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Radicals of soft intersectional ideals in semigroups
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Abstract Article info
In this paper, we introduce 1S-radical, IS-quasi radical, IS-interior radical and I1S-nil radical
in semigroups. We obtain radical structures that will contribute to the theoretical studies of
soft sets. We consider the ideal structures of intersectional soft sets in semigroups and we
define IS-radical, 1S-quasi radical, I1S-interior radical and 1S-nil radical. We use two different
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methods to define the soft radicals and give the results. In our study, we also give several Keywords:
examples and propositions to see differences among these structures. Soft radical,
IS-radical,

I1S-quasi radical,
IS-interior radical,
1S-nil radical.

1. Introduction

Since the modelling of uncertain data in many fields was very complex, it was difficult to successfully deal with
them by classical methods. With the emergence of soft set theory in 1999, overcoming uncertain problems have
been a major field of study for mathematicians. A lot of work has been done on soft set theory in applied and
theoretical fields and it is continuing with an increasing speed. Molodtsov [1] proposed soft set theory for
modelling vagueness and uncertainty. Soft set theory has provided various solutions to the information systems
and decision-making methods in the literature [2- 8]. At the same time, the new algebraic operations in soft set
theory was described by various researchers. In addition, by defining the soft group [9] in 2007, the soft set theory
has experienced rapid growth in algebraic structures [10-16]. In 2014, Song et al. [17] introduced the notions of
int-soft semigroups, int-soft ideal and int-soft quasi ideals. And in [18-19], Sezgin et al. made new approach to
the classical semigroup theory via soft sets and defined soft intersection semigroups, soft intersection ideal, soft
intersection quasi ideal and soft intersection interior ideal. Using these notions, we have produced radicals of
intersectional soft ideals. We have used two different methods to define the soft radicals. Firstly, we have
examined whether a soft set is a radical of own sub-soft set. Secondly, we have defined a radical of intersectional
soft ideal. Also, we have gave several examples and propositions to see differences among these structures.

2. Materials and methods

LetS be a semigroup and 7 be nonempty ideal of semigroup S. V7 = {x: x™ € 7,Vx € §,3n € N} is called
radical of 7. Let S be a monoid and 7 = {e} be the identity-ideal of S*. /7 = {s: s™ = ¢, Vs € §!,In € N} is
called nil radical of 7 [20]. Avoiding the details, other definitions of semigroups are not given in this study. The
reader can refer to Howie [21].

2.1. Definition A pair (®,T) is called a soft set over U, where ® isa mapping ®: ' - P(U) [1]. In other words,
a soft set over U is a parameterized family of subsets of the universe U. For e € T, ®(e) is considered as the set
of e-elements of the soft set (®, I') or as the set of e-approximate elements of the soft set.

2.2. Definition Let A be a non-empty subset of § over U. Then (x4, S) is called the characteristic soft set over
‘U, defined as follows:

XA:S—>?(U),a—>{u’ a €A

0 otherwise foralla € § [17].
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2.3. Definition Let (w, S) and (@, S) be soft sets over U. Then (w 8 ¢, S) is called intersectional soft product of
(w,8) and (@, S), defined as follows:

Ua=bc{wf(b) N @(c)}, 3b,c € Sigina = bc

0 otherwise foralla € § [17].

(©39,8)@ = |

2.4. Definition Let § be a semigroup and (@, §) be a soft set over U. Then,
2.4.1. (p,8) is called an intersectional soft semigroup of S if it satisfies:
e(xy) 2p(x)Nne(y) forall x,y €S [17].

2.4.2. (,8) is called an intersectional soft ideal of S if it satisfies:

@(xy) 2 p(x) and p(xy) 2 @(y) forall x,y € S [17].

2.4.3. (p,8) is called an intersectional soft quasi-ideal of S if it satisfies:
(93 xs5,8) N (xs39,8) € (9,8 [17].

2.4.4. (p,8) is called an intersectional soft interior-ideal of S if it satisfies:
@(xsy) 2 p(s) forall x,y,s € S [19].

3. Results

In this section, we examine whether a soft set is a radical of own sub-soft set. And also, we define radicals of
intersectional soft ideals (ideal/quasi ideal/interior ideal). Next, we produce nil radicals of these int-ideals.

In what follows, § regarded as a semigroup and A regarded as a non-empty subset of §. We briefly show
intersectional-soft as IS to avoiding repetition.

3.1. Definition Let (¢, A) be an IS- ideal over U. A non-null soft set (¢, §) is called IS-radical of (¢, A) if it
satisfies:

P(s™x) 2 p(x) and p(xs™) 2 p(x) forallx € A, s & A, s €Sand3In € N.

3.2. Example Let U = {uq,uy, u3,uy, ustand S = {0,x, 1,2, y}. Then, (S,*) is semigroup for the following
Cayley table:

*10x 12 vy
0|j0o00O00O
x|000x1
1/10x100
2/000 2y
yli22yo00

Let (¢, S) be soft set over U defined as follows:

(p: 5 - P(u) ’ ((p' S) = {(01 {ub u21u3J u4})J (x: {ulr u3})1 (1: {uZJ U3,U4}), (27 u)' (y' u)} .
Let A = {0, x, 1} be the subset of S, then (¢, A) is an IS- ideal over U. There exists n € N such that 2™ = 2
and y™ = 0.

©(2.0) 2 ¢(0) and ¢(0.2) 2 ¢(0).
@(2.x) 2 p(x) and p(x.2) 2 p(x).
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@(2.1) 2 p(Dand @(1.2) 2 p(1).
©(0.0) 2 ¢(0).

©(0.x) 2 p(x) and @(x.0) 2 @(x).
¢(0.1) 2 p(1)and ¢(1.0) 2 @(1).

Forallx € A, p(s™x) 2 p(x) and @(xs™) 2 @(x) . Therefore, (¢, S) is I1S-radical of (¢, A).
3.3. Proposition If (¢, S) be an IS- ideal over U, then (¢, S) is IS-radical of (¢, A) for a subset A of S.

Proof. Let (¢, S) be an IS- ideal over U. Itis clear that ¢(s™x) 2 ¢ (x) and @(xs™) 2 @(x) forn =1 by
Definition 3.1. Thus, (¢, S) is I1S-radical of (¢, A) for a subset A of S.

3.4. Example Let U = {i;,i,,i3,14,is}and S = {r, s, t, k}. Then, (5,*) is a semigroup for the following
Cayley table:

*‘rstk
rir rrr
s|rr rr
t |\r r sr
K |r r s s

Let (u, S) be soft set over U defined as follows:

({il:iz'i3:i4} if x=rm,

. . {iz, i3} if x=s,
ws =P (W), x_’{{il,zg} if x=t,
{ilJ iZ' 15} lf X = k;
Consider the subset A = {r,s,t} of S. Then, (u, A) is an IS- ideal over U.Forn = 2,k? = s.

u(r.s) 2 u(r)and pu(s.r) 2 u(r),

u(s.s) 2 u(s),

u(t.s) 2 a(t)and u(r.t) 2 u(t).

Hence, (i, 8) is I1S-radical of (u, A). Since u(r.k) 2 u(k) and u(k.r) 2 u(k), (1, ) is not IS-ideal over U.

3.5. Definition Let (¢, A) be an IS-ideal of S. Then, the (\/, ) is called an IS-radical of (¢, A), defined by
NP(s"); s¢&A s"eEAIneEN

\/6(5)= ?; sgA, s"¢gAVneEN |
d(s); SEA

where \/¢:S > P(S). The IS-radical (/¢,S) can be denoted by \/(d, A).

3.6. Example Let consider the IS- ideal (¢, A) in Example 3.2.

By Definition 3.5, (0, {uy, uy, ug, us}), (x, {uy, us}) and (1, {u,, us, uy}) € (\/_, S). Foralln € N, 2" = 2 and
yTL = 01 SO (2, Q) and (Y; {ull Uy, uUs, u4-}) € (\/_I ‘S) Hencel

(\/5. 5) = {(0, {uq, uz, uz, us}), (x, {ug, uz}), (1, {uz, uz, usd), (2,0), (v, {uq, uz, uz, us D}

One can see that the 1S-radical (,/¢, §) is not IS-ideal. Since, \/p(xy) = Jo(1) 2 Jo(x).

3.7. Remark The radical of an I1S-ideal may not be an IS-ideal over U.
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3.8. Definition Let (¢, A) be an 1S-quasi ideal over U. A nonempty soft set (¢, ) is called 1S-quasi radical of
(¢, A) if it satisfies:

d(xs™) N d(s™x) S dp(x) forallx €A, s€ES, s & A, An €N.

3.9. Example Consider the semigroup S = {1, a, b, c}. Then, (S,*) is semigroup for the following Cayley
table:

*‘1 abc
11111
all111
b|111a
c|l1ahb
Let (v, S) be soft set over Z, defined as follows:
({(_)} ,x = 1lise,
i {0,1,2} ,X = aise,
S P(Zy), x-< 72
v (Z4) i{o,z, 3} ,x = b ise,
Zy ,X = cise,

Consider A = {a, b} subset of S. Since Y (a) 2 Y(b.c) NY(c.b) andP(b) 2 Y(c.c) NP(c.c), Y, A) is
an 1S-quasi ideal over Z,.

Foralln € N, 1™ = 1 and ¢* = 1. One can easily see that

Y(a.1)ny(l.a) € P(a); {03n {0} < {
P(b.1) NP(1.b) € P(b); {0} N {0} & {

Therefore, (1, §) is IS-quasi radical of (, A).

0,1,2},
0,23}

)

3.10. Proposition If (¢, §) be an 1S-quasi ideal over U, then (¢, 8) is IS-quasi radical of (¢, A) for a subset A
of §.

Proof. Let (¢, S) be an IS-quasi ideal over U. It is clear that d(xs™) N p(s™x) € d(x) forn =1 by
Definition 3.8. Thus, (¢, 8) is IS-quasi radical of (¢, A) for a subset A of S.

3.11. Example Consider the semigroup s = {0, 1, 2, 3}. Then, (§,*) is semigroup for the following
Cayley table:

* 10123
00000
110111
20123
3/0111

Let B be non-empty subset of U and (o, §) be soft set over U defined as follows:

. B, x=3
0:8§- P (W), x—>{®, Xx=0,12

Consider A = {0, 2, 3} subset of S, (g, A) is an IS-quasi ideal over U. Since 1" = 1 forall n € N,
0(0) 2 ¢(0.1) N g(1.0); 6(0) 2 ¢(0) N a(0) = a(0),

0(2)2 c(21)Nna(1.2);6(2)2 (1) na(l) =a(1),
0(3)2 0(3.1)Nna(1.3);0(3) 2 c(1) na(l) =a(1).
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Therefore, (o, S) is IS-quasi radical of (g, A), Since (1) 2 ¢(3.3), (g,8) is not IS-quasi ideal over U.

3.12. Definition Let (¢, A) be an IS-quasi ideal of §. Then, the (\/6 S) is called an 1S-quasi radical of
(b, A), defined by

NP(s"); s A s"eEAITnEN

Jo) =14 o; s€A s"gAVYNEN |,
o(s); SEA

where \/d: S — P(S). The IS-quasi radical (,/d,S) can be denoted by /(¢, A).

3.13. Example Consider the 1S-quasi ideal (1, A) in Example 3.9. Since ¢? = b, ¢3 = aand 1" = 1 for
alln €N, (1,0) and (c,{0,1,2}n {0,2,3}) € (i, ). Hence,

(¥.8) ={(1,9),(a{0,1,2}), (b,{0,2,3}), (c, {0,2)}.
One can see that the 1S-quasi radical (/,§) is not IS-quasi ideal.
3.14. Remark The radical of an 1S-quasi ideal may not be an 1S-quasi ideal over U.

3.15. Theorem Every IS-quasi radical is an 1S-bi radical over S.

Proof. Let (,/4,S) be an IS-quasi radical over a semigroup S. Then, /t(x) is a quasi ideal over S for all x €
S. Since every quasi-ideal is a bi-ideal of S, (\/, §) is an 1S-bi radical over §.

3.16. Definition Let (¢, A) be an I1S-interior ideal over U. A non-null soft set (¢, S) is called IS-interior
radical of (¢, A) if it satisfies:

d(xs™y) 2 d(s) forallx,y €A, s€S,s¢& A, An EN.

3.17. Example Let U = {iy, iy, i3,14,i5,ig} and § = {a, b, c,d}. Then, (§,*) is semigroup for the following
Cayley table:

* la b
a a

oo oo
D v @
oo
oO T o®|O
QT o |

Let (u, S) be soft set over U defined as follows:

Uu if x=a,

{iy, i is} if x=b,

{isis, i} if X =c,

{is} if x=d,

Consider the subset A = {a, b, c} of S. Then, (u, A) is an IS- interior ideal over U. Since d? = b and
u(x.b.y) 2 u(d) forall x,y € A, (u,S) is I1S-interior radical of (u, A).

u:8->P (U J'c—>i

3.18. Proposition If (i, 8) be an IS-interior ideal over U, then (u, §) is 1S-interior radical of (u, A) for
asubset A of S.

Proof. Let (i, §) be an IS-interior ideal over U. It is clear that u(xs™y) 2 u(s) for n = 1 by Definition 3.16.
Thus, (1, 8) is I1S-interior radical of (u, A) for a subset A of S.
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3.19. Example Consider the IS-interior radical (¢, S) in Example 3.17. Since u(b.c.d) 2 u(c), the
subset (u, §) is not an IS- interior ideal over U.

3.20.  Definition Let (¢, A4) be an IS-interior ideal of S. Then, the (\/d, S) is called an IS-interior radical of
(b, A), defined by

NP(s™); s&A s"eEAInEN

JoG) =14 o SgA s"¢AVNEN
d(s); sEA

where \/d: S > P(S). The IS-interior radical (,/,S) can be denoted by \/(d, A).

3.21. Example Consider the IS-interior ideal (u, A) in Example 3.17. Since d™ = b forall n € N,
(d,{i1, i,,i3}) € (Vu,S). Therefore,

(\/ﬁr 5) = {(Cl, U), (br {ili i2: i3})' (C' {i4' iS: 16} )' (d' {i1' i2' l3})}
One can see that the IS-interior radical (1/u, §) is not IS-interior ideal.
3.22. Remark The radical of an IS-interior ideal may not be an IS-interior ideal over U.

3.23. Theorem Let (¢, A) be an 1S-ideal (quasi/interior) of semigroup §. Then, there exists an 1S-ideal
(quasi/interior) (¢, B) such that

($,A) =/ ($B) & (d,A) =y/($,A) .
Proof. Suppose that there exists a soft ideal (¢, A) such that (¢, A) =/ (P, B).

If for all s & A there exists n € N such that s™ € A, then we have

s"eEB = (s, Nd(s™) €4/($,B)

(s, NHM) € (P, A)

(s, NGG6™) V(P A)

= (§,A) = (d,A) )

Similarly, if for all s & A there exists n € N such that s™ & A, then we have

s"g B (s,0) €./($,B)
 (5,0) €(d,A)

= (5,0) €V (P, A)
<= (d,A) =y (P, A) )

Similarly, for all s € A, we have

sEB < (s, ¢(s)) €($,B)
= (s, d()) € (,A)

S (s, d(s)) € (D, A)
S (d,A) = (D,A) . 3)
From (1), (2), (3), we have (¢, A) =/(p,B) < (p,A) =+/(d,A) .
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In what follows, S* regarded as a monoid and A regarded as be the non-empty subset of S which is consisting
identity element.

3.24.  Definition Let (¢, A) be an 1S-ideal (quasi/interior) of S over U. A non-null soft set (¢, S1) is called
IS-nil radical of (¢, A) if it satisfies:

d(s) € Pp(e) forall s € S, s" € A,In € N.
3.25. Example Let S = (Z,.) be a monoid and A = {1} be the subset of S*.

Consider the function ¢: §* — P (Zg) over U = {iy, iy, i3, 14, is, i} defined by $(0) = {iy, i}, ¢(1) =,
$(2) ={iz, iz}, d3) =U, d(4) = {is,is,is} and &(5) = {iy, iz, i3, i}

Since, there exists some n € N such that 07, 2"%,3",4" ¢ A, but 5" € A. Hence, (¢,S?) is IS-nil radical of
(d, A).

3.26. Definition Let (¢, A) be an I1S-ideal (quasi/interior) of S over U. A non-null soft set (\/6, S1Yis called
IS-nil radical of (¢, A) defined by

_(P(e), s"=e
Vo) = {(b, sh#e’
where /¢ : § - P(U) forall s € S and some n € N.

3.27. Example Consider the IS- ideal (quasi/interior) (¢, A) in Example 3.25. Hence, we have

oY) = {(0,0), (1, W), 2 0), 3 0),“0), (5}
4. Discussion

In this study, it is aimed to construct a new algebraic structure on soft set theory which has paved the way for
many studies. Throughout this paper, IS-radical, 1S-quasi radical, IS-interior radical and 1S-nil radical in
semigroups were obtained. We have used two different methods to define the soft radicals. We have gave several
examples and propositions. Important results were specifically mentioned in the article. Based on these results,
some further works can be developed on the properties of the soft radicals for ideals in regular semigroups.
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