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ABSTRACT. We define Noor iteration procedure and, Abbas and Nazir itera-
tion procedure associated with three self maps in the setting of convex metric
spaces. We prove that these iterations converge strongly to a unique common
fixed point of three nonlinear quasi-contractive self maps in convex metric
spaces. One of our results (Theorem extend the result of Sastry, Babu
and Srinivasa Rao [I0] to three self maps. Examples are provided to illustrate
our results.

1. INTRODUCTION

In 1970, Takahashi [I1] introduced the concept of convexity in metric spaces as
follows.

Definition 1.1. Let (X,d) be a metric space. A map W : X x X x [0,1] = X is
said to be a ‘convex structure’ on X if

d(u, W(z,y, A)) < Ad(u, ) + (1 — A)d(u, y) (1.1)
for z,y,u € X and X € [0,1].

A metric space (X,d) together with a convex structure W is called a convex
metric space and we denote it by (X,d, W).

A nonempty subset K of X is said to be ‘convezr’ if W(x,y,\) € K for x,y € K
and A € [0, 1].

Remark 1.1. Every normed linear space (X, ||.||) is a convexr metric space with
the conver structure W defined by W (z,y,A) = Az + (1 — Ny for z,y € X, and
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A € [0,1]. But, there are conver metric spaces which are not normed linear spaces
2 17, [11].

In 1974, Cirié [3] introduced quasi-contraction maps in the setting of metric
spaces and proved that the Picard iterative sequence converges to the fixed point
in complete metric spaces.

Definition 1.2. Let (X,d) be a metric space. A self map T : X — X s said to be
a quasi-contraction map if there exists a real number 0 < k < 1 such that

d(Tz, Ty) < kM (z,y) (1.2)

where
M(x,y) = max{d(z,y),d(z,Tz),d(y, Ty),d(z, Ty),d(y, Tz)} (1.3)
forxz,ye X.

In 1974, Ishikawa [0] introduced an iteration procedure in the setting of normed
linear spaces as follows: Let K be a nonempty convex subset of a normed linear
space X and let {a,, }2, and {8,}52, be sequences in [0, 1].
For zp € K,

Tpi1 = (1 — ap)zp + Ty, forn=20,1,2,.... ’

In 1988, Ding [5] considered Ishikawa iteration procedure in the setting of convex
metric spaces as follows: Let K be a nonempty convex subset of a convex metric
space (X,d, W), and let {a,}52, and {3,}52, be sequences in [0, 1].
For 2y € K,

Yn = W(Txnafnvﬂn) (1 5)
Tpp1 = W(Tyn, Tn,ap) for n =10,1,2, ..., ’
and proved that the Ishikawa iteration procedure converges strongly to a
unique fixed point of a quasi-contraction map in the setting of convex metric spaces,
o0
provided Y a, = oco.
n=0

In 1999, Ciri¢ [4] introduced a more general quasi-contraction map and proved
the convergence of the Ishikawa iteration procedure to a unique fixed point in convex
metric spaces and the result is the following.

Theorem 1.1. (Cirié []) Let K be a nonempty closed convex subset of a complete
convex metric space X and let T : K — K be a self map satisfying

d(Tz, Ty) < w(M(z,y)),
where M (x,y) is defined by (1.3) for z,y € K and
w: (0,00) = (0,00) is a map which satisfies
(z 0 <w(t) <t for each t >0,

)
(#) w increases,
(1) Jim (¢ —w(t)) = oo, and
)

(v elther t —w(t) is monotonically increasing on (0, c0) (1.6)
or
w(t) is strictly increasing and lim w™(¢t) = 0 for ¢ > 0. (1.7)
n—o0

Let {an}2 and {8,122, be sequences in [0, 1] such that > a, = co.
n=0
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For xg € K, the Ishikawa iteration procedure {x,}°2, defined by (1.5
converges strongly to the unique fixed point of T'.

Sastry, Babu and Srinivasa Rao [9] improved Theoremby replacing (|1.6) and
(1.7) with a single condition, namely 0 < w(t") < ¢ for each ¢t > 0 and proved the
following theorem.

Theorem 1.2. [9] Let K be a nonempty closed convex subset of a complete convex
metric space (X,d,W) and T : K — K be a map that satisfies
d(Tz, Ty) < w(M(z,y)) (1.8)

where M(x,y) is defined in (1.3) for x,y € K and w : (0,00) — (0,00) is a map
such that
(i) w increases,
(1) tlim (t —w(t)) = oo, and
— 00
(711) 0 <w(th) <t fort>0.
Let {an}52 and {8,}22, be sequences in [0,1] such that >, a, = oo. Then
n=0

for any oy € K, the sequence {x,}>2, generated by the iteration procedure (1.5
converges strongly to a unique fixed point of T .

Remark 1.2. (i) and (iii) of Theorem [L.2] imply that 0 < w(t) <t for each t > 0.

Remark 1.3. Ifw(t) = kt fort € (0,00) and 0 < k < 1 then the map T of
Theorem reduces to a quasi-contraction map.

Sastry, Babu, and Srinivasa Rao [10] extended Theorem to a pair of self maps
as follows.

Theorem 1.3. [I0] Let (X, d) be a complete conver metric space with convex struc-
ture W. Let S, T be self maps of X satisfying the inequality

max{d(Sz, Sy),d(Tz,Ty),d(Sz, Ty)} < w(M'(z,y)) for all z,y € X
where M'(x,y) = max{d(z,y), d(x, Sz), d(x, Sy), d(y, Sx),d(z, Tx), d(y, Ty),
d(y, Sy), d(x,Ty),d(y,Tx),d(Sz,Tx),d(Sy, Ty)} and
w: (0,00) = (0,00) is a map such that
(1) w is increasing on (0, 00),
(i) tlim (t —w(t)) = 0o, and
— 00
(i13) 0 < w(tT) <t for each t > 0.
For xyg € X, define the Ishikawa iteration procedure associated with S and T by

Yn = W(Txnaxnvﬁn)
Tn+1 = W(Synaxnvan) (19)
where {an}22, and {152, are sequences in (0,1) with Y o, = oco. Then the

sequence {xz,} converges, lim x,, = z (say), z € X and z is the unique common
n—oo
fized point of S and T.

In 2000, Noor [§] introduced a three step iteration procedure in the setting of
Banach spaces as follows: For xg € K,

Yn = (1= Bn)on + BnTzy, (1.10)
Tn1 = (1 - an)mn + anTyn
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where {an, 152, {8n}22, and {7, }52, are sequences in [0, 1].
Noor iteration procedure in convex metric spaces is as follows:
For zg € K,
2n = W(Txp, T, V)
Yn = W(Tzn, Tn, Bn) (1.11)
Tni41 = W(Tyru T, an)

where {a, 152, {8n}22, and {7,}52, are sequences in [0, 1].

We call the iteration {x,} defined by (L.11)), a ‘modified Noor iteration
procedure’.

In 2014, Abbas and Nazir [I] introduced the following iteration procedure in
normed linear spaces.

For zp € K,
Yn = (1 - Bn)Tl'n + BnTZn (1.12)
Tpy1 = (1 — an)Tyn + anTzy,

forn=0,1,2,....

Abbas and Nazir iteration procedure in the setting of convex metric spaces as
follows: For zg € K,
Zn = W(Tllfn, T, ’Yn)
Yn = W(Tzp, Txp, Bn) (1.13)
Tpp1 = W(Tzn, Tyn, o)

where {152 o, {Bn}S2, and {v,}22, are sequences in [0, 1].

We call the iteration {z,, } defined by (L.13), a ‘modified Abbas and Nazir iteration
procedure’.

Inspired and motivated by the results of Ciri¢ [4], and Sastry, Babu and Srinivasa
Rao [0, 10], we define Noor iteration procedure associated with three self maps in
Section [2| and prove the convergence of this iteration procedure to the common
fixed point of three self maps in convex metric spaces under certain hypotheses.
In Section [3] we extend it to Abbas and Nazir iteration procedure. One of our
results (Theorem extends the result of [I0] to three self maps.

2. CONVERGENCE OF NOOR ITERATION PROCEDURE

We begin this section by defining an iteration procedure in convex metric spaces
as follows.

Let (X, d, W) be a convex metric space, K a nonempty convex subset of X.
Let T1,75,73 : K — K be three self maps. For zq € K,

zn = W(Tipn, Tn, V)
Tp+1 = W(T3yn7l‘n7 an)

where {ap, 12, {8,122, and {7, }32, are sequences in [0, 1].
We call the iteration {x,,} defined by (12.1)), a Noor iteration procedure associated
with 77,75 and T3 in convex metric spaces.

Lemma 2.1. Let (X,d, W) be a convex metric space and K be a nonempty convex
subset of X. Let T1,T5,T3 : K — K be three self maps satisfying the inequality

max 3{d(Tiaﬁ, Tiy)} < w(Mi(z,y)) for x,y € Kwith My(x,y) > 0, (2.2)
L,J=1,4,
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where
M,y (1’, y) = 1§igl§a§(,i;£j{d(x’ y)v d(lL‘, Tlx)a d(ya Tiy)> d(:C, le)a
w: (0,00) = (0,00) is a map such that
w increases, (2.4)
Jim (8 —w(t)) = oo, (2.5)
and
0<w(th) <t fort>0. (2.6)

For any xg € K, let {xn},{yn} and {z,} be the sequences generated by Noor
iteration procedure associated with three self maps T1,Ts, and Ts.

Then the sequences {&n}, (yn}, {zn}, {Tstn}, (Tign}, and {Tiza} fori=1,2,3
are bounded.

Proof. For each positive integer n, we define

3
Ap ={zi}i—o U {yrtizo U{zrti—o Y ‘L_Jl({Tixk}Z:O U{Tyni—o U {Tizk }1—o) and
we denote the diameter of A, by a,. -

Let b, = max { sup d(zg, Tizx), sup d(zo,Tiyx), sup d(xo,T;zk)}
1=1,2,3 0<k<n 0<k<n 0<k<n
forn=1,23....
We now prove that a,, = b, forn=1,2,... .
Clearly, b, < a, forn=1,2,... .
Without loss of generality, we assume that a,, > 0 for n =1,2,... .
Case (1) : an = d(Tixy, Tjx;) for 0 < k,l <nandi,j=1,2,3.
Since a, > 0, we have M (zy,z;) > 0.
Therefore from the inequality and Remark we have
an = d(Tizg, Tjzy) < w(My(zx,21) < w(an) < ap,
a contradiction.
Therefore a,, # d(Tzk, Tjx).
Case (1i) : By proceeding as in Case (i), it is easy to see that a, # d(T;xk, Tjy1),
an # d(Timk’szl)a an # d(Tiykaijl% an # d(Tibejzl)’ and
an # d(Tiz, Tjz) for 0 < k,l <nandi,j=1,2,3.
Case (ii1) : ap = d(xg, Tyy) for 0 < k,l <nandi=1,23.
If £ > 0 then from the inequality , we have
ap = d(zg, Tiyr) = AW (Tsyp—1, xp—1, —1), Tin)
< ap—1d(Tsyp—1, Tiyr) + (1 — 1) d(xp—1, Tipr)
< max{d(Tsyx—1, Tivi), d(zr—1, Tyy1)} < ay, so that
an = d(T3yr—1, Tiyr) or an = d(xk—1, Tiyr)-
By Case (i), a, # d(T3yr—1, Tyy;) and hence we have a,, = d(xi—1, T;y;1)-
On continuing this process, we have a,, = d(zq, T;y;) so that a,, < b,.
Case (iv) : Either a, = d(zk,Tix;) or an, = d(zk,T;z;) for 0 < k,I < n and
i=1,2,3.
By proceeding as in Case (iii), it follows that a,, < b,.
Case (v) : ap = d(xg,x;) for 0 < k, 1 <n.
Since a,, > 0, we have k # [. So, without loss of generality, we assume that k < [.
Therefore
an = d(zg, W(Tsy1-1, xi—1,1-1)) < qy—rd(zr, Tsyi—1) + (1 — 1) d(zw, 21-1)
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< max{d(zk, T3y;—1), d(zk, x1—1)} < a, so that
either a,, = d(zg, T3y;—1) or a, = d(zk, x;—1).
If a, = d(xg, x;—m) for every 1 < m <! —k then a, =0,
a contradiction.
Therefore a,, = d(xg, T3y;—m) for some 1 < m <1 —k and hence
ap, < by, follows from Case (iii).
Case (vi) : a, = d(xg, y;) for some 0 < k,l < n.
an = d(xg, W(Tez, 21, 1)) < Bid(zr, Toz) + (1 — Br)d(xy, 1)
< max{d(zk,T22),d(zr, 1)} < an so that
an, = d(xg, Taz) or a, = d(zk, 7).
Now by Case (iv) and Case (v), it follows that a,, < b,,.
Case (vii) : a, = d(xg, z;) for some 0 < k,l < n.
an, = d(zg, W(Tizy, 2, 1)) < vid(zg, Tizy) + (1 — ) d(zk, ;)
< max{d(zg, T12;),d(xk, 2;)} < a, so that
either a,, = d(z, Th2;) or a, = d(zg,x;).
Therefore by Case (iv) and Case (v), we have a,, < by,.
Case (viii): an = d(yg, Tyz;) for 0 < k,l <nandi=1,2,3.
an = AW (Tozk, x, Bi), Tizy) < Brd(Toz, Tixr) + (1 — Br)d(xk, Tix)
< max{d(Tezy, T;x1), d(x, T;21)} < ap, so that
an = d(Tozg, Tixy) or a, = d(xg, Tixy).
Hence by Case (ii) and Case (iv), we have a,, < by,.
Case (iz) : Either a, = d(yx, Tiyi) or a, = d(yx,Tiz) for 0 < k,I < n and
i=1.2,3.
By proceeding as in Case (viii), it is easy to see that a,, < b,,.
Case () : an = d(yg,y1) for 0 < k, 1 < n.
an = d(yr, y1) = d(yr, W(Toz, 21, 1)) < Bid(yr, Toz) + (1 — B1)d(yw, 1)
< max{d(yr, T221), d(yx, 1)} < a, so that
either a,, = d(yg, Taz1) or a, = d(xy, yx)-
Hence a,, < b, follows from Case (iz) and Case (vi).
Case (xi) : an = d(yg, z) for 0 < k,1 < n.
an = d(ye, W(Th2y, z1,m)) < nd(yrk, Tizn) + (1 — ) d(yw, 21)
< max{d(yg, T121), d(yx, 1)} < a, so that
either a,, = d(yx, Thx;) or a, = d(x;, yi).
By Case (viii) and Case (vi), we have a,, < b,.
Case (xii) : a, = d(zg, Tix;) for 0 < k,l <nandi=1,2,3.
an = d(zk, Tixy) = dW (Thak, ok, ), Tizy) < yed(Tiay, Tixg) + (1 — i) d(2r, Tizp)
< max{d(Tyz, T;x;), d(xg, T;21)} < ay
so that either a,, = d(Tyzx, Tiz;) or d(zy, Tix;).
Therefore by using Case (i) we have a,, # d(Tyx, T;z;) and hence a,, = d(x, T;z;).
Now by Case (iv), it follows that a,, < b,.
Case (xiii) : Either a,, = d(zx,Tyy1) or a, = d(zx,T;2;) for 0 < kI < n and
i=1,2,3.
By proceeding as in Case (xit), it is easy to see that a,, < b,.
Case (xiv) : an = d(zg, z) for 0 < k,l <n.
an = d(zx, 21) = d(ze, W (T, 1, 1)) < mid(ze, Tier) + (1 — ) d(2x, 21)
< max{d(zx, T12;),d(zg, 1)} < ap
so that a,, = d(zg, T12;) or a, = d(zk, x;).
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By Case (xii) and Case (vii), we have a,, < by,.
Hence by considering all the above cases, we have a,, = b,, forn =1,2,3... .
We write A = _rrra;cg{d(xo,Tixo)}. Without loss of generality, we assume that
1= tiat]

A > 0. Now by using the inequality (2.2)), we have
d(xo, Tizy) < d(zo, Tixo) + d(Tizo, Tixr) < Ad+w(ay) for 0 <k <nandi=1,2,3.
Therefore sup {d(xo, Tizk)} < A+ w(ay,) for i =1,2,3.

0<k<n
Similarly, we have sup {d(zo,Tiyx)} < A+ w(ay,) and
0<k<n
sup {d(zo,Tizx)} < A+ w(ay,) for i = 1,2,3 so that

0<k<n
bp < A+ w(ay).
Since a,, = b,, we have
an —w(ay) <Aforn=1,2,.... (2.7)

If the sequence {a,} is not bounded then hm ay,, = 0o and hence it follows from
) that 11_>m (an, — w(a,)) = oo which contradlcts (12.7).

Therefore the sequence {a,} is bounded and hence the conclusion of the lemma
follows. O

Theorem 2.2. Let (X,d,W) be a complete convex metric space and K be a
nonempty closed convexr subset of X. Let Ty, 15, T3 : K — K be self maps
satisfying the inequality

max . {d(Tiz, Tjy)} < w(Mi(z,y)) for z,y € Kwith M;(x,y) > 0,

ij=
where Mi(x,y) is defined by (2.3) and let w : (0,00) — (0,00) be a map that
satisfies the relations [24), [25), and (8). Let {an}eq, {Bn}20s and {1}
be sequences in [0,1] such that > o, = co. Then the sequence {x,} generated by

n=0

the Noor iteration procedure associated with three self maps (2.1)) converges strongly
to a unique common fized point of Ty, To and Tj.

Proof. Without loss of generality, we assume that z,, # T;z,, for any n =0,1,2, ...
and ¢t =1,2,3.
For every integer n > 0, we define a set C, by

we define ¢,, to be the diameter of C

By Lemma [2.1] we have the sequence {c,} is bounded.

Letd, = max {sup d(xn, Tixy), sup d(xn, Tiyk), sup d(xy, Tizi)} forn =0,1,2, ...
k>n k>n

1,2,

Now, we prove that en = d,, for n = 0,1,....
Without loss of generality, we assume that ¢, > 0.
By using the same technique discussed in Lemma it is easy to see that ¢, < d,.
Therefore

cp =dp forn=20,1,2,....

Since {c,} is a decreasing sequence of nonnegative real numbers, we have

lim ¢, = ¢ for some ¢ > 0.
n—oo
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Now we prove that ¢ = 0. On the contrary, we assume that ¢ > 0.
Therefore ¢, > 0 forn =0,1,2,... .
Let n be a positive integer and £ > n. For i = 1,2, 3, we have
d(xn, Tizr) = dW(T3yn—1,Tn—1, an-1), Tiz)
< ap1d(T3yn—1, Tiwg) + (1 — ap_1)d(2n—1, Tizy)
< an1w(Mi(yn—1,2%)) + (1 — an_1)d(wp—1, Tjzk)
(since M1 (yn—1,7x) > 0)
< ap_qw(cn-—1) + (1 — @p_1)cn—1 so that
sup d(xy, Tizy) < ap—1w(cn—1) + (1 — ap_1)cn_1.

k>n

Similarly, we can show that sup d(z,, Tiyx) < an—1w(cn-1) + (1 — @p_1)cn—1 and
k>n

sup d(n, Tizi) < ap_rw(cn—1) + (1 — an_1)cn—1.

k>n

Therefore

dn < ap_qw(cp-1) + (1 —ap_1)cp—1 forn=1,2,....
Since ¢, = d,,, we have
ap-1(cn-1 —w(cpn-1)) <cpo1—cp forn=1,2,.... (2.8)
Let s = inf{c, —w(cyn) : n > 0}. If s = 0 then there exists a subsequence {c,x)}
of the sequence {¢,} such that klim (Cn(ky — w(cnw))) =0, ie, c—w(c™) =0
—00

which is absurd due to (2.6]).

Hence s > 0 and ¢, — w(c,) > s forn=10,1,2, ... .

It follows from the inequality (2.8)) that sa,—1 <c¢,-1 —c¢, forn=1,2,....

Now by applying the comparison test, it follows that the series Y a,, < oo,
a contradiction.
Therefore ¢ = 0 so that the sequence {z,,} is Cauchy and hence by the completeness
of X, there exists x € K such that lim z, = z.

n— o0
Since ¢ = 0, we have lim d(x,,T;z,) =0 so that lim Tz, =z for i = 1,2,3.
n—oo n—oo

We now prove that x is a common fixed point of 77, T> and T5. For this purpose,

we let B = 4n11a2:><3{d(x,Tix)}. Suppose that B > 0 so that M;(z,,x) > 0 for all n.
1=1,2,
Now, d(T;x,, T;x) < max S{d(Tixn,zj)} < w(My(zp,x)) for i =1,2,3.
i,j=1,2,

On letting n — oo, we have d(x, Tjz) < w(B™) for i = 1,2,3 so that B < w(B™),
a contradiction.
Therefore B = 0 so that x is a common fixed point of 77,75 and T53.

Clearly, the uniqueness of common fixed point of 17,75, T3 follows from

Remark [[.2] O
If Ty = T, = T3 in Theorem [2:2] then we have the following corollary.

Corollary 2.3. Let (X,d,W) be a complete conver metric space and K be a
nonempty closed convexr subset of X. Let T : K — K be a map that satisfies

d(Tz, Ty) < w(M(z,y)) for x,y € K with M(z,y) > 0,
where M (x,y) is defined by (1.3) and w : (0,00) — (0,00) be a map that satisfy the
relations (2.4), (2.5) and (2.6)). Let {an}22q, {An}tolo, and {71152 be sequences
in [0,1] such that > oy, = co. Then the sequence {x,} generated by the ‘modified

n=0

Noor iteration procedure (1.11) 7 converges strongly to a unique fized point of T'.
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The following is an easy consequence of Corollary 2.3] and Remark [I.3]

Corollary 2.4. Let (X,]|.||) be a Banach space and K be a nonempty closed convex
subset of X. Let T : K — K be a quasi-contraction map, i.e., T satisfies the

inequality (1.2). Let {an}oe,, {8}, and {yn}22, be sequences in [0,1] such

that > ayn = co. Then for any xo € K, the sequence {x,}52, generated by the
n=0
Noor iteration procedure (1.10)) converges strongly to a unique fixed point of T

The following is an example in support of Theorem

Example 2.1. Let X = [0, 2] be equipped with the usual norm on the set of all real
numbers. We define W : X x X x [0,1] = X by W(x,y,\) = (1 — Ny + A& for
z,y € X so that (X,d, W) is a complete convex metric space. Let K = [, 2] so
that K is a closed convexr subset of X and we define T1,T5,T5 : K — K by

12784
1 : 71
~—z  ifrels, 5
Tle:{ . 27\/3

ﬁ if v e (%, 2], and
1 V2-1 frell 1
Tsx = { 950f 84 (841‘ 95) fo € [1%’ \{)55]
Here, we note that Tyx > Tox > T > ﬁ for z € [, %L

3
F= 401 F(T;) = {%}, and Ty, Ty and T are decreasing functions on [, 33].

We deﬁne w : (0,00) = (0,00) by w(t) = % so that w satisfies the relations

(2.4), (2.5) and ( . In the following, we show that the inequality (2.2 . ) holds.

For this purpose, we consider the following three cases.
Case (i) : %§x<y§%.

In this case, Mq(x,y) = d(z, Tix) = % — 2z and
-max {d(Tiz, Tjy)} = d(Thz, Tzy)

i,7=1,2,

< d(Tyz, \f) = % —x— % < %(% —2z) = w(Mi(x,y)).
Case (ii) : 5 <:c<f<y§gi
Here, we have  fnax {d(Tiz, T;y)} = d(Thz, 2) =l_z- % and
L _9¢ if e >y
Mi(z,y) {y—x if The <y
If Thz <y then fpax {d(Tiz, Tjy)} =L -z - % < S5 (L —22)

< 15(y — 2) = w(Mi(,y)).
Similarly, we show that the inequality is true if Tix < y.

Case (#i1) :%<x<y<9f5

In this case, . max {d(Tx T;y)} = 0 and hence the inequality (2.2)) trivially holds.

3,j=1

o0
We choose Bn =y, = 5 and o, = n—+2 forn=0,1,2,... so that Y, a, = 0.
n=0
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Let zg € [15, 2] be arbitrary, and let {x,}5 be the sequence generated by Noor
iteration procedure associated with Ty, T, and T3, i.e, the sequence {x,}S%, s
defined by (2.1) so that z, = W(T12n, Tn,Vs) = L0080y = W(Tozn, T, Bn) =
% and 11 = W(TsYn, Tn, an) = Ziéxn %ﬂTgyn forn=0,1,2,... .

We now show that the sequence {x,}52, converges to % which is the common
fized point of Ty, To and Tj.

Case (i) : 5 <z < %

By induction on n, we show that

1 _ (ntl 42(15v2-1)
= )

Tnt1 — 75 = (2 T ey (0sva—sn) ) (%n — %) and x, < % for alln > 0.
We assume that x, < % for somen > 0 so that z, = % = i > %,
Yn = 7I"+T22" = %(mn + %) < % and
Tng1 = L + iy Togn = 2y + oy (5 + 2L (84, — 95))
= B0 + by (B (42(z + ) — 95))

_ (n+1 42(§5v2-1) 17
- (n+2 (n+2)1(%5ﬁ—84)) n n+2( +

— (ntl 42(5vV2-1) _ 1

= (2 F Gromyvasy)(@n — 75) +
o1 42fHve-l) o7 42(hvR-l) 95(FvE-1)

where By, = v \/5(92\/5—84) R ﬂ(ggﬁ—84) (95\0/5—84)

1 1
Tpg1 — 7 = A, (2, — ﬁ) (2.9)

_ (n+1 42({5v2-1)
where A, = (75 + (n+2)1(%5\/§_84)).
Since 0 < A, <1, we have x,41 < %
Thusg 1byQ induction on n, we have x, < % and the equation 1| is true for
n=20,1,2...

By (2.9), we have

12({5v2-1) 95(1%\/5—1))
V2(95v/2—84) 95v/2—84

f + n+2B

=0 so that

1 - 1
Tpil — —=| = A)|zg — —=| forn=0,1,2, ... . 2.10
Since 1 — A, = 15 — _4255v2-1) > —5 forn=20,1,2, ..., we have the series

n+2 (n+2)(95\/§784) n+2
> (1—-A,) =00 so that lim HA =0 and hence lim z, =

7L=0 n—)OO 0 n— o0 ﬁ
Case (i1) : ﬁ <wg < P.
In this case, we show that x,4+1 — % = Zi; (xn, — %) and x, > % for allm > 0.

We assume that x,, > % for somen >0 so that

Zn:7$n+2T1In :%($n+%)>%, yn:%%:%( 7)>%z and
tni1 = (1 — Z5)2n + 5 T3y
— ntl, 1 1_n+1( _L)+¢L I
nii n+12f nt2 V2 f (n+2) V2
:m( n—ﬁ)—i—% so that
1 n+1 1
S M - 2.11

1
and hence T,4+1 > 73
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Therefore, by induction on n, we have Tpyq1 — % = Z—E(wn — %) and x,, > %ﬁ

forn =0,1,2,... so that |z, — %| = %H|zo — %\ forn =0,1,2,... and hence
the sequence {x,}52, converges to %

Hence the maps Ty, To and T3 satisfy all the hypotheses of Theorem and
for any x¢ € [1—72, %], the Noor iteration procedure associated with T1,Ty and T3,
converges to the unique common fixed point % of T, Ty and Tj.

We use MATLAB 13 software to find out the number of iterations at which the

sequence {x,}22, converges to the common fized point % of Ty, Ty and T;.

1 1
TABLE 1. 29 = 0.6, an = ;5580 =5 ="

No. of iterations (n) T, Un Zn

0 0.6 0.65355891 .8335533333

1 0.636001577 0.671554179 0.786161573

50 0.703107130  0.705106956 0.711129184

5000 0.707066766  0.70708677, 0.707146798

50000 0.707102855  0.707104818 0.707110708
100000 0.707104829  0.707105805 0.707108733
150000 0.707105484  0.707106133 0.707108078
194105 0.707105781 0.707106281 0.707107781

The 194105t iteration has got the value of x,, = 0.707105781 which approzimates
the common fixed point % of Ty, T and T3 with an error less than 1075,

Remark 2.1. If we choose v, = 0, and Ty = Ty in Theorem |2.49 then Theorem
follows as a corollary to Theorem . Hence our result (Theorem extends
Theorem [1.3 to three self maps.

3. CONVERGENCE OF ABBAS AND NAZIR ITERATION

We now define Abbas and Nazir iteration procedure associated with three self
maps 17,715 and T3 in convex metric spaces as follows: For any zo € K,

Zn = W(Tlfna L, ’Yn)
Yn = W(T2zna T237n7 ﬂn) (31)
Tn+1 = W(TBZna TSy'ru an)

where {an, 152, {8n}22, and {7, }52, are sequences in [0, 1].

Theorem 3.1. Let (X,d, W) be a complete convex metric space and K, a nonempty
closed convex subset of X. Let Ty, T5,T3 : K — K be self maps of K that satisfy

i m?“)é 3{d(TZxa,-ij)} § w(Ml(xay)) for z,y S K with Ml(x’y) > 07

,j=1,2,
where My (x,y) is defined by (2.3)) and w : (0,00) — (0, 00) is a map that satisfies the
relations (2.4), [2.5), and [2.6). Let {0 }520, {Bn}tolo, and {1}, be sequences
in [0,1]. Then the sequence {x,} generated by Abbas and Nazir iteration procedure
associated with three self maps (3.1) converges strongly to a unique common fized
point of Ty, Ty and Ts.
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Proof. By using the same technique discussed in Lemma [2.1] and Theorem [2.2] of
Section 2, it is easy to see that the diameter cp, of the set

= {@k bz n UV Fezn U {2k Hrmn U U {Tiwk bz nU{Tiyn b k>nU{Tizk Hi>n) 18 equal
to dn, =  max {supd(mn,ka) supd(mn,Tyk) supd(xn,Tzk)} for n = 0,1,2,.

and 1im Cp =¢C for some ¢ > 0.
n— oo

We now prove that ¢ = 0. On the contrary, we suppose that ¢ > 0 so that
cp>0forn=0,1,2,....
For a positive integer n, let k > n. Then for i = 1,2,3 we have
d(zn, Tizr) = AW (Ts2n—1, T3Yn—1, n—1), Tixr)
< ap1d(T3zn—1, Tizg) + (1 = an—1)d(T3yn—1, Tizr) < w(cp-1).
Therefore sup d(xy,, Tixg) < w(c,—1) fori=1,2,3 and n=1,2,3, ... .
k>n
Similarly, bup d(xn, Tiyk) < w(cp—1) and sup d(x,, Tizk) < w(cp—1) for i = 1,2,3
k>

>n

and n =1, 2, ... so that
cn =dp < w(Cn—l)-

On letting n — oo, we have ¢ < w(c™),

a contradiction.

Therefore ¢ = 0 and hence the conclusion of the theorem follows from the lines of
the proof of Theorem O

Corollary 3.2. Let (X,d,W) be a complete convex metric space and K be a
nonempty closed convex subset of X. Let T : K — K be a map such that

d(Tx,Ty) < w(M(gc, y)) for x,y € K with M(x,y) > 0,

where M (x,y) is deﬁned by and w : (0,00) — (0,00) is a map that satis-
fies the relations (2.4), [2.5). and [2:6). Let {an}50, {8}, and {7n}32, be
sequences in [0,1]. Then the sequence {x,} generated by the modified Abbas and
Nazir iteration procedure (1.13|) converges strongly to a unique fized point of T.

Corollary 3.3. Let (X,]|.||) be a Banach space and K be a nonempty closed convex
subset of X. Let T : K — K be a quasi-contraction map, i.e., T satisfies the
inequality (L2). Let {on}oe,, {Bn}5, and {7,}32, be sequences in [0,1]. Then
for any xg € K, the sequence {x,}>2, generated by Abbas and Nazir iteration
procedure converges strongly to a unique fized point of T .

The following example is in support of Theorem

Example 3.1. Let X, K, Ty, T> and T3 be as in Example[2.1 Let {on, }22, {8152,
and {152, be arbitrary sequences in [0,1]. Let xy € K and {z,}52, be the
sequence generated by so that zp, = (1 — yn)Tn + Yu 1120,

Yn = (1 - ﬁn)Tan +BnT2zn and Ty 1 = (1 - an)T?)yn +anT3z, forn=0,1,2
Here we note that T, Ty and T5 satisfy all the hypotheses of Theorem [3.1] Further,
it is easy to see that r1 > % and x, = % for n = 2,3,... so that the sequence

{2n}22y converges to the common fized point —= of Ty, T and Ts.
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