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1. Introduction

Fuzzy set theory initiated by Zadeh [1]. He introduced it to became an important mathematical tool in solving
different types of complicated problems, which having uncertainties in real life problems. But, it has many
difficulties, like constructing the membership function. Due to similar reasons, soft set theory was introduced [2]
by Molodtsov. Recently, many papers published in soft set theory. Not only applied mathematicians, but also
theoretic mathematicians are interested in this topic.

After introducing the soft set, fuzzy soft set (fs-set) theory was initiated by Maji et al. [3] and its basic properties
were investigated by Ahmad and Kharal [4] and Cagman et al [5]. The notion of fuzzy soft topological spaces
was introduced by Tanay and Kandemir [6] as a generalization to soft topological spaces [7] and fuzzy topological
spaces [8]. More topological properties to fuzzy soft topological spaces were investigated in [9, 10]. As an
extension to the notion of supra soft topological spaces [11] and fuzzy soft topological spaces [6,9], Abd El-latif
[12] proposed the definition of fuzzy supra soft topological spaces. More topological properties, like fss-
generalized closed (open) sets and fss-almost compact spaces, were investigated in [13].

Lin [14] introduced the notion of soft connectedness. Mahanta et al. [9] generalized this notion to fuzzy soft
topological spaces . After that, Kandil et al. [15] in 2015, initiated the concept of fuzzy soft semi connected sets
as a generalization to that’s in [9]. Recently, Hussain [16], Karatas et al. [17] and Kandil et al. [18, 19, 20]
investigated many properties of fuzzy soft connectedness. Our purpose of this paper is to present and study the
concept of fss-connectedness and study its basic properties in detail.

2. Preliminaries

In this section, we recall the following notions and results for the development of fs-set theory and fssts’s, which
will be needed in this paper.

Definition 2.1 [1] A fuzzy set A on X is characterized by a membership function u,: X — I whose value p4(x)
represents the "degree of membership"” of x in A for x € X.
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Definition 2.2 [2] A pair (G, E), denoted by G, is called a soft set over X , where G: E - P(X). The family of
all soft sets over X is denoted by S(X)g.

Definition 2.3 [3] A pair (f, A), denoted by f,, is called a fuzzy soft set (fs-set, for short) over X, where A € E
and f: A — I* defined by f,(e) = uf, where uf, = 0ife € Aand uf, # 0ife € A, where0(e) =0 V x € X.
The family of all fs-sets over X denoted by FSS(X)g.

Definition 2.4 [10] The complement of a fuzzy soft set (f, A), denoted by (f, A)¢, is defined by (f,A)¢ =
(f€,A), fi+E - I is amapping given by ufc =1—puf, Ve € A, where 1(e) =1 ¥ x € X. Clearly (ff)° =
fa-

Definition 2.5 [21] A fuzzy soft set £, over X is said to be a null fuzzy soft set, denoted by 0,4, if for all e € 4,
fa(e) = 0.

Definition 2.6 [21] A fuzzy soft set £, over X is said to be an absolute fuzzy soft set, denoted by 1,4, if for all

e € A, fa(e) =1, where 1 is the membership function of absolute fuzzy set over X, which takes value 1 for all
for all x € X. Clearly, we have (1,)¢ =0, and (0,)¢ = 1,.

Definition 2.7 [10] Let f4, gg € FSS(X)g. Then, f, is fuzzy soft subset of gz, denoted by f, E gp, if qu c
Hoy, Ve€Aie uf (x)Spg (x) Vx€EX and V e € A.

Definition 2.8 [10]. The union of two fuzzy soft sets f, and g over the common universe X is also a fuzzy soft
set h, where C = AU B and forall e € C,

he(e) = up, = uf, vV ug, Ve € C. Here, we write he = f, U gp.
Definition 2.9 [10]. The intersection of two fuzzy soft sets f, and gz over the common universe X is also a fuzzy
soft set h, where C = An B andforalle € C,
he(e) = up, = uf, A g, Ve € C. Here, we write he = fy 1 gp.
Definition 2.10 [22]. The family T € FSS(X) is called a fuzzy soft topology (fst, for short) on X if

1) 1.0 €93,

) Iffy, g5 €T, thenfyNgg €T
The triplet (X, I, E) is called fuzzy soft topological space. Also, each member of X is called a fuzzy open soft
in (X,%,E).
Definition 2.11 [23] The fs-set f, € FSS(X) is called fuzzy soft point if there exist x € X and e € E such that
pi, () =a (0 <a<1)andu; (y) = 0 for each y € X — {x}, and this fuzzy soft point is denoted by x¢ or f,.
Definition 2.12 [23] The soft fuzzy point £ is said to be belonging to the fs-set gz, denoted by £ € gg, if for
the elemente € AN B, uf, (x) < pg, (x).

Definition 2.13 [9] Let (X, I, E) be a fsts. A fuzzy soft separation (fs-separation, for short) of 1 is a pair of non
null proper fuzzy open soft sets gg, h¢ such that gz M he = 0z and 1z = g U hc.

Definition 2.14 [9] A fsts (X, X, E) is said to be fs-connected if and only if there is no fs-separations of 1.
Otherwise, (X, I, E) is said to be fs-disconnected space.

Definition 2.15 [12] Let ¥ be a family of fs-sets over a universe X. Then < is called fuzzy supra soft topology
(briefey fsst) on X if

(1) 1505 €3,

The triplet (X, T, E) is called a fuzzy supra soft topological space (briefly fssts). Also, each member of T is called
a fuzzy supra open soft set (fsos-set for short) in (X, T, E). A fs-set f, over X is said to be fuzzy supra closed soft
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set ((fscs-set for short)) in X, if its relative complement £ is a fsos-set. We denote the set of all fsos- (fscs-) sets
by FSOS(X) (FSCS(X)).

Definition 2.16 [12] Let (X, T, E) be a fsts and (X, T, E) be a fssts. We say that T is a fsst associated with T* if
T ck

Definition 2.17 [12] Let (X, T, E) beafsstsand gg € FSS(X)g. Then the fuzzy supra soft interior of gz, denoted
by Fint®(gp) is defined as

Fint(gg) =U {hy:hy is fsos —set and h, E gg}. 1)
Also, the fuzzy supra soft closure of gg, denoted by Fcl®(gg) is defined as
Fcl3(gg) =N{hy:hy is fscs —set and gg & hy}. 2

Definition 2.18 [24] Let FSS(X) and FSS(Y)g be families of fs-sets over X and Y, respectively. Letu: X - Y
and p: E — K be mappings. Then the map f,, is called a fuzzy soft mapping from X to ¥ and denoted by
fou: FSS(X)g — FSS(Y)g such that,

If f4 € FSS(X)g. Then the image of £, under the fuzzy soft mapping f£,, is the fs-set over Y defined by f,,, (f4).
whereV k e p(E), V yeY,
Vo= Fa(@](x)  if x €u™'(),

otherwise.

) fru DR = {g<xv>=y

If g5 € FSS(Y)k, then the pre-image of g under the fuzzy soft mapping f,,, is the fs-set over X defined by
foud (9), WhereV e € p71(K), V x € X,

@) 2l (92) (@) (x) = {gg(p(e))(u(x)) for p(e) € B,

otherwise.
The fuzzy soft mapping f,,, is called surjective (resp. injective) if p and u are surjective (resp. injective), also it
is said to be constant if p and u are constant.

Definition 2.19 [12] Let (X,I*,,E), (Y, T*,, K) be two fssts’s and I, I, be associated fsst’s with T, T*,,
respectively. Then, soft function f,,,,: FSS(X)g — FSS(Y) is called fuzzy supra soft continuous (resp. fuzzy
supra irresolute soft) if £, (gp) € Ty V gp € T, (resp. fii' () €T, V gp € Ty).

Definition 2.20 [12] Let (X,T"{,E), (Y, T, K) be two fsts’s and T, T, be associated fsst’s with T, T*,,
respectively. Then, the soft function f,,,: FSS(X)g — FSS(Y) is called

(1) Fuzzy supra open soft if f,,,,(gg) € X, V gg € T7;.

(2) Fuzzy supra closed soft if f,,,,(gg) € T, V gg € T, Where T ,andT*; are the family of
closed sets of T, and T*;, respectively.

(3) Fuzzy supra irresolute open soft if £,,,(gg) € T, V gr € T;4.

(4) Fuzzy suprairresolute closed soft if f,,,(gg) € T, V gg € T,

Theorem 2.21 [4, 23] Let FSS(X); and FSS(Y)g be two families of fs-sets. For the fuzzy soft function
fou: FSS(X)g — FSS(Y), the following statements hold,

@  frl((9.B)) = (' (9, B))Y (g,B) € FSS(Y)k-
() fou(0g) = Ok, fpu(1) E 1k. If £y, is surjective, then the equality holds.
© fpﬂl(il() = 1 and fpﬂl(()K) = 0;.
(d) If(f,4) E (9,4), then fi,(f, A) E fu(g,4).
(€) If (f,B) E (g,B) then fi,'(f, B) E f!(9,B) ¥V (f,B), (g, B) € FSS(¥).
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3. Fuzzy supra soft connected spaces

In this section, we initiate the concept of fss-connected sets. we study its properties in general with respect to
fss-subspaces and fuzzy supra irresolute soft functions. We noticed that, the fss-disconnectedness property is
hereditary property. Also, the image of fss-connected sets under fuzzy supra irresolute soft function is fss-
connected.

Definition 3.1 Two fs-subsets f, and g of a fssts (X, T, E) are said to be disjoint, denoted by £, N gg = O,
ifANB=¢oruf, Aug, =0 Ve€E.

Definition 3.2 Let (X, T, E) be a fssts. A fss-separation of £, £ 1 is a pair of non null disjoint proper fuzzy
supra open soft sets hy, g¢ such that £, © hg U g, fa M hg # 05 and £, N g¢ # 0. If there exist such two
proper fuzzy supra open soft sets, then the fs-set f, is said to be fss-disconnected set. Otherwise, f, is called

fss-connected. If we take 1 instead of £, then the space (X, <, E) is said to be fss-disconnected (connected)
space.

Proposition 3.3 Let (X, T, E) and (X, g, E) be two fssts’s such that T € o. If (X, g, E) is fss-connected space,
thenso (X, I, E).

Proof. Immediate.

Remark 3.4 The converse of the above proposition is not true in general as shall shown in the following
example.

Example 3.5 Let X = {x,y,z}, E = {eq,e,,e3,e4}and A,B,C < E where A = {e4, e,,e3}, B = {e3,e,} and
C = {e4}. Let f4, g, k¢, hp, sg be fs-sets defined as follows:

Ii;; = {x1,¥1,21}, lljii ={x1,y1, 21}, M;j = {x1, V1,21 }

#Z; = {xX1, Y1, %1}, #Z‘; = {X0.2,Y0.3, Z0.5}:

:“Iiz = {x1,y1, 21},

Hiy = (v}, iy = (0,00, 21),

Hsy = oy zid iy = by zid iy = by 21 gy = (%02 Y03 %05}

Consider the collection X = {1, 0, f4, gp, Sg}. It follows, T defines a fsst on X which has no fss-separation of
5. Hence, (X, 3, E) is a fss-connected space. Also, consider o = {1z, 0z, fa, gg, k¢, hg, Sg}. S0, o defines a
fsst on X such that T < o and o is a fss-disconnected space, since f4, k¢ € o and form a fss-separation of 1.

Definition 3.6 [12] Let (X, I, E) be afsstsand Y € X. Let y; be a fs-set over (Y, E) defined by:

1, x€Y,

0, xgY.

Then, the fssts T, = {yg M gp: gp € T} is called the fss-subspace topology for y; and (Y, T, E) is called
fss-subspace of (X, T, E).

yg: E = IV such that y; (e) = u$,, where u$_(x) = {

Remark 3.7 The fss-disconnectedness property isn’t hereditary in general as shall shown in the following
example.

Example 3.8 Let X = {x,y,z},and E = {e,,e,} . Let f4, g be fs-sets defined as follows:
e e,
e = {xuy1} b = X1k
ugr = {21}, g, = {z1}.
Consider the collection T = {iE, GE,fE,gE}. It follows, T defines a fsst on X which is fss-disconnected.
Now, let Y = {x, y}, then yz = fz and Ty, = {15, O, f}. Therefore, Ty is is fss-connected.

Theorem 3.9 Let (X, T, E), (Y,q,K) be two fsts’s , u, v be two associated fssts with T and o, respectively.
Letfy,: FSS(X)g — FSS(Y)k be an bijective fuzzy supra irresolute soft function. If k, is fss-connected

subset of 1, then f,,,, (k,) is fss-connected subset of 1.
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Proof. Let f,, (k) is fss-disconnected subset of 1. Then, there exists a fss-separation h¢, gg € v of fou(ka).
Since f,, is surjective fuzzy supra irresolute soft function, k, = qull(fpu(kA)) = qull(hc U gp) = f' (he) U
Sl (95) and fl (he 1 95) = ful (he) 1 5l (95) = £~ (O = D from Theorem 2.21. Also, £/ [95 I
foutka)] = fir (gp) M ka # fir! (05) = Ok and fi [he 1 fou(ka)] = fi (he) M kg # Og. This means that,
f,;} (hc),fpul(gB) € u forms a fss-separation of k4, which is a contradiction. Hence, fy,,,(k4) is a is fss-
connected.

Theorem 3.10 Let h be a fss-connected subspace of fssts (X, E) . If 1, has a fss-separations f,, gg, then
either he E f,, or he E gp.

Proof. Let f,, gg be fss-separation on 1. Then, f4 N h¢, gg N h¢ € ZThe- Since he E 1g = faUgg he N (fy U

gp) =he = (h¢ N f) U (he M gp) and (f4 Mhe) M (gp Mhe) = he M (fa N gp) = 05. Also, (faThe) N
h, = fA M he # 0z and (gg M he) M h, = gg N h, # 0. Since h is fss-connected, either A M f, = 0z or he M
gp = Og. It follows, either h = hg 1M f, or he = he N gg. Therefore, either he E £, Or he E gp.

Theorem 3.11 Let hy be a fss-connected subspace of fssts (X, I, E) and zg be fs-subset of (X, T, E) such that
hy E zg E Fcl®(hy).Then, zg is fss-connected.

Proof. It is sufficient to prove that Fcl(h,) is fss-connected. Contrarily, assume that Fcl®(h,) is fss-
disconnected. Then, there exists a fss-separation f, gp € Ty, of Fcl®(hy). It follows, h, 1 f¢ and hy 1 gp, are

fuzzy supra open soft sets in &, , which forms a fss-separation of h,, which is a contradiction. Therefore, zg is
fss-connected.

Corollary 3.12 Let f, be a fss-connected subspace of fssts (X, <, E). Then, Fcl®(f,) is fss-connected.
Proof. Follows from Theorem 3.11.

Theorem 3.13 If for all pair of distinct fuzzy soft points f,, g., there exists a fuzzy supra soft connected subset

zy of fssts (X, X, E) such that £, g. € zy, then 1 is fuzzy supra soft connected.

Proof. Assume that 1 is fss-disconnected space. Then, there exists a fss-separation f, gp € T of 15. Since f, N

gp = 0, there exist two distinct fuzzy soft points f,, g, such that £, € f4 and g, € gz. By hypothesis, there

exists a fuzzy fuzzy supra soft connected set z, such that f,, g. € zy. From Theorem 3.10, either zy & f, or
E g and both cases is a contradiction. Therefore, 1 is fuzzy supra soft connected.

Theorem 3.14 Let {v,_:€ € 1} be a collection of fss-connected subspaces of fssts (X, T, E) such that
Meea Va, # 0. Then, Uge; vy, is fss-connected.

Proof. Suppose that Li¢; vy, is fss-disconnected. Then, there exists a fss-separation mg, n; € . It follows, v,_
is fss-connected subspace of fss-disconnected space 1, and M¢; vy, F 05. By Theorem 3.10, either vy, Emp
or vy, Eng Ve €A If vy Emg, then ng =0p and if v, E ng, then mpy = 0g and both cases is a
contradiction. Therefore, 1, is fss-connected.

4. Fuzzy supra soft C;-connected spaces, i = 1,2,3,4

It is well known that, for fs-sets theory [3] and for any two fs-sets f, and gg, even though the following
implication is valid: £, M gg =0 = f4 E g5, the reverse implication isn’t true in general. This deviation
gave the opportunity to the authors [25] to introduce new types of fuzzy connectedness, which weren’t exist in
the classical set theory, named C;-fuzzy connectedness, (i = 1,2,3,4). S. Karatas et al. [17] generalized these
notions to fsts, which generalized in [18, 19]. Here, we introduce the notion of fuzzy supra soft C;-connected
spaces, named FSSC;-connected sets (i = 1,2,3,4), as a generalization to such similar concepts in [17, 18, 19].
The relation between these classes is studied in details, supported by counter examples.

Definition 4.1 Let (X,%,E) be afsstsand fz € FSS(X)g. Then, fg is called

(1) Fuzzy supra soft C;-connected (or FSSC;-connected) if doesn’t exist two non null fuzzy supra soft
open sets g, and hy such that fz E g, U hg, ga Mhg E £, fz N ga # 0g and fz N hy # 0g.
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(2) Fuzzy supra soft C,-connected (or FSSC,-connected) if doesn’t exist two non null fuzzy supra soft
open sets g, and hy such that fz; E g, U hg, fz M ga Mhg = 0g, fz N ga # 0g and fz N hg = 0.

(3) Fuzzy supra soft C5-connected (or FSSCs-connected) if doesn’t exist two non null fuzzy supra soft
open sets g4 and hg such that fp = g, U hg, ga Mhg E f§, ga Z f5 and hg Z f5.

(4) Fuzzy supra soft C4-connected (or FSSC4-connected) if doesn’t exist two non null fuzzy supra soft
open sets g, and h such that fz E g4 U hg, fe Mgy M hg = 0, g4 Z £ and hy 2 f¥.

Proposition 4.2 In a fssts (X, I, E), the relation between the classes FSSC;-connected sets, i = 1,2,3,4 shall
shown in the following diagram.

FSSC;-connected = FSSC,-connected
U U
FSSC;-connected = FSSC,-connected
Proof. Follows from Definition 4.1.

Remark 4.3 The implications in Proposition 4.2 are not reversible, as shall shown in the following examples.

Example 4.4 FSSC,-connected =5 FSS(C5-connected.
Let X =[0,1] and E = {eq, e,}. Let consider the fs-sets fz, gg, hr defined as follows:

il<x<1 1,%<x§1
IigE(x)—<1 O<x< and “ZZE(X)=<%,OSxS%

1, i<x<1 2licx<1
e 4 e, 4’ 4
M) =92 0<x<i a0 m () =91 0<x<2

,ufE(x) = l = ,uf (%), for each x € [0,1].

¥ = {1;,0g, gg, he} defines a fsst on X. It is easy to see that f5 is FSSC,-connected but not FSSCs-
connected.

Example 4.5 FSSC,-connected = FSSC,-connected.
LetX =[0,1] and E = {e4, e,}. Let consider the fs-sets fz, gg, he, kg, mg, ng defined as follows:

(0,1<xS1 (l,l<xS1
2 e 2 2
— 2 —
Moy () = <2,0Sx3% and '“gE(x)_<0,0SXS%
%'%<x31 (0,%<XS1
e e
M) =90, 0<x<: A0 () =92 o<l
\
%,%<XS1 %,%<x£1
e e
P =31 o<x<l and pp (=41 g<x<?
2 2 2 2
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i,%<x$1
uiz(x)zo,for each x € [0,1] and ,u,i;(x): 1 o<y<t
4’ T T T T2
1,1<x31 l,l<x31
o 2’ 2 o 4’ 2
Hmp() =00, 0sx <2 A M () =92 0<x <2
0, t<x<1 2 lcxs<t
o 2 0 2’ 2
H'nE(x): %,OSXS% and ‘unE(x): i,OSxS%

X = {1, 0%, gg, hg, f5, kg, mg,ng} defines a fsst on X. It is easy to see that f; is FSSC,-connected but not
FSSC,-connected.

Example 4.6 FSSCs;-connected = FSSC;-connected and FSSC,-connected = FSSC,-connected.
LetX =[0,1] and E = {e4, e,}. Let consider the fs-sets fz, gg, hr defined as follows:

1
f4,4<xs1 (1, > <x<1
e e
Hgp(¥) =91 o<x <t and pg(x) =31 g<x<?
2 4 4 4
.
1 1 1 1
2, =<x<1 (=, 2<x<1
es 4° 4 e, 2° 4
Py () =91 0<x <2 and pi () =41 g<x <l
2 4 4 4
.

uit(x) = i = U2 (x), for each x € [0,1].

X = {1;,0g, gg, he, gp U hg} defines a fsst on X. Clearly, it is can be shown that f5 is FSSC5-connected
and FSSC,-connected but not FSSC;-connected.

Theorem 4.7 Let (X,T,E), (Y,0,K) be two fsts’s , 4, v be two associated fssts’s with T and o, respectively.
Letfpu: FSS(X)g — FSS(Y)k be a bijective fuzzy supra irresolute soft function. If vg is FSSC;-connected

subset of 1, then f,,,, (vg) is FSSC;-connected subset of 1, (i = 1,2).
Proof. We prove the case when i = 1, the other case (i = 2) can be proved by a similar way.

Suppose that f,,, (vg) isn’t FSSC;-connected. Then, there exist v-fuzzy supra open soft sets g, and hg

such that fpu(vE) Egal hB1 gan hB = [fpu(vE)]C = fpu(vg)a fpu(vE) Mga# 6E and fpu(vE) r hB * GE-
From Theorem 2.21,

Vg E fou Upu(WE)] E fr [9a U hgl = fr! (9a) U il (hp),

foul 194 M hg] = fou (9a) 1 fil (he) E foul' Upu (WE)] = VE,

foid UpuE) M gal = fird Ui (VeI 1 £ (94) = e 1 £ (94) # fri [0k] = Op and
foit- Upu(Vg) M hg] = fir fpu(We)]1 N fiit (hg) = v T fi (hp) # frt [0k] = 0.

Since f,,, is fuzzy supra irresolute soft function, fp‘u1 (94), fp;} (hp) are u-fuzzy supra open soft sets. This means
that, vg isn’t FSSC;-connected, which is a contradiction with the hypothesis.

Theorem 4.8 Let (X,Z,E), (Y, 0,K) be two fsts’s , u, v be two associated fssts’s with T and o, respectively.
Letfyy,: FSS(X)g — FSS(Y)k be a bijective fuzzy supra irresolute soft function. If vy is FSSC;-connected

subset of 1, then f,,,, (vg) is FSSC;-connected subset of 1, (i = 3,4).
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Proof. We prove the case when i = 3, the other case (i = 4) can be proved by a similar way.

Suppose that f,,,, (vg) isn’t FSSC3-connected. Then, there exist v-fuzzy supra open soft sets g, and hg

such that fpu(vE) E ga u th 9da rn hB = [fpu(vE)]C = fpu(vg)'gA pru(vg') and hB pru(vg)- From
Theorem 2.21,

Vg E fp_ul[fpu(vE)] E fp_u1 [gA u hB] = fp_ul(gA) u fp_ul(hB) (3)

foi [9a T he] = fru (9D N fini (hs) E foul [fpu(WE)] = VE (4)
Since fy,, is fuzzy supra irresolute soft function, f;!(g4), fp‘u1 (hp) are u-fuzzy supra open soft sets. Since f,,,
is surjective, there exist y,,y, € Y such that

Mg, 1) 2 1= fru(e)(K)(y1) () and  pp,(v2) 21— fru(e)(K)(y2) (i)
Now, if quf (g4) E vg, then this claim contradicts with (i). Thus,

foi (9a) B v (5)
Also, if fp‘u1 (hg) E vg, then this claim contradicts with (ii). Thus,
foui' (hg) B vE (6)

Equations (3), (4), (5) and (6) prove that v isn’t FSSC;-connected, which is a contradiction. Hence, f,,,, (vg) is
FSSCs3-connected.

Theorem 4.9 Let (X, I, E), (Y, 0,K) be two fsts’s , u, v be two associated fssts’s with T and a, respectively.
Letfyy,: FSS(X)g — FSS(Y)k be an injective fuzzy supra irresolute open soft function. If sk is FSSC;-

connected subset of 1y, then f,,;! (sx) is FSSC;-connected subset of 1z, (i = 1,2,3,4).
Proof. It similar to the proof of Theorem 4.7 and Theorem 4.8.
5. Conclusion

In this paper, we introduced fss-connected sets, as a generalization to that’s in [13, 13]. We discussed its basic
properties such as the hereditary property and protecting image of fss-connected sets. Besides this, we introduced
four types of fuzzy connectedness for a fs-set,named FSSC;- connected sets. we discussed the relations between
them. For future works, we consider to investigate more types of fss-connectedness, like fss-locally
connectedness and fss-hyperconnected spaces by using the soft ideal notion as a generalization to that’s in [11].
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