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Abstract

In this paper, one of the special integer sequences, Jacobsthal and Jacobsthal Lucas sequences
which are encountered in computer science is generalized according to parity of the index of
the entries of the sequences, called bi-periodic Jacobsthal and Jacobsthal Lucas sequences.
The definitions of the bi-periodic Jacobsthal and Jacobsthal Lucas sequences are given by
using classic Jacobsthal and Jacobsthal Lucas sequences. In literature, there were some
relations for the bi-periodic Jacobsthal and Jacobsthal Lucas sequences. We find new identities
for these sequences. If we substitute a = b = 1 in the results, we get identities for classic

Jacobsthal and Jacobsthal Lucas sequences.

1. Introduction

The classical Jacobsthal sequence is defined as j, =
Jn-1 + 2jn_» with initial conditions j, =0, j; =
1 and the Jacobsthal Lucas sequence is defined as with
the initial conditions ¢y = 2, ¢; =1 [1]. There are
many generalizations on special integer sequences.
With this in mind, we proceed with the introduction as
follows. In the year 2009, a paper entitled, the
generalized Fibonacci sequence has been published by
Edson and Yayenie [2,3]. Jun, Choi gave some
properties of the bi-periodic Fibonacci sequence by
using a special matrix in [4]. Bilgici [5] introduced the
bi-periodic Lucas sequence into literature in 2014.
Uygun and Owusu demonstrated a new generalization
for the Jacobsthal sequence called bi-periodic
Jacobsthal sequence in [6]. The authors evaluated some
relations for bi-periodic Jacobsthal sequence in [7]. In
[8], Uygun and Owusu demonstrated the bi-periodic
Jacobsthal Lucas sequence. Uygun, Karatas defined a
new generalization of Pell-Lucas numbers which is
called bi-periodic Pell-Lucas sequence in [9]. Choo
studied some identities of generalized bi-periodic
Fibonacci sequence in [10]. Gul studied bi-periodic
Jacobsthal and Jacobsthal-Lucas quaternions in [11].
Komatsu, Ramirez studied on convolutions of the bi-
periodic Fibonacci numbers in [12].

For every integer n, any nonzero real numbers a, b
the generalized Jacobsthal sequence {/,,}m=o and the
generalized Jacobsthal Lucas sequence {Cpl}m=o
satisfy the following equations.
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_(Wn-1+2]n if niseven
Jn= {b]n—1+2]n—z ifnisodd =2
with initial values J, =0 and J, =1.

_ (bCy1+2C, if niseven
= {aCn—l + 20, if nisodd (n=2)

with initial values, C, =2 and C; =a in[6,8].
If we take a=b =1 then we have the classic
Jacobsthal and classic Jacobsthal Lucas sequences
respectively.

The sequence {J,, }n =, satisfies the following properties

Jon = @b+ D)Jon_—2—42n-4
Jon+1 = (@b + D) Jon_1—42n-3 .

The sequence {Cp}meo
properties

also satisfies the following

Con = (ab + 4)Copn_—4Cop_y
Cons1 = (ab +4)Con_1—4Con_3 .

For every n belonging to the set of natural numbers,
the Binet formula for the bi-periodic Jacobsthal
sequence is given by
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_a”tm (a”—ﬁ’") ) Lemma The roots of the characteristic polynomial are
" anlzl satisfied the following conditions:
where 1. (a+2)(B+2)=4
o = TG g ab—Va?hTrED 2. atf=ab, af=-2ab
2 2
3. a+2=% p+2=L
are the roots of the characteristic polynomial given by *
x* — abx — 2ab = 0. Similarly, Binet formula for the 4 —B(a+2) =2a, —a(B +2)=28 [6].

bi-periodic Jacobsthal Lucas sequence is given by

C, = “Tnilj (@ + B™). ®)

(ab)
The authors evaluated some relations of bi-periodic Jacobsthal sequence in [7] as:

a) at= a[gl—f(n—l)bEJ]na + zaEJbEJ-l—E(n)]n_l

o) g = alzl Dl g 4 26lElplEIE™;
Q) Jnre = (ab+6)a'*WpEW], 5 —8),

d) Aon-1 = Jn+tIn + Jn-1Un-2

]m—]_]n—l

&) Joins = (2)1—f(mn+n—m)]m]n 42 (b)E(mn)

a

)f(m 1)

0 Joma= (O 0w +2(0) " Gry?

a

0 Stz =0 [ 21— 2

h [, = afm= 1)Zlm 1J(m e~ 1)(ab)l H|-kok

qEm+1) r" E

) Jm =S J(Zkﬂ)(ab)lmT_lJ"‘(ab +8)k

The authors evaluated some relations between the bi-periodic Jacobsthal sequence and the bi-periodic Jacobsthal
Lucas sequences for all integers m and n in as:

a) (ab+8))y =2Cn_1+ Crs1

§(m+1)§(n) §m)é(n+1)
1 b b
b) Jman = 3 [(_) mCnt (_) n m]

a

(- [rp\$m+DEMm) p\$ (M)é(n+1)
C) Jm-n = Py [(E) JmCn — (;) JnCn

1-¢(m+1)¢(n+1) p\émIEm)
) m/n (_) Cm Cn]

a

( )E(m+1)f(n+1) (ab

d) Cpin = [(azb2 + 8ab)
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m*n

(E)f(m)f(n)
a

e) C iy
1 Em+1)é(n+1) 1 1-é(m+1)é(n+1)
) () J

m-n T ,n+1

(212 1 S
(a’b?* + 8ab) (a2 — n

1
f) Jn+1 = 3 (Cn + af(n)bf(n-ﬂ)]n)

Q) Carr =>[(ab+8)J, +afOptIC, |

h) (2)‘5(’0 C,? — (a2b? + 8ab) (2 )5(”“) (L)f(”) .2 = 4(=2)"

a a? ab

) o=l v (5 3+ (7 o]

ab a

J) ComCon = Comyon + 4‘mCZn—Zm

b)f(m"'n)

K ComCon = (> [C2min + (2)2MC2 ] — 4(=2)™47

&(m+n)
) CymCop = a~25M+n+D (gh)=§(mam) (g2p2 4 8ab)j?, , + 22" (Z) cz, .

M) CypyCop = a2+ (gp)=$tm+n) (g2p2 4 ggp) )2

m-n

+ 22 (Z)f(mn) c?

m+n

- _ p\ & (m+n)
N) Gy Cyp = 22Ma=26(mn+1) (qp)=§(m+n) (g2 2 ++8ab)j?, (Z)

m+n

0) CriChyi1 = Copyr + (_Z)na

B 2(2) " et (A" e = (@b + 8o

a a

2. Main Results 1-§(n) (2n) n_pn
JnCon = (a £J> ( . ZnF1 ) (a2n + an) (%)

. . o (ab)lz (ab)l 2
2.1. New properties between the bi-periodic
jacobsthal sequence and the bi-periodic
jacobsthal lucas sequences _ _ afm L (g3 I 4 g —

2+ a8

Jacobsthal numbers have applications in such areas as (ab)l

tiling, graph matching, alternating sign matrices, etc. a*pn

[13-16]. So, in this part we want to develop this number -

. - n+1 1

sequence and find new properties of the sequence. — (a )[3—”J . (a3n — B3 — g (a" — Bn))
ab)l 2

Theorem 2.1 For any integers m and n, we have

) Jan = JulCon + (=2)7], — ai(n’;) a*n-p3n af(n:l) (=2ab)" a"-p"
(ab)lTJ a=p (ab)lTJ a=p

b

b)  Jan = (>

a

HW)
) []ZnCn - (_Z)n]n]-
. . af(n+1) a3n_ﬁ3n n
Proof: For the proof of a) we use Binet formula for bi- = I (-2)
periodic Jacobsthal sequence and bi-periodic
Jacobsthal Lucas sequences

a1—§(n) an_ﬁn

(ab)lgl a-pB

B (ab)[z
= Jan — (_Z)n]n
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For the proof of b) Now if n is even, we have
_ a1—$(2n) a{(n) azn_ﬁzn ] C. = a _ 3n ﬁ3n _ anﬁn(a ﬁn)
JonCn = ( ao)n ><(ab)lnT+1J> (a™+ ™) (W) 2ntn (ab)P | a— g( )
— a 3n 3n ne,n
1+£(n) a’™ — B — (=2ab)™(a™ —
—__4 n+["_+1]ﬁ(a3n _ ‘8371 + aZan _ a,nBZn) (ab)[ J (
(ab) 2 ﬁn))
. 3n_ﬂ3n a an_ﬁn
If nisodd, we have = s - a— (—2)"
n 2 1 (ab)[%J a-p (ab)[%]—n ( a-pB )
a
o = S (€
a 2
,Bn)) __a_ adn-pin _ (=2 i at—pmn
D (ab)l J( a=p =
_a ab 3n 3n
(ab)l nl+1 a-B (a’ ,8 +
- 5 b (a” - = Jsn — =2, .
B
By condensing the result gives us the desired result.
=2 1l3nl “3n_l;3n + Now taking a = b = 1 into Theorem 2.1 gives
(ab) E
b I3nl (— )Tl (aa_ﬁ ) j3n :jn[CZn + (_z)n] :jZnCn + (_Z)n 'n-
P (amylzl™
a4 1 anp:m " al—pn Theorem 2.2 For any integers m and n, we have the
;w g ‘( 2) an ( ) following property for bi-periodic Jacobsthal sequence
(ab)t= (ab)'z and bi-periodic Jacobsthal Lucas sequences
a A ovn p\§ (m+1)E(n)
b]3n + b( 2) ]n ]2m+n = (E) ]mCm+n + (_Z)m]n-
Proof:
_ (et aftm+n) m+n mny (@ =B"
ImCnsn = <(ab)l%l> <(ab)lm+;+_1J> (a + ﬁ )( a-f )

a1—f(m)+f(m+n) a2m+n_[32m+n+amﬁm+n_am+nﬁm

- (ab)l%l’f

m+n+1J a-B

If both m and n are even, m + n is even as well and hence we have

2m+n_ p22m+n_ ,mpme,n_pn
P N o il i o
]m m+n (ab)lz + I a-B
a @2mn_gam+n a at—pn
= m+n - (_Zt)m m+n
(ab)lz + I a—B (ab) 2 2+ J_m a—p

= Jom4n — (_Z)m]n
If m and n are both odd, m + n even and hence we have

1 a2m+n_ﬁ2m+n+amﬁm+n_am+nﬁm

C =
]m m+n (ab)lzm+nl a— B
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1 a2m+n_32m+n 1 an_ﬁn
— (=2 )m
e g (-2) (ab)lWJ_m(a_ =)

(ab)l
= ]2m+n - (_Z)m]n
If m is odd and n is even, then m + n is odd and hence we have

a 1
(ab)[2m+nJ a— ,8

]mCm+n — (a2m+n _ BZm+n + am‘Bm+n _ am+nﬁm)

a 1
W_(a2m+n _ ‘82m+n _ a,m‘Bm(a,n _ ‘Bn))

anl™z 12 P
a a2m+n_32m+n (_2)ma (an_ﬁn
(ab)l2m+n] a-B - (ab)lzn?-nJ_m a-B )
= Jomen — (_Z)m]n
Finally if m is even and n is odd, m + n is odd
_ a2 a2m+n_52m+n+amﬁm+n_am+nﬁm
]mCm+n - (ab)12m+nl+1 a-p
_ E ab a2m+n_BZm+n_amBm(an_Bn)
b (ab)lzm%J'H a-f

a 1 qZmEn_gzmin g 1 at—pgn
=7 m+n __(_Z)m min
b (ab)l_z 2+ J a-f b (ab)lz + J— ( a-B )

- %]2m+n_ % (_Z)m]n-
Therefore, condensing the above with the help of the parity function gives

(b)f(m‘l'l)f(n)
a

Jomsn = = JmCman + (_Z)m]n
which completes the proof.
Now taking a = b = 1 into Theorem 2.2 gives

Joman = JmCman + (_Z)mjn'

Theorem 2.3 The following identity is satisfied by bi-periodic Jacobsthal sequence and bi-periodic Jacobsthal
Lucas sequence for any integer n

(@ = B)*Jan+3)2n-3 = Can — (=2)?"73C,.

Proof: By (1) and (2), we establish

a1—§(2n+3) a2n+3_32n+3 a1—€(2n—3) aZn—S_BZn—S
Jon+3fon—3 = 2n+3 lzn—SJ

(ab) "2 ] a=p (ab) "z a-p
_ 1 a4n+ﬁ4n_a2n—3,82n—3(a,6+’86)
(@ (a-p)?
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Multiplying through by (a — B)?gives the following

a4n+ﬁ4n—(—2ab)zn_3(0(6+ﬁ6)

(a — 3)2]2n+3]2n—3 = (ab)2n
§(an) §(6)
= %(aﬂm + B4n) — (=2)2n3 a [EJ (a® + 36)
(ab)l 2 (ab)l' 2

= Cpp — (—2)2"73C,
which completes the proof.
Now taking a = b = 1 into Theorem 2.3 gives
Yon+zizn-3 = Can — (=2)*"3cq.

Theorem 2.4 For any integer n, we have for bi-periodic Jacobsthal sequence and bi-periodic Jacobsthal Lucas
sequences

p\éM n
2fons1 = (E) Jn+1Cnsz — b]n+2Cn + (_2) (ab - 2)-
Proof:
&) &) &n)  ,n+1_pn+l E(n+2) [ n+2, pn+2
b _ (b a a™ti-p a (a™*24pm42)
(a) ]n+1Cn+2 (a) <(ab)lnT+1J a- B ) < (ab)lnT-BJ )

_ (E)S(Tl)< a2$(n) a2n+3_B2n+3_(aB)n+1(a_ B))

a (ab)zlnTHJ+1 a-

_( (ab)f(n) 0{2"+3—[32n+3 _(Zab)”“(a—ﬁ)
- (ab)n+1+E(m) a- B (ab)n+1

=Jon+s — (—2)n+1

1-¢é(n+2) ,n+2_pn+2 n n
bJn+2Cy = b <a ¥z 2 a—{; )(af(n) 2 +f+1>
(ab)l 2 J (ab) 2 J

_ ( ab a2n+2_32n+2+(aﬁ)n(a2_l;2))
- (ab)n+1 a- B

_ a1—f(2n+2) a2n+2_32n+2 (-2ab)"ab(a+ B)
(ab)"“ a— B (ab)n“

=bJon42 + (—=2)"ab

Therefore we have

A E) .
(B)" Jus1Curz = BlusaCo + (—2)"(ab — 2)

=]2n+3 - (_2)n+1 - b]2n+2 - (_Z)nab + (_Z)n(ab - 2)
=Jon+s — blant2 = 2J2n41-

Now taking a = b = 1 into Theorem 2.4 gives
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2j2n+1 = Jn+1Cn+2 — Jnt+2Cn — (=2)™

Theorem 2.5 For any n, nth element of bi-periodic Jacobsthal Lucas sequence is demonstrated by the following
equality:

&(m+1)é(m) §(m+1)§(m+1)
b b
Gy, = (_) mIn-m+1 (_) m-1Jn-m-
Proof: For proof we use the following properties
1
> (E() + £(m) — £(m + n))= E()E(m)
n—é&n) =2 EJ
By Binet formulas (1, 2), we have
Em+1)é(m) §(m+1)¢(m+1)
b b
(Z) n-m+1 (_) m—l]n—m
1
p\z (D +EM)=E(mn+1)) [ eam) 1-E=m+1) gn-m+1_pgn-m+1
=\- m (0_’ + m) n—-m +
(a) (ab)l +1J ﬁ (ab) 7 +1J a— B
, (2)§($(n+1)+§(m+1)—f(m+n+2)) af(m—nll) (@1 4+ gm1) al—é’(:::) qn=m_pgn-m
a (ab)l7J (ab)[TJ a=-p

1 1 Qitl — prtl _ gmpn-m+l 4 gn-m+lpgm
L ET g\ +2ab(ah 1 — gt — gmo1gnm 4 gnompgme1

11 Qi+l — il _ gmpgn-m+l 4 gn-mtlpm
lnlbln+1l a— ﬁ Tl‘B + aﬁn + amﬁn—m+1 _ an—m+1ﬂm

After simplifications we have

=m (@™t — gt — a"B + ap™) = W S (@ + g (a = B) =Gy

Now taking a = b = 1 into Theorem 2.5 gives

Cn = Cmin-m+1 + 2Cm-1Jn-m-

Theorem 2.6 For any m, n the mnth element of bi-periodic Jacobsthal sequence is given by

p\é(MEm)
(a) Cm]m(n—l) - (_Z)m]m(n—z)-

mn

Proof: By using the following property,

E(n)é(m) = [mT”J - EJ _ [EJ

2 2
we have

p\s(MEm)
(Z) Cm]m(n—l) + ]m(n—z)
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m+1

-5

B3

2

(B[,

<a = Iz

p; (am + ﬁm)(am(n—l) _ ﬁm(n—l))> +

_lm(n—z)—l] _|m(n—2)J
_oym+1[ & b mn-2) _ pm(n-2)
(-2) < (@ =2y
_ 1 amn_an 4 1 (_amﬁm(n—l)+a,m(n—1)Bm_(_z)m(ab)m(am(n—z)_ﬂm(n—z))
PR ah e
_ 1 gmn_pgmn
- Jmn-

a-p

P
Now taking a = b = 1 into Theorem 2.6 gives
Jmn = Jmn=1) = (=2)"m@n-2)-

Theorem 2.7 For any n, we have the following identities for bi-periodic Jacobsthal sequence and bi-periodic
Jacobsthal Lucas sequence

b
Jans1 — 2°" = (E) Con+1 Jons

and

b
2n+1 _
]4n+3 -2 - (E) C2n+1 ]2n+2-

Proof: (1)

af(z;”i)z (a2 +ﬁ2n+1)><
(ab) n2 J

(a4"+1—ﬁ4"+1—a2"ﬁ2"(¢x— ﬁ)

a-B

a1—€(2n) a2n_ﬁ2n

anlz] a8

)

)

Cons1Jon = <

2 a4—n+1_ﬁ4-n+1_a2n+1ﬁ2n+ﬁ2n+la2n

)

_ a
" (ab)2n+1

a?

= (ab)2n+1

1

a4—n+1 ﬁ4-n+1

| (ab)2n

1

a4-n+1_ﬁ4-n+1

| (ab)2n

|-
]

a
b

( b)Zn

(ab)Zn( Z)Zn

(ab)ZTL( 2)271

a1—$(4n+1) ain+t —B4n+1

_%92n
a- B 2

b

|

| (aLb)le

_a a52n
g — 22

)
Cons1 Jontz = <

a1—€(2n+2) 2nt2 _B2n+2

a-B

2n+2

2n+2
(ab) |

)

af@n+1)
J(aZn+1 + ﬂ2n+1)><

)

(ab)

a?

= (ab)2n+2

(a‘m”—B4n+3+a2"+1[¥2”+1(a— 8

a-B
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_a_ab Qin+3_pgan+3 a__ab (@)1 (a- B)
b (ab)2zn+2 a-B b (ab)2n+2 a-B
_a 1 Qinti_pan+s g 1 ah)2nH
- ;(ab)2n+1 a-p + b (ab)2n+1 (_ a )

a al=§(n+3) gan+3_pan+s g
s + = (_2)2n+1

b lﬁJ a-B b

(ab)l" 2

_a a52n+1
- ;]4n+3 _52 e

Now if we take a = b = 1, we obtain the following

Can+1 — (=2)*" = Con+1)2ns

and

2n+1 _ .
Can+z — (=2) = Con+1J2n+2-

Theorem 2.8 For any integer n, the identity for bi-periodic Jacobsthal sequence and bi-periodic Jacobsthal Lucas
sequence is denoted by

CnCniz — (@b +8) Jy_q Jnis = (=2)"" 1 at ¥ W pE+ (gh + 6).

Proof:

(an_l_ﬁn) (an+2+ﬁn+2) (ab+8) (an—l_ﬂn—l) (an+3_Bn+3)

o2l T @ p? PR [T

(a2n+2+BZn+2+aan+2+an+2Bn) (a2n+2 +52n+2_an—1Bn+3_an+3Bn—1)
= | _|nF1
a?l2lp? ]

CrCryz — (ab +8) Jn-1Jnez =

(ab) B azlgjbzlnTHJ(ab)

2n+2, p2n+2 2, ,2\_|,2n+2, p2n+2_ 5_3£]
etz pen +a"ﬁ”(ﬁ +a) [a" +p4n a"ﬁn(a+6)

B azl%JbzlnTHJ(ab)

angn (B> +a2)+a"/?”(‘%3+(%3)
2Lzl

(ab)

a"ﬁn(ﬁzﬂrz +%3+%3)

azl%JbzlnTHJ (ab)

B a”ﬁn[ﬁz(1+ﬁ)+a2(1+%)]

a

azl%JbzlnTHJ (ab)

erlen(ts)

azngbzlnTHJ (ab)

)

azng bzlnTHJ (ab)
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_ (aﬁ)"[f—l;[(ab)2+6ab]]

azngbzlnTHJ(ab)

__a?b? (-2ab)"(ab+6)

B -2 azngbzl%J(ab)

_ (=2)" (ab)™*(ab+6)

—2 g2l

_ (—2)"‘1a1+n_ZEJbn“_Z[nTHJ (ab +6)
= (=2)" 1 a*¥MWpE+D (gp + 6).
Now if we take a = b = 1, we obtain the following
CnCntz = 9 Jn—1Jn+z = 7(=2)""1.

Theorem 2.9 For any integer m,n = 2, the relation between bi-periodic Jacobsthal sequence and bi-periodic
Jacobsthal Lucas sequence is given as

JmJn = Hm—2n—p = atmmpsmy o o
Proof: By (1, 2), we get

a2-§m)—§(m) [@MtT 4 pMAN_ (N My M BTY]

Jmn = PR T e

aZ—E(‘m)—f(n)(ab)Z[am+n—4+ﬁm+n—4_(aﬁ)—Z(anﬁm_I_amBn)]

Jm-2Jn-2 = (ab)l%JJ'EJ(a— B)?

Then we subtract the equalities

am+n(1_4(z_f)2)+ﬁm+n(1_4(;_i)2)_

4(ab)2)
(aB)?

aq2—-§m)-&(m)
(ab)l%JJ'EJ(a_ B)? (@"B™ + a™B™) (1 _

Jdn = Ym-2Jn—2 =

By af = —2ab and é(m) + é(n) — E(mn) = é(m + n), we get

a2=§m)=m) g4 B)

]m]n - 4‘]m—2]n—2 = lmJ+lEJ (am+n—2 _ ﬁm+n—2)
(ab) 217 2l(a-p)

a2-§(mn)—-§(m+n)

— — qMm+n-2 _ pgm+n-2
B A

al—f(m+n—2)

= gql—§(mn) —
+H5

(am+n—2 _ Bm+n—2)

(@) 217 a-p)

al—f(m+n—2)

=q1-§(mn)p§(mn) (qm¥n-2 _ gmin-2)

m+n—-2
@2 la-p)
= al—f(mn)bf(mn)]mm_z

Therefore, the proof is completed.
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Now if we take a = b = 1, we obtain the following
Jmin — 4Ym-2Jn-2 = Jm+n—2-
Theorem 2.10 A summation formula of bi-periodic Jacobsthal sequence with even index term is given by

Jam = —(ab + 4™ 1[—a + 4 X2(ab + 4)* 1],

Proof:
1-8(2k) 7, 2k_p2k
YrZ(ab + )T = Tii(ab + 4) T (a a—[; )
(ab) Z
a m—2 aZk_BZk

= (ab+a)(a- B) “k=0 (abra)k(ab)k

= 2 () - ()
(ab+4)(a— B) ©*=0 |\ab(ab+4) ab(ab+4)
2 m-—1 2 m-—1
a B
_ a (ab(ab+4)) -1 _ (ab(ab+4)) -1
(ab+4)(a—B) _@ _B*
ab(ab+4) ab(ab+4)

a?Mm=2_(gh)m 1(ab+4)™1
_ a (a2—ab(ab+4))(ab)m=2(ab+4)m~2
~ (ab+4)(a- B) BEM=2_(ab)M~1(qb+4)M"1
" (B2—ab(ab+4))(ab)™~2(ab+4)"M2

a?™=2—(ab)™ 1(ab+4)™m1
_ a a’?—ab(ab+4)
" (ab+4)M-1(ab)™2(a— B) BEM2_(ab)™ 1(ab+4)™m"1
- B2%2—ab(ab+4)

It is noticed that,

4(ab)2(azm_4—ﬁ’2m_4)—ab(ab+4)(a2m_2—52m_2)

m—2 k-1 _ a +(ab)™ Y(ab+4)™ Y (a?-B?)
Zk:o (ab + 4) Jaie = (ab+4)™m~1(ab)™ 2(a- B) 4(ab)?
a(aZm—4_ﬁ2m—4) a(aZm—Z_BZm—Z) + g

= (@b+4)™ 1 (ab)"2(a— B)  a(ab+4)m2(ab)"1(a— ) | 4

—_Jom-a _ _ Jom-2 +2
(ab+4)M-1  4(ab+4)™"2 4

—42m-4—(abt4)J2m-2 4+ 2
4(ab+4)m-1 4

Consequently,

m-—2

1 a
E hb+4y k-1 = — " —
k_o(a + ) ]2k 4(ab + 4)m_1]2m + 4

The proof is completed.
Now if we take a = b = 1, we obtain the following

Jom = _5m_1[—a + 4221:_02(5)_’(_1]'%]-
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