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Abstract

In this paper, we introduce the concepts (6, ¢)-density of a subset of the product time scale T? and (0, @)-statistical convergence of A-

measurable function f defined on the product time scale T2 with the help of lacunary sequences. Later, we have discussed the connection
between classical convergence and (6, @)-statistical convergence. In addition, we have seen that f is strongly (6, ¢)-Cesaro summable on

T2 then f is (6, @)-statistical convergent.
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1. Introduction

The concept of statistical convergence which is a generalization of classical convergence was first given by Zygmund [27] and later were
introduced independently by Steinhaus [21] and Fast [11]. This concept is discussed under different names in different spaces.

The time scale calculus was first introduced by Hilger in his Ph.D. thesis in 1988 (see[16],[17],[4]). In later years, the integral theory on time
scales was given by Guseinov [15], and further studies were developed by Cabada-Vivero [7] and Rzezuchowski [19]. Recently, Seyyidoglu
and Tan [20] defined the density of the subset of the time scale. By using this definition, they gave A-convergence and A-Cauchy concepts
for a real valued function defined on time scale. Turan and Duman [23] introduced the notion of lacunary statistically convergence of a
A-measurable function by using the lacunary sequence defined by Freedman et.al.(see[12]).

In this paper, our aim is to define (@, @)-statistical convergence of A- measurable functions defined on the product time scale T2 by using lacu-
nary sequences 0 = (k) and ¢=(1;) in light of works of Cinar et al. [10], Seyyidoglu and Tan [20] and others [3],[91,[14],[151,[2],[22],[25],[26].

2. Prelimineries

The statistical convergence concept is based on the asymptotic (natural) density of a subset B in N (the set of positive integers) which is
defined as

5(B) = tim {k <n:keB}

n—yoo n

where |B| denotes the number of elements in B (see [11],[13]). A measurable (Lebesque) function f : R — R is said to be statistically
convergent to a number L if, for every € >0

S({treR: |f(r)—L|>¢€})=0.

In this case, we write s¢-lim f(r) = L.
[—o0

In this study, we shall give the notion of (0, @)-statistical convergence on any product time scale T2 and its some properties. Throughout this
paper, we consider the time scales T| and T, which are unbounded from above and have minimum points.

Lets remember some concepts related to time scale T. A non-empty closed subset of R is called a time scale and is denoted by T. We
suppose that a time scale has the topology inherited from R with the standart topology. For ¢ € T, we consider the forward jump operator

Email addresses: basarir @sakarya.edu.tr (Metin Basarir)



Konuralp Journal of Mathematics 193

6:T— Tbyo(¢):=inf{s € T:s>t}. In this definition, we take inf® = supT. For t € T with a < b, it is defined the interval [a,b] in T
by [a,b]={t€T:a<r<b}.LetT be atime scale. Denote by .# the family of all left-closed and right-open intervals of T of the form
[a,b) ={t€T:a<t<b} witha,beTanda<b. Itis clear that the interval [a,a) is an empty set, .% is semiring of subsets of T. Let
m:F — [0,00) be the set function on .# that assings to each interval [a, b) its lenght b —a;m ([a,b)) = b —a. Then m is a countably additive
measure on .%. The Caratheodory extension of the set function m associated with family .% (for the Caratheodory extension, see [20]) is
denoted by pa, the Lebesgue A-measure on T, and that is a countably additive measure . In this case, it is known that if a € T — {maxT},
then the single point set {a} is A-measurable and ux(a) =0 (a) —a. If a,b € T and a < b then pp(a,b)y = b—o(a).If a,b € T — {maxT}
and a < b then pp(a,bly = o(b)—0 (a) and pifa,bly= o(b)—a . It can be easily seen that the measure of a subset of N is equal to its
cardinality (see [20],[23],[24]).

Assume that 6 = {k,}}2, is an increasing sequence of non-negative integers with ko = 0 and o (k;) — o (k,—1) — o0 as r — eo, where
6 : R — T is the forward jump operator given by & (x) =inf{y € T :y > x}. In this case, we say that 6 is a lacunary sequence with respect
to T. Throughout this study, ® is supposed as the set of all such lacunary sequences and by [a, b], we denote the interval in T, i.e., [a,b]NT,
where [a,b] is the usual real interval and T is a time scale. Turan and Duman [23] introduced the notion of lacunary statistical convergence
(or O-statistically convergence) on time scale T. A A-measurable function f : T — R is said to be lacunary statistically convergent to a
number L if, for every € >0

lim ua({s € (ke—1,ke]T: |f(s)—L| > €})
rree .uA((krflvkr]’]I‘)
where (ky_1,kr]p = (ky—1,k]NT. In this case, stp-limy e f(t) = L.

=0 2.1)

In this paper, using 6, ¢ € ® and taking on the product time scale T2 in place of the time scale T, we introduce the notion of lacunary
statistically convergence on product time scale T2,

3. Main Results

Let 6 = (k;), o=(I;) € ©,T; and T, time scales such that 1) = min Ty, ro = minT, and T2 = T xT», the set of cartasian product of
Ty and T, time scales. Throughout the paper, we denote A = {(k,—1,k/J1, X (i —1,k]1, }, B = {[to, ], X[ro, T, }, where (k,—1,k]p, =
(kr—1,k:) Ty, (=1, by = (-1, L] N'T,. tis easy to see that U (A) = a((ky—1, k], )-Ba((lr—1, k], ) and pa(B) = ua([to.t]T, )-1a([ro,7]T,)
([SL.[6D).

The convergence method in (2.1) can also be defined with respect to the density on product time scales as in the following way.

Definition 3.1. Suppose that Q be a A-measurable subset of T2 =T xTy. Then, one defines the set Q (t,r,0, ) by Q(t,r,0,0) =: {(s,u) €
A (s,u) € Q} for (t,r) € T2. Thatis Q (t,1,08,0) = QNA . In this case, the (0, @)-density of Q on T? is defined as

”A('Q'(t: 0, @))

E (L) HA(A)
provided that the limit exists.
In case of T{=T, = N, this reduces to the classical concept of the product asymptotic density, which in the case of T = N was first introduced
by Fast. If T} =T, = [a,),a > 0, this reduces to the product asymptotic density of measurable functions that the asymptotic density of
measurable functions was studied by Moricz [18]. Finally, if T = ¢V, ¢ > 1, then we get the notion of (g,q)-statistical convergence which
g-statistical convergence introduced by Aktuglu and Bekar [1].

Definition 3.2. Let f : T>— R be a A- measurable function. It is said that f is (8, @)-statistically convergent to a real number L on T? if

pa({(s,u) €A |f(s,u) —L| > €})

lim =0 3.1)
() ta(A)
for every € > 0. In this case, we can write st,l(rg"(p)—( 1i)m f(t,r) = L. The set of all (6, @)- statistically convergent functions on T2 will be
t,r)—oo
denoted by S,(E‘Z’(P).
If one take kg = Iy =0, k_; =19 and [_| = ry in (3.1), we get the A- statistically convergent function to a real number L on T2, for the

function f, which is defined as

i a0 € B2 [f(s.0) 1] > €})

=0.
(1,r) o0 Ua(B)

In this case, we can writes sth—( li)m f(z,r) = L. The set of all A- statistically convergent functions on T2 will be denoted by St2.
t,r)—voo

Finally, if T2 = ¢" x¢", ¢ > 1, then we get the notion of the product ¢g—statistical convergence which in the case of T = ¢ is introduced by

Aktuglu and Bekar [1].

Proposition 3.3. Let f,g: T?— R be a A- measurable functions such that stq(lg’q))-( li)m f(¢e,r) =Ly and stq(r(z’(p)-( li)rn g(t,r) =L, . Then
t,r)—so0 t,r)—so0

the following statements hold:
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D509 tim (f(1,r)+g(t,r) = Ly +La,

(t,r)—re0
i) st97- lim (cf(1,r)) = cLy.
(t,r)—>o0
Proof. 1t is easy to prove and we omit it. O

Theorem 3.4. So C S0 ifand only if

limintHa4) o
(1,r) o0 A (B)

Proof. For given € > 0, we have

ta({(s,u) € B: |f(s,u) —L| = €}) D ua({(s,u) €A |f(s,u) —L| = €})).

Then

>
1ia(B) - Ha(B)
pa(A) 1
= ) s,u) €A |f(s,u)—L|>¢€ 3.2)
e iy - Ha{(sa €4+ (s —2] > &)
Hence by using (3.2) and taking the limit as (£,7) — oo, we get sth-< li)m f(¢,r) =L implies st%f"”-( li>m f(t,r)=L. O
1,r)—ro0 t,r)—ro0

The definition of strongly p-Cesaro summability on time scale T was given by Turan and Duman [23],[24]. Using it, we get the following.

Definition 3.5. [24] Let f : T?— R be a A-measurable function and 0 < p < eo. Then, fis strongly p-Cesaro summable function on T? if
there exists some L € R such that

1
lim —— —LI” As Au=0.
o m aB) é/ f(5,u) = LI As A

The set of all strongly p-Cesaro summable functions on T? is denoted by Wyl .
We need to emphasize that measure theory on time scale was first constructed by Guseinov [15] and Lebesque A-integral on time scales
introduced by Cabada and Vivero [7],[8]. Using this we have following definition.

Definition 3.6. Let f : T>— R be a A- measurable function, 6,¢ € © and 0 < p < oo. We say that f is strongly (6, ©)p-Cesaro summable
function on T2 if there exists some L € R such that

1
lim 7// (s,u) —L|P” As Au=0.
(t:r) = HA(A) J, Fisu) =1

In this case we write (W, (6, ¢) p)Tz—( 1i>m f(t,r) = L. The set of all strongly (8, ¢),-Cesaro summable functions on T? will be denoted
t,r)—ro0

by [W7 (97 (P)[’)}Tz'

Lemma 3.7. Let f : T>— R be a A- measurable function and Q(t,r,0,¢) = { (s,u) €A :|f(s,u) —L| > & } for € > 0. In this case, we have

uA(Q(t,r,(%(p))g% // |f(s,u)fL|”AsAu§é // [f(ssu) = L7 As Au
Q A

Proof. It can be proved by using similar method in [24]. O
Theorem 3.8. Let f : T>— R be a A- measurable function, 6, @e®,LeRand0 < p < oo. Then we get:
@) If f is strongly (0, ¢),-Cesaro summable to L, then sr%‘j‘w)-( li)m f,r)=L

t,r)—ro0

(i) If st%?"’)-( 1i)m f(t,r)=Land f is a bounded function, then f is strongly (8, ¢),-Cesaro summable to L.
t,r)—oo
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Proof. (i) Let f is strongly (8, @) ,-Cesaro summable to L. For given & > 0, let Q(t,7,0,9) = { s € A:|f(s,u) —L| > € } on time scale T>.
Then, it follows from lemma 3.7

£ 1a(Qt,,0,9)) < / f(ssu)—LIP As Au. 3.3)
A
Dividing both sides of the last equality by ua(A) and taking limit as (¢,7) — oo, we obtain

lim Ha@6n6.0)) 1, / f(ss) —L|P AsAu=0

()= Ma(A) € (1,r) o0 LA (A

which yields that st§r‘§*¢)- lim f(z,r) = L.

(t,r) e
(ii) Let f be bounded and (8, ¢)-statistically convergent to L on T2, Then, there exists a positive number M such that | (s,u) — L| < M for
all (s,u) € T? and also

im Ha(r.1.6,9))
ohm @ O Y

where Q(1,1,0,9) ={ (s,u) €A:|f(s,u) —L|P > € } as stated before. Since

/\fsu —L|P AsAu= // f(s,u) —L|P As Au // —L|P AsAu

Q(t,,0,0) A/Q(t,1,0,0)

<MP // As Au+¢€ / As Au,

Q(t,,0,0) A/Q(t,r,0,0p)

we obtain

// |f(s,u) —L| As Au<MP 1imw

+ €. 3.5
(t)—eo  Ma(A) G

lim
(1,r) = A (A
Since € > 0 is arbitrary, the proof follows from (3.4) and (3.5). O

Theorem 3.9. Let f be a A-measurable function. Then, sr%‘j"’”-( li)m f(t,r) = L if and only if there exists a A-measurable set Q C T2 such
1,r)—>o0

that 899 (Q) = 1and tim |f(t,r)—L| =0, ((t,r) € Qt,1,6,9)).

(t,r)—>o0

Proof. It can be easily proved by using similar way in Theorem 3.9 of Turan and Duman [24]. O
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