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Abstract: In this research article, a numerical approach to the solutions of different forms of Lane-Emden
type of singular initial value problems is presented, The Taylor Series Method has been applied.
Application was on singular initial value problems. Comparison with exact solution shows considerable
acceleration in convergence. The method is effective and easy to implement.

Keywords: Lane-Emden, Taylor Series, Singular Initial VValue Problem.

1. Introduction

Singular initial value problems (IVPs) are very useful in various ranges of mathematical
problems which are challenging in nature because of the singularity. They are applicable in
pure science, modeling and other aspect of human existence. The numerical solution is
however challenging because of the singularity at the origin. Researchers have applied

different types of methods to solve the Lane-Emden type equations formulated as:

y"+§y’+f(y):0, 0<x<1

y(0)=Ay'(0)=B (1)

Also, studies have also been carried out on other classes of singular initial value problems
(IVPs) of the form.

Y”+Ey'+ f(x,y)=g(x) 0<x<1
X

y(0)=Ay(0)=B @
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Where A and B are said to be constants f(X, y) is a continuous real value function while

g(x) €[0.1] Yahya and Liu (2007). Mathematicians, Ramos 2008 and Olayiwola 2019
respectively obtained a series approach to the Lane-Emden equations and comparisons with
He’s Homotopy perturbation method and variational Iteration method for solution of Emden-

Fowler type of singular initial value problems (I\VVPs).
In other research, Tsirivas (2012) it was investigated what can be said of the sequence

(ﬂnsn (f Lo )) when theorem of Seleznev concerning the case where the radius of
convergence of the power series is zero. A new explicit formula proposed by Jos’e Juan and
Enrique (2012) for the remainder that generalizes classic ones, namely, Scholomilch,
Lebesgue, Cauchy, and Euler’s remainders. Inspired by the explicit expression for an arbitrary

polynomial x — px, VX € R.

In view of the great importance of Taylor series in analysis, it may be regarded as extremely
surprising that so few attempts at generalization have been made. Widde (1890) researched on
the problem of the representation of an arbitrary function by means of linear combinations of
prescribed functions has received no small amount of attention. It is well known that one
phase of this problem leads directly to Taylor series, the prescribed functions in this case

being polynomials.

Approximate solutions of the Lane-Emden equations were obtained by Homotopy
Perturbation method by Chen and Chen (2004) and El-Mistikawy (2009). The method was
proposed by He (1999) and has been successfully applied to solve many types of linear and
nonlinear functional equation. He (2000) apply Homotopy Perturbation method with Laplace
Transform, method for obtaining solutions of linear and nonlinear Lane-Emden type
differential equation, which gives more accurate solutions when compared with exact

solutions.

In this study, Taylor series method is applied to solve the general Lane-Emden type of
differential equations used in modeling and application to physical and astrophysics problems
He (2003). Many benefits are derived from this type of equation mostly in the area of science
and engineering. Momoniat and Harley (2006) obtained an approximate implicit solution by
reducing the Lane-Emden equation of first order differential equation using the Lie group

analysis and determining a power series solution of the reduced equation.

The Taylor Series Method is spell out. Some examples and result analysis and conclusion

were also presented.
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2. The Method

Illustrating the basic idea of this method [], also [] we considered the following general

nonlinear differential equation:

y”+%y’+ f(x,y)=g(x) ©)
neR
y(0)=A, y'(0)=8

Multiply (3) through by X and making Y’ the subject, we obtained the following.

x(yu;ywr f(x y>j ~ xg(x)

(4)
xy" +ny’ + xf (x, y) = xg(x) ©)
=2 a00)- 10y)- 2 0y) ©

Similarly, for higher derivatives of y , such as;
7= 810084t Rt Fov)
=L o) -0 y) oy ®
= a)=2s G[XQ(X>‘%<Xf * y>>—%<xy">D ©
e o o)
e e )
AU )
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We finally obtained

e PR e ey (U e .
Where k =1,2,3,...

Forx=0, y(0)=A, y'(0)=B then

y'(0). y"(0). y*(0)....y"¥(0)

The series;

_ ' y"(O) 2 ym(o) 3 yiv(o) 4 yk(o) k
y(x)= y(0)+ y'(0)x + TR R e S et ”

3. Numerical Examples

Example 1: We consider the following:

y"+gy’+(y—x4 +x3): 21x* —12x+6
X

(15)
y(0)=0,  y(0)=0
From Taylor Series Algorithm we have;
1 1 1
y' ==(xg(x))—=(xf(x,y))—=xy"
~ (xg(0x))—5 (< (x y))- -
i 1 2 1 4 3 1 "
y'==(x121x° =12x+6))—=(xly = X" + X° )]—=Xxy
L -3yt o) -
y' = 1(21x3 —12x% + 6x)—l(xy— X° + x“)—lxy”
2 2 2 (18)

Atx=0 y'=0
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= Lleaxe - T _Lyr
y _3(63x2 24x+6) 3(xy +y—5x* +4x°) 3

At x=0 y"=2

y" = %(126x - 24)—%(xy” +2y'—20x° +12x° ) - % xy"

At x=0y"-=-6

yiv _ %(126)_%()()/”!_'_ y"+ 2y”_60x2 + 24X)_%Xyiv

At x=0 y" =24

By Taylor Series we obtained;

V()= Y0)+ /0)+ 5 y(0) % y0)+ Xy (0)
y(x):0+%+§(2)+§(_6)+§(24)

y(x)=x* —x* +x*

Eqn. (24) is the exact solution of Eqgn. (15)

Example 2 we consider the following:
" 2 ] X 2 1
y'+—y'+y=2e (x +3x+3), y(0)=0, y'(0)=0
X

Expanding the R.H.S. and implementing the algorithm, we have:

y"+E y'+y =6+12x+11x* +6x° P B e M
X 30 120 420

Using the Algorithm we have,

1 1 1
"(X) ==(xg(x))—=(xf (X, y)—=xy"
y'(x) 2(9()) 2( (x,y) XY

y'= %(6x+12x2 P+ 65+ x4 D o 2y, 1

_X8 _lxy_l Xy"
120 420 2 2

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)
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Let x=0 itimplies y'=0

y":1[6+24x+33x2 vouxd 4+ By Whs 1195 +£x8j—1(xy'+y)—1xy
3 4 30 120 420 3 3 (29)

Let x=0 itimplies y''=2
Similarly,

4x45 , 5x114 , 6x119 . 8x88 ,
X+ X + X+ X

y"'=%(24+66x+72x2+ j—%(xy"+2y')—%(xy'”) (30)

30 120 420
Let x=0, Then, y'"'=6
1 595 4224 1 1
V=2 66+144X +135x% +76X° + = x* + == x5 | = (xy"+y 2y ) — = (xyY) (31
y 5[ 20 420 jS(y y y)5(y)()
Let x=0, Then, y"=12 (32)
1 2380 21120 1 1
V' ==|144+270x+ 228x° + X3 + Xt == (xy" +y""+3y") == (xy"") (33
y 6( 20 290 )G(y y y)G(y)()
Let x=0, Then, y" =20 (34)
1 844480 1 1
V= 2| 270+ 456X +357X% + ————— X3 | == (xy¥ + YV +4y" ) — = (xy*" 35
y 7( 250 17(3/ y y)7(y) (35)
Let x=0, Then, y"'=30 (36)
1 253440 1 1
V=21 456+ 714X + X2 =S (xy"'+y" +5y") == (xy* " 37
y 8( 220 )B(V y y)8(y) (37)
Let x=0, Then, y"'"'=42 (38)
1 506880 1 1
= 2 714+ X [— = (xy""+y ' +6y") — = (xy" " 40
y 9( 220 jg(y y y)g(y ) (40)
Letx=0, Then, y"'"'=56 (41)
. 1(506880) 1 506880 336 506880-141120
=— -—(8(42)) = - = (42)
100 420 10 4200 10 4200

Let x=0, Then, y”=87.08 (43)
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x=0, y(0), y'(0)=0

By Taylor series method, x=0 we have

x? X x* X° x° X’
y(x) = y(0) +xy (0)+Ey (0)+§y (0)+Zy (0)+§y (0)+ay (0)+ﬁy () w
X8 vin 0 Xn n 0
gy ( )+"‘+ﬁy 0)
4 5 6 7 8
g X X
y(X)=X"+X +2!+3!+4!+5!+6! (45)
2 3 4 5 6
y(x)=x{l+x+x—+x—+x—+x—+x—+..jzxzex (46)
20 3 4 5 a
Example 3 we consider the following:
[ 2 !
y'+=(y+y)-y=0
X (47)
y(0)=1 y'(0)=-1
From Taylor series we have:
, 1 1 1
y'(x) =3 (x(g(x)) -5 (xf (x,y) - - xy
2 2 2 (48)
This implies that:
’ 1 1 "
y'=—=(2-x)y)->x
2 2 (49)
Let X=0
Then y'=-1 (50)

Also,
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14 l ’ 1 m
y'==2(2-x)y" +y(-1)-Zxy
3 3 (51)
When X =0,
y'=1 (52)
" 1 " ’ ' 1 v
y" =—=(2-x)y"+y(-1)-y)-xy
4 4 (53)
When Xx=0,
y"=-1 (54)
iv l m " ” l v
y¥ =—Z(2-x)y"+y"(-1)-2y")-Zxy
5 5 (55)
When Xx=0,
y' =1 (56)
Therefore,
X2 X3 4 ] X5 Xn
_ i YL noym ARYL AERY) A ogn
y()= y(0)+xy(0)+ = y'(0)+ - y"(0)+ - y" (0)+ 5 y* (0) .+ -y"(0) -
2 3 4 ng,n ®© n.n
y(x):l—x+x——x—+x—+...+(_1) X :Z(_l) X
20 3 4 n! &~ (58)
As N>, y(x)=e™ (59)

4. Conclusions

In this article, we applied the Taylor series method in solving some examples of
singular Initial value problems, homogeneous and inhomogeneous. Analytical
solutions were obtained. The peculiarity of this method is on the type of equations,

due to the existence of the singularity at the origin i.e. at which is clearly eliminated.
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The method was applied to generate results for higher derivatives of and it shows

rapid convergence to series of solution when compared with the exact solutions.
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