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Abstract

In this paper, using Hölder-İşcan and improved power-mean integral inequalities and
together with an integral identity, we obtain Hadamard type inequalities for functions whose
second derivatives in absolute value at certain power are trigonometrically convex functions.
In addition, we prove that our results give better approach than previous results.

1. Introduction

Throughout the paper I is a non-empty interval in R.

Definition 1.1. A function f : I→ R is said to be convex if the inequality

f (tx+(1− t)y)≤ t f (x)+(1− t) f (y)

is valid for all x,y ∈ I and t ∈ [0,1]. If this inequality reverses, then f is said to be concave on interval I 6= /0.

Convexity theory has appeared as a powerful technique to study a wide class of related problems in pure and applied sciences. See
articles [2, 4, 9–12] and the references therein.
Let f : [a,b]→ R be a convex function, then the inequality

f
(

a+b
2

)
≤ 1

b−a

∫ b

a
f (x)dx≤ f (a)+ f (b)

2

is known as the Hermite-Hadamard inequality (for more information, see [5] ). Since then, some refinements of the Hermite-Hadamard
inequality for convex functions have been obtained [2, 3, 13, 15].

Definition 1.2 ( [14]). Let h : (0,1)⊂ J→ R be a non-negative function, h 6= 0. We say that f : I→ R is an h-convex function, or that f
belongs to the class SX (h, I), if f is non-negative and for all x,y ∈ I, α ∈ (0,1) we have

f (αx+(1−α)y)≤ h(α) f (x)+h(1−α) f (y) .

If this inequality is reversed, then f is said to be h-concave, i.e. f ∈ SV (h, I).

Definition 1.3 ( [7]). A non-negative function f : I→ R is called trigonometrically convex function on interval [a,b], if for each x,y ∈ [a,b]
and t ∈ [0,1],

f (tx+(1− t)y)≤
(

sin
πt
2

)
f (x)+

(
cos

πt
2

)
f (y). (1.1)
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Denoted by TC (I) the class of all trigonometrically convex functions on interval I. Every non-negative convex function is trigonometrically
convex and every trigonometrically convex function is h-convex with h(t) = πt

2 .
A refinement of Hölder integral inequality better approach than Hölder integral inequality can be given as follows:

Theorem 1.4 (Hölder-İşcan Integral Inequality [6]). Let p > 1 and 1
p +

1
q = 1. If f and g are real functions defined on [a,b] and if | f |p, |g|q

are integrable functions on interval [a,b] then∫ b

a
| f (x)g(x)|dx≤ 1

b−a

{(∫ b

a
(b− x) | f (x)|p dx

) 1
p
(∫ b

a
(b− x) |g(x)|q dx

) 1
q

(∫ b

a
(x−a) | f (x)|p dx

) 1
p
(∫ b

a
(x−a) |g(x)|q dx

) 1
q
}
.

Improwed power-mean integral inequality as a result of the Hölder-İşcan integral inequality can be given as follows:

Theorem 1.5 (Improved power-mean integral inequality [8]). Let q≥ 1. If f and g are real functions defined on [a,b] and if | f |, | f | |g|q are
integrable functions on [a,b] then∫ b

a
| f (x)g(x)|dx≤ 1

b−a

{(∫ b

a
(b− x) | f (x)|dx

)1− 1
q
(∫ b

a
(b− x) | f (x)| |g(x)|q dx

) 1
q

+

(∫ b

a
(x−a) | f (x)|dx

)1− 1
q
(∫ b

a
(x−a) | f (x)| |g(x)|q dx

) 1
q
}
.

Definition 1.6. (Beta Function) The Beta function denoted by β (a,b) is defined by

β (a,b) =
∫ 1

0
ta−1(1− t)b−1dt, a,b > 0.

2. Main results

In this section, using Hölder-İşcan integral inequality and improved power-mean integral inequality and an integral identity, author obtain
a generalization of Hermite-Hadamard type inequalities for functions whose second derivatives in absolute value at certain power are
trigonometrically convex functions.
In order to establish some inequalities of Hermite-Hadamard type integral inequalities for trigonometrically convex functions, we will use
the following lemma. This lemma can be easily obtained by taking partial integration in the lemma in [1] .

Lemma 2.1. The following equality holds:

f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (x)dx =

(b−a)2

2

∫ 1

0
(t− t2) f ′′ (ta+(1− t)b)dt

Theorem 2.2. Let f : I→ R be a continuously two times differentiable function, let a < b in I. If the mapping | f ′′| is trigonometrically
convex function on interval [a,b], then the following inequality∣∣∣∣ f (a)+ f (b)

2
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣≤ (b−a)2 16−4π

π3 A
(∣∣ f ′′(a)∣∣ , ∣∣ f ′′(b)∣∣)

holds for t ∈ [0,1], where A is the arithmetic mean and 1
p +

1
q = 1.

Proof. Using Lemma 2.1 and inequality∣∣ f ′′ (ta+(1− t)b)
∣∣≤ ( sin

πt
2

)∣∣ f ′′(a)∣∣+(cos
πt
2

)∣∣ f ′′(b)∣∣ ,
we obtain∣∣∣∣ f (a)+ f (b)

2
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣≤ (b−a)2

2

∫ 1

0
|t| |1− t|

∣∣ f ′′ (ta+(1− t)b)
∣∣dt

≤ (b−a)2

2

(∫ 1

0
t (1− t)

∣∣ f ′′ (ta+(1− t)b)
∣∣dt
)

≤ (b−a)2

2

(∫ 1

0
t (1− t)

[(
sin

πt
2

)∣∣ f ′′(a)∣∣+(cos
πt
2

)∣∣ f ′′(b)∣∣]dt
)

=
(b−a)2

2

[(
16−4π

π3

)∣∣ f ′′(a)∣∣+(16−4π

π3

)∣∣ f ′′(b)∣∣]
= (b−a)2 16−4π

π3 A
(∣∣ f ′′(a)∣∣ , ∣∣ f ′′(b)∣∣)

where ∫ 1

0
t (1− t)sin

πt
2

dt =
∫ 1

0
t (1− t)cos

πt
2

dt =
16−4π

π3 .

This completes the proof of the theorem.
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Theorem 2.3. Let f : I→ R be a continuously two times differentiable function, let a < b in I and assume that q > 1. If the mapping | f ′′|q
is trigonometrically convex function on interval [a,b], then the following inequality∣∣∣∣ f (a)+ f (b)

2
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣≤ (b−a)2

2

(
4
π

) 1
q

β
1
p (p+1, p+1)A

1
q
(∣∣ f ′′(a)∣∣q , ∣∣ f ′′(b)∣∣q) (2.1)

holds for t ∈ [0,1], where 1
p +

1
q = 1.

Proof. Using Lemma 2.1, Hölder integral inequality and inequality∣∣ f ′′ (ta+(1− t)b)
∣∣q ≤ ( sin

πt
2

)∣∣ f ′′(a)∣∣q +(cos
πt
2

)∣∣ f ′′(b)∣∣q
which is the trigonometrically concexity of | f ′′|q, we obtain∣∣∣∣ f (a)+ f (b)

2
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣ ≤ (b−a)2

2

∫ 1

0
|t| |1− t|

∣∣ f ′′ (ta+(1− t)b)
∣∣dt

≤ (b−a)2

2

(∫ 1

0
t p (1− t)p dt

) 1
p
(∫ 1

0

∣∣ f ′′ (ta+(1− t)b)
∣∣q dt

) 1
q

≤ (b−a)2

2

(∫ 1

0
t p (1− t)p dt

) 1
p
(∫ 1

0

[(
sin

πt
2

)∣∣ f ′′(a)∣∣q +(cos
πt
2

)∣∣ f ′′(b)∣∣q]dt
) 1

q

=
(b−a)2

2
β

1
p (p+1, p+1)

(∣∣ f ′′(a)∣∣q 2
π
+
∣∣ f ′′(b)∣∣q 2

π

) 1
q

=
(b−a)2

2

(
4
π

) 1
q

β
1
p (p+1, p+1)A

1
q
(∣∣ f ′′(a)∣∣q , ∣∣ f ′′(b)∣∣q)

where ∫ 1

0
t p (1− t)p dt = β (p+1, p+1) .

This completes the proof of the theorem.

Theorem 2.4. Let f : I→ R be a continuously two times differentiable function, let a < b in I and assume that q > 1. If the mapping | f ′′|q
is trigonometrically convex function on interval [a,b], then the following inequality∣∣∣∣ f (a)+ f (b)

2
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣≤ (b−a)2

2
β

1
p (p+1, p+2)

[(
2
π
− 4

π2

)∣∣ f ′′(a)∣∣q +( 4
π2

)∣∣ f ′′(b)∣∣q] 1
q

+
(b−a)2

2
β

1
p (p+2, p+1)

[
4

π2

∣∣ f ′′(a)∣∣q +( 2
π
− 4

π2

)∣∣ f ′′(b)∣∣q] 1
q

(2.2)

holds for t ∈ [0,1], where 1
p +

1
q = 1.

Proof. Using Lemma 2.1, Hölder-İşcan integral inequality and inequality∣∣ f ′′ (ta+(1− t)b)
∣∣q ≤ ( sin

πt
2

)∣∣ f ′′(a)∣∣q +(cos
πt
2

)∣∣ f ′′(b)∣∣q
which is the trigonometrically concexity of | f ′′|q, we obtain∣∣∣∣ f (a)+ f (b)

2
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣≤ (b−a)2

2

∫ 1

0
|t| |1− t|

∣∣ f ′′ (ta+(1− t)b)
∣∣dt

≤ (b−a)2

2

(∫ 1

0
(1− t) t p (1− t)p dt

) 1
p
(∫ 1

0
(1− t)

∣∣ f ′′ (ta+(1− t)b)
∣∣q dt

) 1
q

+
(b−a)2

2

(∫ 1

0
tt p (1− t)p dt

) 1
p
(∫ 1

0
t
∣∣ f ′′ (ta+(1− t)b)

∣∣q dt
) 1

q

≤ (b−a)2

2

(∫ 1

0
(1− t) t p (1− t)p dt

) 1
p
(∫ 1

0
(1− t)

[(
sin

πt
2

)∣∣ f ′′(a)∣∣q +(cos
πt
2

)∣∣ f ′′(b)∣∣q]dt
) 1

q

+
(b−a)2

2

(∫ 1

0
tt p (1− t)p dt

) 1
p
(∫ 1

0
t
[(

sin
πt
2

)∣∣ f ′′(a)∣∣q +(cos
πt
2

)∣∣ f ′′(b)∣∣q]dt
) 1

q

=
(b−a)2

2
β

1
p (p+1, p+2)

[(
2
π
− 4

π2

)∣∣ f ′′(a)∣∣q +( 4
π2

)∣∣ f ′′(b)∣∣q] 1
q

+
(b−a)2

2
β

1
p (p+2, p+1)

[
4

π2

∣∣ f ′(a)∣∣q +( 2
π
− 4

π2

)∣∣ f ′(b)∣∣q] 1
q

,
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where ∫ 1

0
t p (1− t)p+1 dt = β (p+1, p+2) ,∫ 1

0
t p+1 (1− t)p dt = β (p+2, p+1)∫ 1

0
(1− t)sin

πt
2

dt =
∫ 1

0
tcos

πt
2

dt =
2
π
− 4

π2 ,∫ 1

0
(1− t)cos

πt
2

dt =
∫ 1

0
tsin

πt
2

dt =
4

π2 .

This completes the proof of the theorem.

Remark 2.5. The inequality (2.2) is better than the inequality (2.1).

Proof. By using the properties

β (p+1, p+2) = β (p+2, p+1)

β (p+1, p+2) = β (p+1, p+1)
p+1

2(p+1)

and the concavity of the function h : [0,∞)→ R,h(x) = xs,0 < s≤ 1, that is, if we use the property

us + vs

2
≤
(

u+ v
2

)s

we can write the right hand-side of the inequality (2.1) as follow:

(b−a)2

2
β

1
p (p+1, p+2)

[(
2
π
− 4

π2

)∣∣ f ′′(a)∣∣q +( 4
π2

)∣∣ f ′′(b)∣∣q] 1
q

+
(b−a)2

2
β

1
p (p+2, p+1)

[
4

π2

∣∣ f ′′(a)∣∣q +( 2
π
− 4

π2

)∣∣ f ′′(b)∣∣q] 1
q

≤ 2
(b−a)2

2
β

1
p (p+1, p+2)

[
2
π
| f ′′(a)|q + 2

π
| f ′′(b)|q

2

] 1
q

= 2
(b−a)2

2

[
β (p+1, p+1)

p+1
2(p+1)

] 1
p

[
2
π
| f ′′(a)|q + 2

π
| f ′′(b)|q

2

] 1
q

=
(b−a)2

2

(
4
π

) 1
q

β
1
p (p+1, p+1)A

1
q
(∣∣ f ′′(a)∣∣q , ∣∣ f ′′(b)∣∣q) ,

which is the required result. This completes the proof of the Remark.

Theorem 2.6. Let f : I ⊆ R→ R be a continuously two times differentiable function, let a < b in I and assume that q≥ 1. If the mapping
| f ′′|q is trigonometrically convex function on interval [a,b], then the following inequality holds for t ∈ [0,1]:∣∣∣∣ f (a)+ f (b)

2
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣≤ (b−a)2

2

(
1
6

)1− 1
q
(

8(4−π)

π3

) 1
q

A
1
q
(∣∣ f ′′(a)∣∣q , ∣∣ f ′′(b)∣∣q) (2.3)

Proof. From Lemma 2.1, power-mean integral inequality and trigonometrically convexity of | f ′′|q, we have∣∣∣∣ f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (x)dx

∣∣∣∣≤ (b−a)2

2

∫ 1

0
|t| |1− t|

∣∣ f ′′ (ta+(1− t)b)
∣∣dt

≤ (b−a)2

2

(∫ 1

0
t (1− t)dt

)1− 1
q
(∫ 1

0
t (1− t)

∣∣ f ′′ (ta+(1− t)b)
∣∣q dt

) 1
q

≤ (b−a)2

2

(
1
6

)1− 1
q
(∫ 1

0
t (1− t)

[(
sin

πt
2

)∣∣ f ′′(a)∣∣q +(cos
πt
2

)∣∣ f ′′(b)∣∣q]dt
) 1

q

=
(b−a)2

2

(
1
6

)1− 1
q
(∣∣ f ′′(a)∣∣q ∫ 1

0
t (1− t)sin

πt
2

dt +
∣∣ f ′′(b)∣∣q ∫ 1

0
t (1− t)cos

πt
2

dt
) 1

q

=
(b−a)2

2

(
1
6

)1− 1
q
(

4(4−π)

π3

∣∣ f ′′(a)∣∣q + 4(4−π)

π3

∣∣ f ′′(b)∣∣q) 1
q

=
(b−a)2

2

(
1
6

)1− 1
q
(

8(4−π)

π3

) 1
q

A
1
q
(∣∣ f ′′(a)∣∣q , ∣∣ f ′′(b)∣∣q)

where ∫ 1

0
t (1− t)dt =

1
6
,

∫ 1

0
t (1− t)sin

πt
2

dt =
∫ 1

0
t (1− t)cos

πt
2

dt =
4(4−π)

π3

This completes the proof of the theorem.
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Corollary 2.7. Under the assumption of Theorem 2.6 with q = 1, we get the following the inequality:∣∣∣∣ f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (x)dx

∣∣∣∣≤ (b−a)2

2

(
8(4−π)

π3

)
A
(∣∣ f ′′(a)∣∣ , ∣∣ f ′′(b)∣∣)

Theorem 2.8. Let f : I ⊆ R→ R be a continuously two times differentiable function, let a < b in I and assume that q≥ 1. If the mapping
| f ′′|q is trigonometrically convex function on interval [a,b], then the following inequality holds for t ∈ [0,1]:∣∣∣∣ f (a)+ f (b)

2
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣≤ (b−a)2

2

(
1

12

)1− 1
q

(
32(π−3)

π4

∣∣ f ′′(a)∣∣q + 4
(
24−4π−π2)

π4

∣∣ f ′′(b)∣∣q) 1
q

+
(b−a)2

2

(
1

12

)1− 1
q

(
4
(
24−4π−π2)

π4

∣∣ f ′′(a)∣∣q + 32(π−3)
π4

∣∣ f ′′(b)∣∣q) 1
q

(2.4)

Proof. From Lemma 2.1, improved power-mean integral inequality and trigonometrically convexity of | f ′′|q, we have∣∣∣∣ f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (x)dx

∣∣∣∣≤ (b−a)2

2

∫ 1

0
|t| |1− t|

∣∣ f ′′ (ta+(1− t)b)
∣∣dt

≤ (b−a)2

2

(∫ 1

0
t (1− t)2 dt

)1− 1
q
(∫ 1

0
t (1− t)2 ∣∣ f ′′ (ta+(1− t)b)

∣∣q dt
) 1

q

+
(b−a)2

2

(∫ 1

0
t2 (1− t)dt

)1− 1
q
(∫ 1

0
t2 (1− t)

∣∣ f ′′ (ta+(1− t)b)
∣∣q dt

) 1
q

≤ (b−a)2

2

(
1

12

)1− 1
q
(∫ 1

0
t (1− t)2

[(
sin

πt
2

)∣∣ f ′′(a)∣∣q +(cos
πt
2

)∣∣ f ′′(b)∣∣q]dt
) 1

q

+
(b−a)2

2

(
1

12

)1− 1
q
(∫ 1

0
t2 (1− t)

[(
sin

πt
2

)∣∣ f ′′(a)∣∣q +(cos
πt
2

)∣∣ f ′′(b)∣∣q]dt
) 1

q

=
(b−a)2

2

(
1

12

)1− 1
q
(∣∣ f ′′(a)∣∣q ∫ 1

0
t (1− t)2 sin

πt
2

dt +
∣∣ f ′′(b)∣∣q ∫ 1

0
t (1− t)2 cos

πt
2

dt
) 1

q

+
(b−a)2

2

(
1

12

)1− 1
q
(∣∣ f ′′(a)∣∣q ∫ 1

0
t2 (1− t)sin

πt
2

dt +
∣∣ f ′′(b)∣∣q ∫ 1

0
t2 (1− t)cos

πt
2

dt
) 1

q

=
(b−a)2

2

(
1

12

)1− 1
q

(
32(π−3)

π4

∣∣ f ′′(a)∣∣q + 4
(
24−4π−π2)

π4

∣∣ f ′′(b)∣∣q) 1
q

+
(b−a)2

2

(
1

12

)1− 1
q

(
4
(
24−4π−π2)

π4

∣∣ f ′′(a)∣∣q + 32(π−3)
π4

∣∣ f ′′(b)∣∣q) 1
q

where ∫ 1

0
t (1− t)2 dt =

∫ 1

0
t2 (1− t)dt =

1
12

,

∫ 1

0
t (1− t)2 sin

πt
2

dt =
∫ 1

0
t2 (1− t)cos

πt
2

dt =
32(π−3)

π4∫ 1

0
t (1− t)2 cos

πt
2

dt =
∫ 1

0
t2 (1− t)sin

πt
2

dt =
4

π4

(
24−4π−π

2
)

This completes the proof of the theorem.

Remark 2.9. The inequality (2.4) is better than the inequality (2.3).

Proof. By using concavity of the function h : [0,∞)→ R,h(x) = xs,0 < s≤ 1, we can write the right hand-side of the inequality (2.4) as
follow:

(b−a)2

2

(
1

12

)1− 1
q

(
32(π−3)

π4

∣∣ f ′′(a)∣∣q + 4
(
24−4π−π2)

π4

∣∣ f ′′(b)∣∣q) 1
q

+
(b−a)2

2

(
1

12

)1− 1
q

(
4
(
24−4π−π2)

π4

∣∣ f ′′(a)∣∣q + 32(π−3)
π4

∣∣ f ′′(b)∣∣q) 1
q

≤ 2
(b−a)2

2

(
1

12

)1− 1
q
(

4(4−π)

π3
| f ′′(a)|q + | f ′′(b)|q

2

) 1
q

= 2
(b−a)2

2

(
1

12

)1− 1
q
(

4(4−π)

π3

) 1
q

A
1
q
(∣∣ f ′′(a)∣∣q , ∣∣ f ′′(b)∣∣q)

=
(b−a)2

2

(
1
6

)1− 1
q
(

8(4−π)

π3

) 1
q

A
1
q
(∣∣ f ′′(a)∣∣q , ∣∣ f ′′(b)∣∣q) ,



Universal Journal of Mathematics and Applications 43

which is the required result. This completes the proof of the Remark.

Corollary 2.10. Under the assumption of Theorem 2.8 with q = 1, we get the following the inequality:∣∣∣∣ f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (x)dx

∣∣∣∣≤ (b−a)2

2
8(4−π)

π3 A
(∣∣ f ′′(a)∣∣ , ∣∣ f ′′(b)∣∣) .
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