 𝑏ଷ)  

. ቎𝑚ଵ ฬ𝑓ᇱ ൬𝑎
భ

೘భ൰ฬ
௤

ቌ

௕యି௔య

ଷ(௟௡௕ି௟௡௔)

−
௔య௰൫ఈାଵ,   ଷ(௟௡௔ି௟௡௕)൯ି௔య௰(ఈାଵ,   ଴)

ଷഀశభ(௟௡௕ି௟௡௔)(௟௡௔ି௟௡௕)ഀ

ቍ  

+𝑚ଶ ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ
௤

ቀ
௔య௰൫ఈାଵ,   ଷ(௟௡௔ି௟௡௕)൯ି௔య௰(ఈାଵ,   ଴)

ଷഀశభ(௟௡௕ି௟௡௔)(௟௡௔ି௟௡௕)ഀ
ቁ቉

భ

೜

.  
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Corollary 5. By considering the conditions of 
Theorem 8, if we take 𝑚ଵ = 𝑚ଶ = 1 and 𝛼 = 1 
in the inequality (4.2), then we get 

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ ≤

௟௡௕ି௟௡௔

ଶ
𝐿

ଵି
భ

೜(𝑎ଷ, 𝑏ଷ)  

× ቂ|𝑓ᇱ(𝑎)|௤ ௅൫௔య,௕య൯ି௕య

ଷ(௟௡௕ି௟௡௔)
+ |𝑓ᇱ(𝑏)|௤ ௕యି௅൫௔య,௕య൯

ଷ(௟௡௕ି௟௡௔)
ቃ

భ

೜
,  

where 𝐿 is the logarithmic mean.  

Corollary 6. By considering the conditions of 
Theorem 8, if we take 𝑞 = 1, then 

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ ≤  

× ቈ
𝑚ଵ

2
ฬ𝑓ᇱ ൬𝑎

ଵ
௠భ൰ฬ ቆ

𝑏ଷ − 𝑎ଷ

3

−
𝑎ଷ𝛤൫𝛼 + 1, 3(𝑙𝑛𝑎 − 𝑙𝑛𝑏)൯ − 𝑎ଷ𝛤(𝛼 + 1, 0)

3ఈାଵ(𝑙𝑛𝑎 − 𝑙𝑛𝑏)ఈ
ቇ 

௠మ

ଶ
ฬ𝑓ᇱ ൬𝑏

భ

೘మ൰ฬ ቀ
௔య௰൫ఈାଵ,   ଷ(௟௡௔ି௟௡௕)൯ି௔య௰(ఈାଵ,   ଴)

ଷഀశభ(௟௡௔ି௟௡௕)ഀ
ቁ൨.  

This inequality coincides with the inequality 
(4.1).  

Corollary 7. By considering the conditions of 
Theorem 8, if we take 𝑚ଵ = 𝑚ଶ = 1 and 𝛼 =
𝑞 = 1 in the inequality (4.2), then we get 

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ  

≤ ቂ
ห௙ᇲ(௔)ห

଺
(𝐿(𝑎ଷ, 𝑏ଷ) − 𝑏ଷ) +

ห௙ᇲ(௕)ห

଺
൫𝑏ଷ − 𝐿(𝑎ଷ, 𝑏ଷ)൯ቃ,  

where 𝐿 is the logarithmic mean.  

Corollary 8. By considering the conditions of 
Theorem 8, if we take 𝑚ଵ = 𝑚 and 𝑚ଶ = 1 in the 
inequality (4.2), then we get 

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ ≤

௟௡௕ି௟௡௔

ଶ
𝐿

ଵି
భ

೜(𝑎ଷ, 𝑏ଷ)  

. ൤𝑚 ቚ𝑓ᇱ ቀ𝑎
భ

೘ቁቚ
௤

ቀ
௕యି௔య

ଷ(௟௡௕ି௟௡௔)
−

௔య௰൫ఈାଵ,   ଷ(௟௡௔ି௟௡௕)൯ି௔య௰(ఈାଵ,   ଴)

ଷഀశభ(௟௡௕ି௟௡௔)(௟௡௔ି௟௡௕)ഀ
ቁ  

+ |𝑓ᇱ(𝑏)|௤ ቀ
௔య௰൫ఈାଵ,   ଷ(௟௡௔ି௟ )൯ି௔య௰(ఈାଵ,   ଴)

ଷഀశభ(௟௡௕ି௟௡௔)(௟௡௔ି௟௡௕)ഀ
ቁቃ

భ

೜
.  

This inequality coincides with the inequality in 
[9].  

Theorem 9. Let the function 𝑓: ℝ଴ = [0, ∞) → ℝ 
be a differentiable function and 𝑓ᇱ ∈ 𝐿[𝑎, 𝑏] for 
0 < 𝑎 < 𝑏 < ∞. If |𝑓ᇱ|௤ is (𝛼, 𝑚ଵ, 𝑚ଶ)-GA 

convex on ൤0, 𝑚𝑎𝑥 ൜𝑎
భ

೘భ , 𝑏
భ

೘మൠ൨ for [𝛼, 𝑚ଵ, 𝑚ଶ] ∈

(0,1]ଷ and 𝑞 > 1, then,  

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ ≤

௟௡(௕/௔)

ଶ
                        

. 𝐿
భ

೛(𝑎ଷ௣, 𝑏ଷ௣) ൦
ఈ௠భቤ௙ᇲቆ௔

భ
೘భቇቤ

೜

ఈାଵ
+

௠మቤ௙ᇲቆ௕
భ

೘మቇቤ

೜

ఈାଵ
൪

భ

೜

, (4.3) 

where  
ଵ

௣
+

ଵ

௤
= 1.  

Proof. By using both Lemma 1, Hölder integral 
inequality and the (𝛼, 𝑚ଵ, 𝑚ଶ)-GA-convexity of 
the function |𝑓ᇱ|௤ on the interval 

൤0, 𝑚𝑎𝑥 ൜𝑎
భ

೘భ , 𝑏
భ

೘మൠ൨, that is, the inequality  

|𝑓ᇱ(𝑎ଵି௧𝑏௧)| = ቤ𝑓ᇱ ൬𝑎
భ

೘భ൰
௠భ(ଵି௧)

𝑓ᇱ ൬𝑏
భ

೘మ൰
௠మ௧

ቤ

௤

  

≤ 𝑚ଵ(1 − 𝑡) ฬ𝑓ᇱ ൬𝑎
భ

೘భ൰ฬ
௤

+ 𝑚ଶ𝑡 ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ
௤

,  

we get 

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ  

≤
௟௡(௕/௔)

ଶ
ቂ∫

ଵ

଴
൫𝑎ଷ(ଵି௧)𝑏ଷ௧൯

௣
𝑑𝑡ቃ

భ

೛  

× ൥∫
ଵ

଴
ቤ𝑓ᇱ ቆ൬𝑎

భ

೘భ൰
௠భ(ଵି௧)

൬𝑏
భ

೘మ൰
௠మ௧

ቇቤ

௤

𝑑𝑡൩

భ

೜
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≤
௟௡(௕/௔)

ଶ
ቂ∫

ଵ

଴
൫𝑎ଷ(ଵି௧)𝑏ଷ௧൯

௣
𝑑𝑡ቃ

భ

೛  

. ቈ∫
ଵ

଴
ቈ𝑚ଵ(1 − 𝑡ఈ) ฬ𝑓ᇱ ൬𝑎

భ

೘భ൰ฬ
௤

+

𝑚ଶ𝑡ఈ ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ
௤

቉ 𝑑𝑡቉

భ

೜

  

=
௟௡(௕/௔)

ଶ
ቂ∫

ଵ

଴
𝑎ଷ௣(ଵି௧)𝑏ଷ௣௧𝑑𝑡ቃ

భ

೛  

× ቈ𝑚ଵ ฬ𝑓ᇱ ൬𝑎
భ

೘భ൰ฬ
௤

∫
ଵ

଴
(1 − 𝑡ఈ)𝑑𝑡 +

𝑚ଶ ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ
௤

∫
ଵ

଴
𝑡ఈ𝑑𝑡቉

భ

೜

  

=
௟௡(௕/௔)

ଶ
𝐿

భ

೛(𝑎ଷ௣, 𝑏ଷ௣) ൦
ఈ௠భቤ௙ᇲቆ௔

భ
೘భቇቤ

೜

ఈାଵ
+

௠మቤ௙ᇲቆ௕
భ

೘మቇቤ

೜

ఈାଵ
൪

భ

೜

.  

This completes the proof of the theorem.  

Corollary 9. By considering the conditions of 
Theorem 9, if we take 𝑚ଵ = 𝑚ଶ = 1 in the 
inequality (4.3), then we get  

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ  

≤
୪୬(௕/௔)

ଶ
𝐿

భ

೛(𝑎ଷ௣, 𝑏ଷ௣) ൤
ఈห௙ᇲ(௔)ห

೜

ఈାଵ
+

ห௙ᇲ(௕)ห
೜

ఈାଵ
൨

భ

೜

.  

 Corollary 10. By considering the conditions of 
Theorem 9, if we take 𝑚ଵ = 𝑚, 𝑚ଶ = 1 in the 
inequality (4.3) then we obtain  

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ  

≤
௟௡(௕/௔)

ଶ
𝐿

భ

೛(𝑎ଷ௣, 𝑏ଷ௣) ൦
ఈ௠ቤ௙ᇲቆ௔

భ
೘ቇቤ

೜

ఈାଵ
+

ห௙ᇲ(௕)ห
೜

ఈାଵ
൪

భ

೜

.  

Corollary 11. By considering the conditions of 
Theorem 9, if we take 𝑚ଵ = 𝑚ଶ = 1 in the 
inequality (4.3) then we obtain  

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ  

≤
௟௡ቀ

್

ೌ
ቁ

ଶ
𝐿

భ

೛(𝑎ଷ௣, 𝑏ଷ௣)𝐴
భ

೜(|𝑓ᇱ(𝑎)|௤, |𝑓ᇱ(𝑏)|௤).  

Theorem 10. Let the function 𝑓: ℝ଴ = [0, ∞) →
ℝ be a differentiable function and 𝑓ᇱ ∈ 𝐿[𝑎, 𝑏] 
for 0 < 𝑎 < 𝑏 < ∞. If |𝑓ᇱ|௤ is (𝛼, 𝑚ଵ, 𝑚ଶ)-GA 

convex on ൤0, 𝑚𝑎𝑥 ൜𝑎
భ

೘భ , 𝑏
భ

೘మൠ൨ for [𝛼, 𝑚ଵ, 𝑚ଶ] ∈

(0,1]ଷ and 𝑞 > 1, then the following integral 
inequalities hold  

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ                       (4.4) 

≤

௟௡(௕/௔)

ଶ
൥𝑚ଵ ฬ𝑓ᇱ ൬𝑎

భ

೘భ൰ฬ ൭
𝐿(𝑎ଷ௤ , 𝑏ଷ௤)

−
௔య೜௰൫ఈାଵ,ଷ௤(௟௡௔ି௟௡௕)൯ି௔య೜௰(ఈାଵ,଴)

(ଷ௤)ഀశభ(௟௡௔ି௟௡௕)ഀ(௟௡௕ି௟௡௔)

൱  

+𝑚ଶ ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ ቀ
௔య೜௰൫ఈାଵ,ଷ௤(௟௡௔ି௟௡௕)൯ି௔య೜௰(ఈାଵ,଴)

(ଷ௤)ഀశభ(௟௡௔ି௟௡௕)ഀ(௟௡௕ି௟௡௔)
ቁ൨

భ

೜

,  

where 𝐿 is the logarithmic mean, Γ is the Gamma 

function and 
ଵ

௣
+

ଵ

௤
= 1.  

Proof. From both Lemma 1, Hölder integral 
inequality and the (𝛼, 𝑚ଵ, 𝑚ଶ)-GA-convexity of 
the function |𝑓ᇱ|௤ on the interval 

൤0, 𝑚𝑎𝑥 ൜𝑎
భ

೘భ , 𝑏
భ

೘మൠ൨, we get 

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ  

≤
௟௡(௕/௔)

ଶ
ቀ∫

ଵ

଴
1𝑑𝑡ቁ

భ

೛  

. ൥∫
ଵ

଴
𝑎ଷ௤(ଵି௧)𝑏ଷ௤௧ ቤ𝑓ᇱ ቆ൬𝑎

భ

೘భ൰
௠భ(ଵି௧)

൬𝑏
భ

೘మ൰
௠మ௧

ቇቤ

௤

𝑑𝑡൩

భ

೜

  

≤
௟௡(௕/௔)

ଶ
൮∫

ଵ

଴
𝑎ଷ(ଵି௧)௤𝑏ଷ௧௤

⎣
⎢
⎢
⎡𝑚ଵ(1 − 𝑡ఈ) ฬ𝑓ᇱ ൬𝑎

భ

೘భ൰ฬ
௤

+𝑚ଶ𝑡ఈ ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ
௤

⎦
⎥
⎥
⎤

𝑑𝑡൲

భ

೜
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=
௟௡(௕/௔)

ଶ

⎣
⎢
⎢
⎡𝑚ଵ ฬ𝑓ᇱ ൬𝑎

భ

೘భ൰ฬ
௤

∫
ଵ

଴
(1 − 𝑡ఈ)𝑎ଷ௤(ଵି௧)𝑏ଷ௤௧𝑑𝑡

+𝑚ଶ ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ
௤

∫
ଵ

଴
𝑡ఈ𝑎ଷ௤(ଵି௧)𝑏ଷ௤௧𝑑𝑡

⎦
⎥
⎥
⎤

భ

೜

  

=

௟௡(௕/௔)

ଶ
൥𝑚ଵ ฬ𝑓ᇱ ൬𝑎

భ

೘భ൰ฬ ൭
𝐿(𝑎ଷ௤ , 𝑏ଷ௤)

−
௔య೜௰൫ఈାଵ,ଷ௤(௟௡௔ି௟௡௕)൯ି௔య೜௰(ఈାଵ,଴)

(ଷ௤)ഀశభ(௟௡௔ି௟௡௕)ഀ(௟௡௕ି௟௡௔)

൱  

+𝑚ଶ ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ ቀ
௔య೜௰൫ఈାଵ,ଷ௤(௟௡௔ି௟௡௕)൯ି௔య೜௰(ఈାଵ,଴)

(ଷ௤)ഀశభ(௟௡௔ି௟௡௕)ഀ(௟௡௕ି௟௡௔)
ቁ൨

భ

೜

.  

This completes the proof of the theorem.  

Corollary 12. By considering the conditions of 
Theorem 10, if we take 𝑚ଵ = 𝑚ଶ = 1 in the 
inequality (4.4), then we get 

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ ≤

௟௡(௕/௔)

ଶ
  

. ቂ|𝑓ᇱ(𝑎)| ቀ𝐿(𝑎ଷ௤ , 𝑏ଷ௤) −

௔య೜௰൫ఈାଵ,ଷ௤(௟௡௔ି௟௡௕)൯ି௔య೜௰(ఈାଵ,଴)

(ଷ௤)ഀశభ(௟௡௔ି௟௡௕)ഀ(௟௡௕ି௟௡௔)
ቁ  

+|𝑓ᇱ(𝑏)| ቀ
௔య೜௰൫ఈାଵ,ଷ௤(௟௡௔ି௟௡௕)൯ି௔య೜௰(ఈାଵ,଴)

(ଷ௤)ഀశభ(௟௡௔ି௟௡௕)ഀ(௟௡௕ି௟௡௔)
ቁቃ

భ

೜
.  

Corollary 13. By considering the conditions of 
Theorem 10, if we take 𝑚ଵ = 𝑚ଶ = 1 and 𝛼 = 1 
in the inequality (4.4), then we get 

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ  

≤
௟௡(௕/௔)

ଶ
ቂ|𝑓ᇱ(𝑎)| ቀ

௅൫௔య೜,௕య೜൯ି௔య೜

ଷ௤(௟௡௕ି௟௡௔)
ቁ +

|𝑓ᇱ(𝑏)| ቀ
௕య೜ି௅൫௔య೜,௕య೜൯

ଷ௤(௟௡௕ି௟௡௔)
ቁቃ

భ

೜
.  

Theorem 11. Let the function 𝑓: ℝ଴ = [0, ∞) →
ℝ be a differentiable function and 𝑓ᇱ ∈ 𝐿[𝑎, 𝑏] 
for 0 < 𝑎 < 𝑏 < ∞. If |𝑓ᇱ|௤ is (𝛼, 𝑚ଵ, 𝑚ଶ)-GA 
convex function on the interval 

൤0, 𝑚𝑎𝑥 ൜𝑎
భ

೘భ , 𝑏
భ

೘మൠ൨ for [𝛼, 𝑚ଵ, 𝑚ଶ] ∈ (0,1]ଷ and 

𝑞 > 1, then the following integral inequalities 
hold  

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ                         (4.5) 

≤
௟௡௕ି௟௡௔

ଶ
ቂ

௅൫௔య೛,௕య೛൯ି௔య೛

ଷ(௟௡௕ି௟௡௔)
ቃ

భ

೛
  

. ቈฬ𝑓ᇱ ൬𝑎
భ

೘భ൰ฬ
௤

ቀ
ఈ(ఈାଷ)௠భ

ଶ(ఈమାଷఈାଶ)
ቁ + ฬ𝑓ᇱ ൬𝑏

భ

೘మ൰ฬ
௤

ቀ
௠మ

ఈమାଷఈାଶ
ቁ቉

భ

೜

  

+
௟௡௕ି௟௡௔

ଶ
ቂ

௕య೛ି௅൫௔య೛,௕య೛൯

ଷ(௟௡௕ି௟௡௔)
ቃ

భ

೛
  

. ቈ𝑚ଵ ฬ𝑓ᇱ ൬𝑎
భ

೘భ൰ฬ
௤

ቀ
ఈ

ଶ(ఈାଶ)
ቁ + 𝑚ଶ ฬ𝑓ᇱ ൬𝑏

భ

೘మ൰ฬ
௤

ቀ
ଵ

ఈାଶ
ቁ቉

భ

೜

,  

where 𝐿 is the logarithmic mean and 
ଵ

௣
+

ଵ

௤
= 1.  

Proof. From Lemma 1, Hölder-İşcan integral 
inequality and the (𝛼, 𝑚ଵ, 𝑚ଶ)-GA convexity of 
the function |𝑓ᇱ|௤ on the interval 

൤0, 𝑚𝑎𝑥 ൜𝑎
భ

೘భ , 𝑏
భ

೘మൠ൨, we obtain 

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ  

≤
௟௡௕ି௟௡௔

ଶ
ቂ∫

ଵ

଴
(1 − 𝑡)൫𝑎ଷ(ଵି௧)𝑏ଷ௧൯

௣
𝑑𝑡ቃ

భ

೛  

. ൥∫
ଵ

଴
(1 − 𝑡) ቤ𝑓ᇱ ቆ൬𝑎

భ

೘భ൰
௠భ(ଵି௧)

൬𝑏
భ

೘మ൰
௠మ௧

ቇቤ

௤

𝑑𝑡൩

భ

೜

  

+
௟௡௕ି௟௡௔

ଶ
ቂ∫

ଵ

଴
𝑡൫𝑎ଷ(ଵି௧)𝑏ଷ௧൯

௣
𝑑𝑡ቃ

భ

೛  

× ൥∫
ଵ

଴
𝑡 ቤ𝑓ᇱ ቆ൬𝑎

భ

೘భ൰
௠భ(ଵି௧)

൬𝑏
భ

೘మ൰
௠మ௧

ቇቤ

௤

𝑑𝑡൩

భ

೜

  

≤
௟௡௕ି௟௡௔

ଶ
ቂ∫

ଵ

଴
(1 − 𝑡)𝑎ଷ௣(ଵି௧)𝑏ଷ௣௧𝑑𝑡ቃ

భ

೛  

× ൮∫
ଵ

଴

⎣
⎢
⎢
⎡𝑚ଵ(1 − 𝑡)(1 − 𝑡ఈ) ฬ𝑓ᇱ ൬𝑎

భ

೘భ൰ฬ
௤

+𝑚ଶ(1 − 𝑡)𝑡ఈ ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ
௤

⎦
⎥
⎥
⎤

𝑑𝑡൲

భ

೜

  

+
௟௡௕ି௟௡௔

ଶ
ቂ∫

ଵ

଴
𝑡𝑎ଷ௣(ଵି௧)𝑏ଷ௣௧𝑑𝑡ቃ

భ

೛  
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. ቈ∫
ଵ

଴
ቈ𝑚ଵ𝑡(1 − 𝑡ఈ) ฬ𝑓ᇱ ൬𝑎

భ

೘భ൰ฬ
௤

+

𝑚ଶ𝑡𝑡ఈ ฬ𝑓ᇱ ൬𝑏
భ

೘మ൰ฬ
௤

቉ 𝑑𝑡቉

భ

೜

  

=
௟௡௕ି௟௡௔

ଶ
ቂ

௅൫௔య೛,௕య೛൯ି௔య೛

ଷ(௟௡௕ି௟௡௔)
ቃ

భ

೛
  

. ቈฬ𝑓ᇱ ൬𝑎
భ

೘భ൰ฬ
௤

ቀ
ఈ(ఈାଷ)௠భ

ଶ(ఈమାଷఈାଶ)
ቁ + ฬ𝑓ᇱ ൬𝑏

భ

೘మ൰ฬ
௤

ቀ
௠మ

ఈమାଷఈାଶ
ቁ቉

భ

೜

  

+
௟௡௕ି௟௡௔

ଶ
ቂ

௕య೛ି௅൫௔య೛,௕య೛൯

ଷ(௟௡௕ି௟௡௔)
ቃ

భ

೛
  

. ቈ𝑚ଵ ฬ𝑓ᇱ ൬𝑎
భ

೘భ൰ฬ
௤

ቀ
ఈ

ଶ(ఈାଶ)
ቁ + 𝑚ଶ ฬ𝑓ᇱ ൬𝑏

భ

೘మ൰ฬ
௤

ቀ
ଵ

ఈାଶ
ቁ቉

భ

೜

.  

This completes the proof of the theorem.  

Corollary 14. By considering the conditions of 
Theorem 11, if we take 𝑚ଵ = 𝑚ଶ = 1 in the 
inequality (4.5), then we get 

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ  

≤
௟௡௕ି௟௡௔

ଶ
ቂ

௅൫௔య೛,௕య೛൯ି௔య೛

ଷ(௟௡௕ି௟௡௔)
ቃ

భ

೛
  

. ቂ|𝑓ᇱ(𝑎)|௤ ቀ
ఈ(ఈାଷ)

ଶ(ఈమାଷఈାଶ)
ቁ + |𝑓ᇱ(𝑏)|௤ ቀ

ଵ

ఈమାଷఈାଶ
ቁቃ

భ

೜  

+
௟௡௕ି௟௡௔

ଶ
ቂ

௕య೛ି௅൫௔య೛,௕య೛൯

ଷ(௟௡௕ି௟௡௔)
ቃ

భ

೛
  

× ቂ|𝑓ᇱ(𝑎)|௤ ቀ
ఈ

ଶ(ఈାଶ)
ቁ + |𝑓ᇱ(𝑏)|௤ ቀ

ଵ

ఈାଶ
ቁቃ

భ

೜
,  

Corollary 15. By considering the conditions of 
Theorem 11, if we take 𝑚ଵ = 𝑚ଶ = 1 and 𝛼 = 1 
in the inequality (4.5), then we get 

ቚ
௕మ௙(௔)ି௔మ௙(௕)

ଶ
− ∫

௕

௔
𝑥𝑓(𝑥)𝑑𝑥ቚ  

≤
௟௡௕ି௟௡௔

ଶ
ቂ

௅൫௔య೛,௕య೛൯ି௔య೛

ଷ(௟௡௕ି௟௡௔)
ቃ

భ

೛
൤

ห௙ᇲ(௔)ห
೜

ଷ
+ |𝑓ᇱ(𝑏)|௤ ቀ

ଵ

଺
ቁ൨

భ

೜

  

+
௟௡௕ି௟௡௔

ଶ
ቂ

௕య೛ି௅൫௔య೛,௕య೛൯

ଷ(௟௡௕ି௟௡௔)
ቃ

భ

೛
൤

ห௙ᇲ(௔)ห
೜

଺
+

ห௙ᇲ(௕)ห
೜

ଷ
൨

భ

೜

.  

5. CONCLUSION 

 New Hermite-Hadamard type integral 
inequalities can be obtained by using 
(𝛼, 𝑚ଵ, 𝑚ଶ)-GA convexity and different type 
identities. 
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