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1. Introduction

The following definition for convex functions is well known in the mathematical analysis literature; The function
f:[a,b] = R is said to be convex if the inequality

fitx+ (A =-0y) <tf()+ (1A -f ) 1)

isvalid forall x,y € [a,b] and t € [0,1] and f is said to be concave on [a, b] if the inequality (1) holds in reversed
direction.

Many inequalities have been established for convex functions. Convexity theory provides powerful principles
and techniques to study a wide class of problems in both pure and applied mathematics. See [1,2] and the
references therein.

The following integral inequality, it is well known in the literature as Simpson’s inequality

Theorem 1. Let] = [a,b] and f : I - R a four-time continuously differentiable mapping on (a,b) and
IF @, = supxe(apm|f @ )| < co. Then the following inequality holds:

b
1{f(a) + f(b) +b 1 1
3 e )]_b—aff(")dx < 5zaoIF .0 - a* @)

There are many important studies in the literature on Simpson type integral inequalities. For recent results,
generalizations and improvements about Simpson’s inequality see [3-6] and the references therein.
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Definition 1. Let h:J — R be a non-negative function, h # 0. We say that f: I - R isan h-convex function,
or that f belongs to class SX(h,!) if f isno negativeand x,y € I and a € (0,1). We have

flax + (1 -a)y) < h(&)f (x) + h(1 —a)f (¥) 3)

If this inequality is reversed, then f is said to be h-concave, i.e. f € SV(h,I) [7].
In [8], Kadakal obtained the trigonometrically convex function as follows.

Definition 2. A non- negative function f:I — R is called trigonometrically convex if for every x,y € I and
te[0,1].
it it

Ftx + (1= Dy) < sin (7) F(x) + cos (7) ) “)

The class of all trigonometrically convex functions is denoted T'C (1) on the interval /.
Example 1. Non-negative constant functions are trigonometrically convex,

. . it t
since sin (7) + cos (7) >1 forallt € [0,1].
Lemma 1. i) Every non-negative convex function is a trigonometrically convex function.

if) Every trigonometrically convex function is h-convex function with h(t) = sin(”?t).

We note that space of trigonometrically convex functions is a convex cone in the vector space of functions
f:la,b] = R.

Theorem 2. Let f,g: [a,b] — R.If fand g are trigonometrically convex functions, then
(i) f + g istrigonometrically convex function,

(if)forc € R (c = 0), c.f istrigonometrically convex function.

Some results for these classes of convex functions have been obtained in recent years. In [9], Kadakal obtained
of Hermite-Hadamard inequality whose second derivatives are trigonometrically convex. Also In [10], Bekar
proved Hermite-Hadamard inequality which holds for trigonometrically P-convex functions.

Theorem 3. (Holder inequality for integrals) Letp > 1 and %+$ = 1. If f and g are real functions
defined on [a, b] and if |f|?,|g|? are integrable functions on [a, b], ¢ = 1 then
1 1

b b p /Db q
f F0g(0)ldx < f F GO IPdx f (01 dx ©)

with equality holding if and only if A|f(x)|? = B|g(x)|4, almost everywhere, where A and B are constants
[11].

Power-mean integral inequality as a result of the Holder integral inequality can be given as follows:

Theorem 4. (Power-mean integral inequality) Let ¢ > 1. If f and g are real functions defined on [a, b] and
if |f], |f]lg]? are integrable functions on [a, b], then

11 1
q

b b 7/ b
f F(0g()ldx < f £ (O)ldx f FEOllgG | . ©)

In [12], Iscan achieved the following integral inequality which gives better approach than the cllassical holder
integral inequality:
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Theorem 5. (Hélder-Iscan inequality for integrals) Let p > 1 and %+ % = 1.If f and g are real
functions defined on interval [a, b] and |f|? and |g|? are integrable functions on [a, b], then

b b
1
| If(x)g(x)ldxsm{ Jo-nir@ra) | [6-01ge1d

b > /b 2
Je-aif@pa ) | [e-olg@ia l )
a a J

In [13], a different representation of the Holder-Iscan inequality is given as follows:

Theorem 6. (Improved power-Mean Integral Inequality) Let g > 1 and %+ % = 1. If f and g are real
functions defined on interval [a, b] and |f| and |f||g|? are integrable functions on [a, b], then

1 1

b ( 1=/ p 2
[irwgeolar < 5— f b-01f@ldx | | [G-0l@lgelds

a a

11

q

b b
f (x — @) [f () ldx f (x - @) [f@Ilg)]"dx

q

(8)

- I 3

2. Simpson’s Type Inequalities for Trigonometrically Convex

In this section, in order to prove our main theorems by subracting Simpson type integral inequalities for
trigonometrically convex funtions, we will use the following lemma. This lemma can be easily obtained by taking
partial integration in the lemma [14].

Lemma 2 Let I € R, f:I - R be a absolutely countinous mapping I° where a,b € I with a < b, then the
following equality holds:

Flr@+ar (20) 4 )| - f fdx = b -a f POfEh+A-Da)de  (9)
where
p(t) = t_sé' te[i%)
=5 telz]

Theorem 7. Let f:1 c [0,%) — R be a differentiable mapping I° such that f’ € L,[a, b], wherea,b € I,
with a < b. If |f'| is trigonometrically convex function on [a, b], then the following inequality holds for t €
[0,1]:

elr@+ar (D) 4 pw)] - 5 f f@)dx

<b-a) <24(1 + \/zn—zx/g) + 21

)A(If’(a)l, If' (b)) (10)

where A is the arithmetic mean, % + % =1.
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Proof: By using the Lemma 2, trigonometrically convexity of the function |f’| and the inequality

7@+ = D)l < sin () 17 B +cos (3 1 @,

we obtain
tlr@+ar (30) + )| 5= f fedx| < (b-a) fl p(Of (th + (1 - H)a) dt
0
/
<(- a)lfz‘t——‘lf(tb+(1 t)a)|dt + (b — a)f|t——||f(tb+(1 t)a)| dt
172
1/2
<(b- a)f ‘t—— cos< )|f(a)|+sm( )lf(b)l]dt

+(b—a) f‘t——‘ cos If (a)|+sm< )If (b)l]dt
172
1/6

—(b- a)j st cos( )lf(a)|+sm( )lf(b)l]

1/2

+(b— a)f t—— cos( )|f(a)|+sm( )lf(b)l]dt
176
5/6

+ (b — a)f ——t cos( )If(a)|+sm( )If(b)l]dt

1/2

+ (b — a)f t—— cos( )lf(a)|+sm( )lf(b)l]dt

5/16;6 1/2 5/6
=(b—a)l.[ ——t cos dt+1_/];5 (t—%)cos(%t)dt+1_/f2 (g—t>cos(%t)dt
1 1/6 1/2

+ f(t—g)cos( dt]lf ()| + b - a)[f ——t sm dt+ f (t—%)sin(%t)dt

5/6 1/6

5/6
o[ o) f(t_g)sm(ﬂdt‘ o

1/2 5/6

4v2(1 12
- (- (2D, 121 @)l

1 12
@1+ - (2D A

=(b_a)<24(1+x/_—\/—)+

3m?2

)A(If’(a)l, If')D

where
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1/6
A Tt 12 — 12 cos ()
J- (——t)cos(—)dt= 12 ,
6 2 32
0
1/2 T
1 nt V21 + 6v2 — 12c0s(5)
f (e=)eos (5)ae = 37 '
1/6
5/6
/ 5 Tt —V2m + 6v2 — 12 cos (i—g)
| (Gt)eos(3) = 32 :
1/2
: 5 Tt m— 12cos (i—:)
[ (t=5)eos (3) 2 ==
5/6
1/6
/ 1 mt n—lZsin(%)
| (G=1)sin(5) e =52
0
1/2
/ 1\ /mt —V2m + 6v2 — 12sin (%)
[ (e=g)sin(3)ac= 32 :
1/6
5/6
/ 5 Tt V2m + 6v2 — 12sin (i—:)
f (——t)sin(—)dt: ,
6 2 3m?
1/2
Yook Tt 12 - 12sin ()
f(t——)sin(—)dt: 127
6 2 3m2
5/6

This completes the proof of the Theorem.
An immediate consequence of Theorem 7 is the following Corollary:

Corollary 1. Let f:1 c [0,00) > R be a differentiable mapping /° such that f’ € L,[a,b] wherea,b €

I witha<b.If f(a)=f (azib) = f(b) and |f'| is trigonometrically convex function on [a, b], then we have,

24(1+~2—+6) +2n

32

b
1 b
| rwax- ¢ <6 -a ( )A(If’(a)l. JHON

Theorem 8. Let f:1 c [0,0) — R be a differentiable mapping 1° such that f’ € L;[a, b] where a,b €
I with a < b.If |f'|? is trigonometrically convex function on [a,b] and g > 1 with %+ é = 1. Then the

following inequality holds for t € [0,1].

b
%[f(a) +4f (tlsz) +f0)| - ﬁff(x)dx

/A V[

1+ 2P+ )5 <\/§ 2-v2 V2

<t-ay—t @1+ 2222 %+ 2_ﬁv'(a)w+—2|f'(b)|q% (11)
- 6P*1(p+ 1) T is

Proof: By using the Lemma 2, trigonometrically convexity of the function |f’|?, the inequality
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@b+ (- 00l < sin () 171 + cos (3 I @I

and well-known Hoélder integral inequality, we have

(L20) +r®)] - 5= f fdx
<(b-a) flp(t)f’(tb+ (1-t)a)dt
1(;2
<(b—a)f ‘t——‘|f(tb+(1—t)a)|dt+(b—a) f|t——||f(tb+(1—t)a)|dt

172

1/2 p 12 1/q
<(b—a)<f ‘t——‘ dt) (f |f’(tb+(1—t)a)|th>

1 1/q
+(b—a)<1Ht——| dt) <j|f (tb+(1—t)a)|th>

/2 1/2

1/2 1/2

1/q
fsm( )If (b)lth+f cos( )If (a)lth>

0

1 » i, 4 1 1/q
+(b—a)<f‘t—g| dt) <1fsin(n7t> |f'(b)|9dt + fcos( )If (a)lth>

Il
)
o
|
Q
A2
~
O\‘Q
N
o~
|
G\I»—k
Q.
o~
v
£
<
S

1/2 /2 1/2
142041 \"P|2-v2 V2 T (2 2 -2 va
— - ! q4 X2 q ARV ANT: "c |4
(b~ a)<6,,+1(p+1)> ( —=If I +—If (a)|) +<n|f(b)l + 5 If(a)|>
where
1/2 1
mt 2 -2
fsm( )dt— jcos(—)dt= :
2 T
0 1/2
1 1/2
Vs Tt V2
fsm( )dt—f cos(—)dtz—
2 T
1/2 0
and
1/6 1/2 5/6 1
1 p 1\? 5 p 5\” 1+ 2pP*1
f (g-1) ac+ f (e-5) ac= f (g-1) ar+ f(“a) U= i+ D)
0 1/6 1/2 5/6

which completes the proof.
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Corollary 2. Let f:1 c [0,0) - R be a differentiable mapping I° such that f’ € L,[a,b] where a,b €
I with a<b.If |f'(a)| =|f'(b)| and |f’|? is trigonometrically convex functionon [a, b] and q > 1 with

% + % = 1. Then we get the following the inequality:

< —If'(@l.

[f(a) +4f( )+ f(b)] f F0)dx \/_

Corollary 3. Under the assumption of Corollary 2 with f(a) = f (a+b) f(b), then we have

a+b

b
ﬁff(x)dx_f( 2

)| <2 1r @l
<2t

Theorem 9. Let f:1 c[0,0) > R be a differentiable mapping I° such that f’ € L,[a,b] wherea,b €
I with a < b. If |f'|? is trigonometrically convex function on [a, b] and ¢ > 1, then the following inequality
holds:

tr@+ar (S30) + ]| f fdx
<00t its) (o Sron]
e e
*“”‘”(521(;31’523));(? e 2 E <a>|q);
+2(b - a) <6p+2: (;:f)” - z)f (* “2 g 4 22 |f'(a>|Q>é (2)

where, with = + - =
Proof: Since |f |q trigonometrically convex function

£ + (@ = DI < sin (Z) IF B9 + cos (Z) I @9

from Lemma 2 and using the Holder-iscan integral inequality, we have the inequality

elr@+ar(50) )] - f Fodx
<((-a) flp(t)f’(tb + (1 -ta)dt
0
<(b—a)Tz‘t——‘|f(tb+(1—t)a)|dt+(b—a) j|t——||f(tb+(1—t)a)|dt

1/2
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1

1/2 » % 1/2 q
SZ(b—a)(f (%—t)|t—%| dt> (f (%—t)lf’(tb+(1—t)a)|th>

0

/

1 1

1/2 » p /1/2 q
+2(b—a)<0f t|t—%| dt> (f t|f’(tb+(1—t)a)|th>
|

0

+2(b—a)< 1(1—t)‘t—z‘pdt>p< f(l—t)lf’(tb+(1—t)a)|th>q
1/2 1/2 .
+2(b—a)< f(t—%)|t—%pdt>p< f(t—%) |f’(tb+(1—t)a)|th>q
1/2 f 1/2 1
1/2 > /1/2 1/2 q
<2(b_a><j (;_t)|t_g|‘”dt> (j (e (Z)rwmacs [ (o)1 (awt)
j/z » % 1/2 0 1/2 0 %
+2(b—a)<0f t|t—%| dt) <Of tsm( )|f (b)lth+bf tcos( )|f (a)lth)

1/2 1/2

f(t_%”t_%rdt)p(f<t_%>sm( )@ + fl(t‘%)“’s( )i (a)l"dtf

1/2 1/2

+2(b—a)<f(1—t)‘t—g )(j(l—t)sm( )lf(b)lth+ f(1—t)cos( )lf(a)lth>q
72

p+2
2P*2 4 3p 4+ 5 ) m— 2\/_|f(b)|q \/_ )

=2(b—-a) <6P+2(p ENCET))

i 0
2P*1(3p+4) + 1 ST Sr+2V2-4
6P*2(p + 1)(p + 2) ( 22 If (b)|q+zT|f (a)|q>

+2(b—a)

22 + 242 — 4 2\/§—gn .
I DI+ 2 I @)

1

T2l =D\ Gn s De T2

2P*2 4 3p +5

( )
(i)
( J

420 - ) O _
Y\ 2o+ Do +2) 4
where
1/2
J‘(l t)t lpdt— J‘(t 1>t Spdt— 2P*2 4 3p +5
2 ‘ 6 _/ 2| 6| T 6PT2(p+1)(p + 2)
0 1/2

1/2

[ o= Jomof-3 -t

1/2
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1/2 1
(-e)sin(Z)ar= [ (1-3)cos () ae =2
J- E sin = f E CoSs ? = T[z
0 1/2
1/2 1
f(l t) (nt)dt— f(t 1) _ (nt)dt_4—2\/§
3 cos 3 = 3 sin 3 =
0 1/2
1/2
/ 1 - Zﬁ—ﬁn
J-tsm( )dt— f(l—t)cos(—)dt=—2
2 2
1/2
1/2
/ Tt £7'1.'4-2\/7—4‘
ftcos( dt— f(l—t)sm( ) t= —2
yis
0 1/2

The proof is completed.

Theorem 10. Let f:1 © [0,00) — R be a differentiable mapping 1° such that f' € L,[a, b] where a, b € I with
a < b. If |[f'|9is trigonometrically convex function on [a,b] and q = 1 with %+ % = 1. Then the following

inequality holds for t € [0,1]:

[f(a) + 4f< ) + f(b)] ff(x)dx
5\a [(7(1 = V2) + 6VZ - 24sin V2(6 + ) + 12 — 24cos = 3
s(b-a) (72) {Kn( ) 372 - 12) lf'b)19 + ( " = cos 12) If'a)|?
V2(6 +m) + 12 — 24sin = 7(1 - 2) + 6vZ - 24c05 2 7
372 If'D)19 + 202 If'a)]9 (13)
)

Proof: From the Lemma 2, power-mean integral inequality and trigonometrically convexity of the function ||,
we have

elr@+ar(50) 4 p)] -5 f Fodx
<((b-a) fp(t)f’(tb + (1 -ta)dt
<(b—a)]/z‘t——‘|f(tb+(1—t)a)|dt+(b—a) f|t——||f(tb+(1—t)a)|dt

1/2

1

/2 ‘% 1/2 1/q
S(b—a)(J t—— t) (j |t—%||f’(tb+(1—t)a)|th>
0

+(b—a)<f1 t——|dt> <1£|t—g| |f’(tb+(1—t)a)|th>q
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1/2 1‘% 1/6 1/2
=(b—a)<f ‘t—%‘dt) (f (%—t)lf’(tb+(1—t)a)|th+ f (t—%)lf’(tb+(1—t)a)|th>

1/2

o ° \ f (t=2) (sin () 177 @)1 + cos (5 )If(a)l")dt/

1/6

, ( Sf/é(g—t)(sm( ) 1r oI+ cos () If” (a)w)dt\
s

0 0 1/6
11
+(b—a)< f‘t—adt) (5/6(2—t) IF'(th + (1 — Da)|9dt + j(t—%) |f’(tb+(1—t)a)|th>
172 1/21/6 5/6
1—3/ [ G-¢) (s (G) @217 +cos () 17/ (@I a )
° |

5
t —=|dt 1/2
[le=3]

/2 __
\ Sf t sm )If (b)|q+cos< )If(a)|q>dt/

76
517 [ (2V2 — 8sin—= 22 — 8cos = ‘
= 0-a) () (( B 1o \/_)If(b)lq+< 053 12+ f”)vuw)
5\"¢( (2VZ - 8sin 2v2 — 8cos = ’
+(b—a)(ﬁ) ( 7Tzsm 12;-\2/_1T>|f (b)|q+< nzcosz 1- ﬁ)lf(a)lq
where
1/2
[ e [e-Fa=

1/2
when the above inequalities are adjusted, the desired proof of the Theorem 10 is completed.

For g = 1 we use the proof methods of Theorem 7, it follows the above methods step by step.
Corollary 4. Under the assumption of Theorem 10 with 2 with g = 1, we get the conclusion of Thereom 7.

Theorem 11. Let f:1 € R — R be a differentiable mapping 1° such that f’ € L,[a, b] where a,b € I with
a < b. If |f'|?is trigonometrically convex function on [a,b] and g = 1 with %+ % = 1. Then the following
inequality holds for t € [0,1]:

elr@+ar (50) + )| -5 f Fodx
- ) 1_% 96cos(1n) 87TSII1( );—nz(——zx/_) 48—24\/§|f,(b)|q %
=2 _a)(ﬁ) —96sin(1ﬂ) 8ncos( )+n(8 2\/_)+24\/_
= 7@l
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1
q

y ) 1__/ 96 cos — 41 sin 2) 3:3 (\/;n — 5\/7) + 244/2 + 48 |f’(b)|q\
+

a 1296 k 96 51r1 — 47t cos 12) + (\/757'[ + 5\/2 — ) 24-\/_

— If' (@]
4200~ ) (0 |/ 96 cos (i) = #msin ) ( mH5V2-2)- V2 i \I
—a
1296 \ 96 sin (2Z) — 4 cos ( ) ( T —5V2) + 48 +24\/_|f (a)l"/

y ) 1_% -96 cos( ) 81 sin (?mz n(Z\/_ 8) + 242 @ % )

+2(b - a) ( ) 96 sin (i—g) — 87 cos (i—:):;;r (g - 2\/7) — 48— 242 F' (@) "

Proof: From Lemma 2, improved power-mean integral inequality and definition of trigonometrically of the
function |f'[4, we have

elr@+ar(5) 4 p)] -5 f Fodx
<(b-a) fp(t)f’(tb+ (1—-t)a)dt
0
/2
<(b- a)lf ‘t——‘lf(tb+(1 Ha)| dt + (b — a)f|t——||f(tb+(1 Ha)| dt

172
1— 1

szw—w(fe—or——wr) (Te—tﬂr—é(sm( o sen o)

0

1/2 1/2 1/q
+20b—a) J t——|dt> (f |t—— sm |f (b)|q+cos( )|f (a)|q) )
-

0

+20b—a) J(1 t)‘t——dt) (fu t)|t——(sm( )lf(b)|q+cos( )lf(a)lq) )q
172 172

oo (D) “(J6D-Hosron s Gror)a)

1/2 1/2

QR

/96cos( ) 81rsm( )+n(——2\/_ — 48 — 242

- a) 1 | 303 |f’ (b)l"\I
—-96 sm — 8w cos( ) + n(8 2\/_) + 2442
\ 2 If @] /
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1
q

|, [~96cos (£)-4msin(Z)-n (@ —5V2)+24V2 +48
20— (1236)1 : / ﬂ 33 2 . . |f (b)lq\
. 57— 2) —
k 96sm(12) 47rcos( )-;—:3(271+ 2 ) 24 (@)
. 96 cos (i—:) 4 sm( ) ( T+ 5V2 — ) — 242 %
+2(b —a) (1226)1 ‘1 |/ 9% (511) 4 ( ) ( 5\/_) 48 24\/1]( or \l
= - +48 +
\ sin ( T COS T |f’(a)|q/
e ( )1_% —-96 cos( ) 8m sin 3 2 - n(Z\/f — 8) + 2442 FE q
a 96 sin G_Z) — 8m cos (E) ;T(% — 2\/7) — 48 —24+/2 @l
where 37
1/2 1 1/2
f (%_t)‘t_adt: j(t_%)|t_g|dt:81_1 and f t|t__|dt_ f(l_t)|t__|dt_ 1296
0 1/2 0 172
and

96cos(1ﬂ2) 87Tsm( )+7r(——2\/_) 48 — 24+/2

33

f(%—f)
f(%—f)

1f/ t‘t—% sin(nt)dtz —96cos(%)—4nsin(%)3—nz(@_5\/§)+24\/§+48

=

sm(—) dt =

cos( )dt_—96sin(1ﬂ2) 87‘[COS( )+Tl’(8 2\/—)_'_24\/—

t__
‘ 33

0
}/zt‘t—% COS(%t)dt=96Sin(1n) 4ncos( )+n(22n+5\/§—2)_24ﬁ
0

33

7 1 5| mt 4 _96cos(i) 47rsm( )+7r(22n+5\/§—2)—24\/§
/f( —-t) t—g sm(?) t= 3
172
1 . 51 5T ﬁ

—96sin (=) —4mwcos (=) —m (Zmw —5V2) + 48 + 242
f(l—t) t——| COS(—)dt— (12) (12) 3n3(2 )
1/2
i 1 5/ . mt 4 _—96C05(i2) 87rsm( )—n(Z\/_ 8) + 242
/J(t_i)‘t_g sm(;) t= 5o
172
1 1 5 it p _96sin(i2) 8ncos( )+n(——2\/_) 48 — 242
/f(t‘z)\t‘a cosz)de = 3 .
1/2

Therefore, the proof is completed.

Corollary 5. If we choose g = 1 in Theorem 11, the inequality (14) becomes the inequality (10).
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