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Abstract 
Through this paper, we shall obtain common properties of local function and set operator   

and introduce the approximations of local function and set operator . We also determined 

expansion of local function and set operator . 
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1. Introduction 

The study of ideals on topological spaces was first introduced by K. Kuratowski [1]. The authors, Al-Omari and 

Noiri [2,3], Modak [4,5,6], Modak and Islam [7,8,9,10], Ekici and Elmali [11], Modak and Mistry [12], Khan 

and Noiri [13], Csaszar [14], O zbakir and Yildirim [15] have introduced the study of ideals on the generalized 

topological space. We know from [1] that, a subcollection  of ( )X , the powerset of X , is called an ideal 

on X  if (i) for ,A B X  and A B  , A  (hereditary) and (ii) for ,A B X  and ,A B , 

A B   (finite additivity). Hayashi [16] introduced localization properties of ideal topological space (an 

ideal  on a topological space ( , )X   is called an ideal topological space and it is denoted as ( , , ))X  . For 

a subset A  of X , the local function of A  in the ideal topological space ( , , )X  , is denoted as 
*A  and 

defined as: 

* { : , ( )}x xA x X U A U x     , where ( )x  is collection of all open sets of ( , )X   containing x .  

In regards of local function, Natkaniec [17] had defined the   operator. For an ideal topological space 

( , , )X  , the   operator is defined as follows:  

*( ) ( )A X X A  , for every A X . 

Again for its equivalent definition, see [18] and [19]. 

In this paper, our intension is to study the properties of local function and   operator in which topological 

space, generalized topological space [20], m -space [2], minimal space [21] and supra-topological space [22] 

etc. are not an essential part. That means we study the properties which hold in any subcollecton of ( )X . We 

also characterize the Newcomb's idea [ ]A B mod ,  -boundary [23] and Njastad's compatibility [24]. 

Secondly, we introduce and study the approximations of local function and the operator  . Finally we have 
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considered the expansion of above two operators. However A. Pavlovic[25] have studied “local function versus 

local closure function in ideal topological spaces”. 

 

2. Common Properties 

In this section, we shall consider the properties of local function and operator   which are not dependent on 

topology, generalized topology, minimal structure etc. 

Let X  be a set, ( )X  and  be an ideal on X , then we call ( , , )X   a space. 

Definition 2.1. Let ( , , )X  be a space. A set operator 
*() : ( ) ( )c X X  , called the common-local 

function of  on X  with respect to , is defined as: 
*( ) ( , ) { : , for every ( )}cA x X U A U x     , where ( ) { : }x U x U   . 

This is simply called *c -local function and denoted as 
*cA , for A X . 

 

Following is the example of a *c -local function of a set: 

 

Example 2.2. Let { , , }X a b c ,  { },{ },{ , } ( )a b a c X  and  ,{ }a . Take { , }B b c . Then 

* { , }cB b c . 

 

Theorem 2.3. Let ( , , )X  be a space. Then following hold: 

1. 
*( )c  . 

2. If 
* *, c cA B X A B   . 

3. If I  , then 
*( )cI  . 

4. If A X  and I  , then 
* * *( ) ( )c c cA I A I A   . 

5. For an ideal  on X  with 
* *, ( ) ( ) ( ) ( )c cA A  . 

6. For an ideal  on X , 
* * *( ) ( ) ( )c c cA A B   . 

Proof. 1. Obvious from the fact that  . 

2. Let 
*cx A . Then for all ( )U x , U A  . Thus U B  , otherwise U A  . Hence the 

result. 

3. It follows from the fact that, for any U , U I  , since I  . 

4. Claim: 
* *( )c cA A I . 

Let 
*( )cx A . Then for all ( )U x , A U  . If possible, suppose that ( )U A I  . Then for 

some J , ( )U A I J  . Then ( )U A I J  , and hence U A I J    , a contradiction. 

Claim: 
* *( )c cA I A  . 

Let 
*( )cx A I  . Then for all ( ), ( )x xU x U A I    . If possible, suppose that xA U  . 

Then for some J ,  xA U J  . Note that ( ) ( ) ( ) ( )x x x xU A I U A U I J U I         . Since 

xU I I  , then  ( )xU A I   , a contradiction. 

5.  It follows from the fact that every member of  is also a member of . 
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6. From (5), 
* * *( ) ( ) ( )c c cA A A   . Let 

*( )cx A  . Then for all ( )U x , 

U A   . Thus U A   or U A  . This implies that 
*( )cx A  or 

*( )cx A , and hence 

* *( ) ( )c cx A A  . 

Lemma 2.4. Let ( , , )X  be a space. Then { }    if and only if 
*cX X . 

Proof. Suppose { }   . It is obvious that 
*cX X . For reverse inclusion, let x X . If possible 

suppose that 
*cx X . Then there exists ( )xU x  such that xU X  . This implies that xU  , a 

contradiction. 

Conversely, suppose that 
*cX X  holds. If possible, suppose that U  , where x U . Then 

U X  , by hereditary property. Thus 
*cx X , a contradiction. 

If an ideal  satisfies the property { }   , then the ideal  is called -codense ideal. 

This property is similar to Dontchev, Ganster and Rose's [26] ‘codense’ ideal. An ideal  in an ideal 

topological space is called codense ideal if { }   . Newcomb [23], Hamlett and Jankovic[18] called 

such ideal as ‘ -boundary’ whereas Dontchev [27] called such spaces as ‘Hayashi-Samuel’ spaces. In fact 

such ideals play a very important role in the study of ideals (see: [6,19,28,29,30]). 

We define an operator similar to Natkaniec's  -operator [17]: 

Definition 2.5. Let ( , , )X  be a space. An operator : ( ) ( )c X X    is defined as follows: for every 

( ), ( ) { : there exists a ( ) such that }cA X A x X U x U A     . 

Equivalently 
*( ) ( )c

c A X X A  . 

Proof. Let 
*( )cx X X A . Then 

*( )cx X A , and thus there exists ( )U x  such that 

( )U X A  . So U A . Hence ( )cx A . 

Let ( )cx A . Then from definition, there exists ( )U x  such that U A . This implies that 

( )U X A  . Thus 
*( )cx X A , and hence 

*( )cx X X A . 

 

Here we find out the value of c  of a set in a space. 

 

Example 2.6.Let { , , }X a b c ,  ,{ , },{ , }a b a c and  ,{ }b . Take { , }B a b . Then 

* *( ) ( ) { } { } { , }c c

c B X X B X c X c a b     . 

 

Theorem 2.7. Let ( , , )X  be a space. 

1. If A B , then ( ) ( )c cA B  . 

2. If U , then ( )cU U . 

3. If , ( )A B X , then ( ) ( ) ( )c c cA B A B     . 

4. If A X , then ( ) ( ( ))c c cA A    if and only if 
* * *( ) (( ) )c c cX A X A . 

5. If I  , then 
*( ) c

c I X X  . 

6. If ,A X I  , then ( ) ( )c cA I A   . 
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7. If ( ) ( )A B B A  , then ( ) ( )c cA B  . 

Proof. 1. Obvious from Theorem 2.3 (2). 

2.  Let x U . Then x X U  and ( )U X U  . Thus 
*( )cx X U . Hence ( )cx U . 

3.  Obvious from monotonicity of c . 

4.  Suppose ( ) ( ( ))c c cA A   . Then 
* *( ) [ ( ) ]c c

cX X A X X A , and hence 

* * *( ) [ [( ) ] ]c c cX X A X X A . This implies that 
* * *( ) (( ) )c c cX A X A . 

5. Obvious from  Theorem 2.3 (4). 

6. Obvious from 5. 

7. Given that ( ) ( )A B B A  , and let ( )A B I , ( )B A J . Note that that ,I J   by 

heredity. Also observe that ( )B A I J  . Thus *( ) [( ) ] ( ) ( )c c c cB A I J A I A       . 

If we take reverse implication of the above relations, then we get the converse part. 

 

Corollary 2.8. Let ( , , )X  be a space, then the following properties 

are equivalent: 

1. { }   ; 

2. ( )c   ; 

3. If I  , then ( )c I  . 

Proof. 1 implies 2: 

*( ) c

c X X    , since   . 

2 implies 3: 

* *( ) ( )c c

c I X X I X X   , since I  . Thus ( )c I  . 

3 implies 1: 

( )c I   gives 
*cX X . Thus { }   . 

 

Definition 2.9. Let ( , , )X  be a space. We say the -structure  is -compatible with the ideal , 

denoted ~ , if the following property holds: for every A X , if for every x A  there exists ( )U x  

such that U A  , then A . 

 

Lemma 2.10. Let ( , , )X  be a space. Then ~  if and only if ( )c A A  , for every A X . 

Proof. Suppose ~  holds. Then for U A , ( ) ( )c A U A   . This implies that 

( ( ) )cU A A  , then from ~ , ( )c A A  . 

Conversely suppose that ( )c A A  , for every A X . Let x A . Also there is ( )xU x  such that 

xU A   for every x A . Then 
*cx A , and hence 

*cx X A . Thus 
*cA X A . Note that 

* * *( ) ( ) [ ( ( )) ] ( ) ( ) ( ) ( )c c c

c X A X A X X X A X A X A X A X A A    

. Therefore 
*( ) ( ) ( )c

c X A X A X A A A     (as 
*cA X A ). Since ( )c A A   for 

every A X , thus A . Therefore, ~ I . 
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Following example supports the Lemma 2.10. 

 

Example 2.11. Let { , }X a b ,  { },{ }a b and  ,{ }b . Then 
* *,{ } { }c ca a   ,

*{ }cb   and 

* { }cX a . Then
*( ) c

c X X    , 
*({ }) { }c

c a X b X   , 
*({ }) { }c

c b X a  { }b  and 

*( ) c

c X X X   . Then we see that ( )c     , ({ }) { } { }c a a b   ,  

({ }) { }c b b   and ( )c X X    and ~ . 

 

Corollary 2.12. Let ( , , )X  be a space with ~ . Then ( ( )) ( )c c cA A   , for every A X . 

Proof. From above theorem, for any A X , ( )c A A  . Then ( )c A A I   , for some I  . Then 

( ( )) ( ) ( )c c c cA A I A      (from Theorem 2.7 (6)). 

 

We shall give an example against the Corollary 2.12. 

 

Example 2.13. Consider the spsce ( , , )X , where { , }X a b ,  { },{ }a b and  ,{ }b . Then 

~ , by Example 2.11.Now 
* *,{ } { }c ca a   ,

*{ }cb   and 
* { }cX a and ( )c   *cX X  , 

*({ }) { }c

c a X b X   , 
*({ }) { }c

c b X a  { }b  and 
*( ) c

c X X  X . Then 

( ( )) ( )c c c       , ( ({ })) ({ })c c ca X a    , ( ({ })) { } ({ })c c cb b b    and 

( ( )) ( )c c cX X X    . 

 

Newcomb has defined [ ]A B mod  [23] if ( ) ( )A B B A  . 

 

Definition 2.14. Let ( , , )X  be a space. A subset B  of X  is called a Baire set with respect to  and , 

denoted ( , , )rA XB , if there exists a A  such that [ ]B A mod . 

Following example is the existence of Baire set. 

 

Example 2.15. Let X  , set of real numbers, { , , { }, }i   , and ( ) , where  is 

the set of rational numbers and i . Consider { }A i . Then for { }B i  , 

( ) ( ) ( { } { }A B B A i i     . Thus A  is a Baire set in ( , , )X . 

 

Theorem 2.16. Let ( , , )X  be a space with ~ . If ,U V   and ( ) ( )c cU V  , then 

[ ]U V mod . 

Proof. Since U , we have ( )cU U  (from Theorem 2.7 (2)), and hence 

( ) ( )c cU V U V V V     (by Lemma 2.10). Similarly V U  . Now 

( ) ( )U V V U   (by finite additivity). Hence [ ]U V mod . 

 

It is obvious that [ ]A B mod  is an equivalence relation. 
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Theorem 2.17. Let ( , , )X  be a space with ~ . If , ( , , )rA B XB , and ( ) ( )c cA B  , then 

[ ]A B mod . 

Proof. Let ,U V   such that [ ]A U mod  and [ ]B V mod . Now ( ) ( )c cA B   and 

( ) ( )c cB V   (by Theorem 2.7 (7)). Since ( ) ( )c cA U   implies that ( ) ( )c cU V  , hence 

[ ]U V mod  (by Theorem 2.16). Hence [ ]A B mod  by transitivity. 

 

Theorem 2.18. Let ( , , )X  be a space. 

1. If ( , , )rB XB , then there exists { }A   such that [ ]B A mod . 

2. Suppose { }   , then ( , , )rB XB  if and only if there exist { }A   such that 

[ ]B A mod . 

Proof. 1. Let ( , , )rB XB . Then ( , , )rB XB . If there does not exist { }A   such that 

[ ]B A mod , we have [ ]B mod . This implies that B , which is a contradiction. 

2. Here we prove converse part only. Let { }A   such that [ ]B A mod . Then ( )A B J I  , 

where ,J B A I A B   . If B , then A  by heredity and additivity, which contradicts  

{ }   . 

3.   Approximation 

Approximation is a part of analysis, but in this section, we introduce a method for approximation of local 

function and set operator   with the help of generalized open sets of topological space. 

We shall denote ‘Int’ and ‘Cl’as the ‘interior’ and ‘closure’ operator respectively of topological spaces. 

 

Definition 3.1. Let ( , )X   be a topological space. A subset A  of X  is called semi-open [31] (resp. preopen 

[32], semi-preopen [33] (   open [34]), b -open [35]) set, if ( ( ))A Cl Int A  (resp. ( ( ))A Int Cl A , 

( ( ( ))), ( ( )) ( ( ))A Cl Int Cl A A Cl Int A Int Cl A   ). 

 

The collection of all semi-open (resp. preopen, semi-preopen, b -open) in a topological space ( , )X   is 

denoted as ( , )SO X   (resp. ( , )PO X  ,  ( , )O X  , ( , )BO X  ). 

 

Further ( , )SO X x  (resp. ( , )PO X x , ( , )O X x , ( , )BO X x ) is the collection of all semi-open (resp. 

preopen, semi-preopen, b -open) sets containing x  in a topological space ( , )X  . 

 

From definition, for a topological space ( , )X  , we have ( , ) ( , ) ( , )SO X O X BO X       , and 

( , ) ( , ) ( , )PO X O X BO X       . 

 

Definition 3.2. Let ( , , )X   be an ideal topological space. For a subset A  of X , we define the following 

operator: 
* * * *( resp. , , ) { : for every ( , )p s b

x xA A A A x X A U U PO X x      (resp. ( , ),SO X x

( , ), ( , )O X x BO X x ). 
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Theorem 3.3. Let ( , , )X   be an ideal topological space. Then 

1. for A X , 
* * * *b sA A A A   . 

2. for A X , 
* * * *b pA A A A   . 

 

Let ( , )X   be a topological space. Then for A X , we define ( )sCl A  (resp. ( )pCl A , ( )Cl A , ( )bCl A ) 

{ : ( , ) (resp. ( , ), ( , ), ( , ))}F A X F SO X PO X O X BO X       . 

 

Proposition 3.4. Let ( , )X   be a topological space. Then for any A X , 

(1) ( ) ( ) ( ) ( )bCl A Cl A sCl A Cl A   , 

(2) ( ) ( ) ( ) ( )bCl A Cl A pCl A Cl A   .  

 

Definition 3.5. Let ( , , )X   be an ideal topological space. For a subset A  of X , we define the following 

operator: ( )c A  [3] (resp. ( ), ( ), ( ), ( )) { : ( )pc sc c bc xA A A A x X A Cl U       ( resp. ( ),xA pCl U

( ), ( ), ( )) for every ( )}x x x xA sCl U A Cl U A bCl U U x      , where ( ) { : }x U x U    . 

 

Theorem 3.6. Let ( , , )X   be an ideal topological space. Then for any A X , 

1. 
* ( ) ( ) ( ) ( )c sc c bcA A A A A       , 

2. 
* ( ) ( ) ( ) ( )c pc c bcA A A A A       . 

 

Next we consider following operators: 

* * * *( ) (resp. , ( ), ( ), ( )) ( ) (resp. , ( ) , ( ) , ( ) )s p b

s p bA A A A X X A X A X A X A

     . 

 

Theorem 3.7. Let ( , , )X   be an ideal topological space. Then 

1. for A X , ( ) ( ) ( ) ( )s bA A A A      . 

2. for A X , ( ) ( ) ( ) ( )p bA A A A      . 

 

Definition 3.8. Let ( , , )X   be an ideal topological space. For a subset A  of X , we define the following 

operator: ( )c A  (resp. ( ), ( ), ( ), ( )) ( )pc sc c bc cA A A A X X A      (resp. ( )pc X A , 

( ),sc X A ( ), ( )c bcX A X A  ). 

 

Theorem 3.9. Let ( , , )X   be an ideal topological space. Then for any A X , 

1. ( ) ( ) ( ) ( ) ( )c sc c bcA A A A A     , 

2. ( ) ( ) ( ) ( ) ( )c pc c bcA A A A A     . 

 

Expansion of local function and set operator   have been shown by the following corollaries: 
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Corollary 3.10. Let ( , , )X   be an ideal topological space. Then 

1. for A X , 
* * * * ( ) ( ) ( ) ( )b s

c sc c bcA A A A A A A A

          . 

2. for A X , 
* * * * ( ) ( ) ( ) ( )b p

c pc c bcA A A A A A A A

          . 

 

Corollary 3.11. Let ( , , )X   be an ideal topological space. Then 

1. for A X , ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )bc c sc c s bA A A A A A A A            . 

2. for A X , ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )bc c pc c p bA A A A A A A A            . 

 

4.  Conclusion 

Anyone can introduce a new type of generalized open set in the topological space and if this collection lies in 

between the collection of semi-open sets and semi-preopen sets (resp. preopen sets and semi-pre open sets), 

then we get an another local function whose value lies in between 
*() 

 and 
*() s

 (resp. 
*() 

 and 
*() p

). Similarly 

we can split the values of s  and  , p  and  , sc  and  
c , pc  and 

c , c  and sc  and c  and 

pc . 
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