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1. Introduction

Let 3 c R be an interval with v;,v, € 3 and v; < v, and let ¥: 3 - R be a convex function. The double
inequality

1/) (w) < ;f:: l/)(X) < 1/’“’1)';/1(172) (1)

2 T vy-vg

is known in the literature as Hermite-Hadamard integral inequality (see [1, 2]). In recent years, the inequalities
(1) have received renewed attention and have grown into a significant tool for mathematical analysis, probability
theory, optimization and other fields of mathematics. Also, by looking into diversity of settings, these inequalities
are found to have a great number of uses.

The most celebrated inequality related to the integral mean of a convex function is the Hermite-Hadamard
inequality. It has been studied extensively by a number of authors, since it was established by Hermite (1883)
and Hadamard (1896), independently. For some extensions and generalizations of the Hermite-Hadamard
inequality using novel and innovative methods, see [3-13] and the corresponding references cited therein.

1.1. Multiplicative calculus

Recall that the concept of multiplicative integral is denoted by fvvf (z/;(x))dx while the ordinary integral is
denoted by fv”lz (1p(x))dx. This is because the sum of the terms of product is used in the definition of a classical

Riemann integral of ¥ on [vy,v,], the product of terms raised to certain powers is used in the definition of
multiplicative integral of iy on [v,, v,].

There is the following relation between Riemann integral and multiplicative integral [14].

Proposition 1.1 If ¢ is positive and Riemann integrable on [vy,v,], then ¥ is multiplicatively integrable on
[v4,v,] and
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()™ = e MpE)ax,

In [14], Bashirov et al. show that multiplicative integral has the following results and notations:

Proposition 1.2 If ¥ is positive and Riemann integrable on [vy,v,], then ¥ is multiplicatively integrable on
[vy,v,] and

L (o))" = ()™,

2. 2 (e = [ (W)™ [ (6(0)

s [ (1) - B
" \p(x) _f:f(¢(x))dx'

4 [ )™ = [ @)™ [ (@)™, v <u<v,

5 Lo )™ = 1and 2 ()" = (1,7 ()™)

1.2. Preliminaries

Now, we will give some basic definitions and results.

Definition 1.3 [2] The function y: [v,, v,] € R — Ris said to be convex if the following inequality holds for all
X,y € [vy,v,]and 1 € [0,1]:

Y(x + (1= 2y) < Wp(x) + (1 = DY (y).
The function v is said to be concave if —i is convex.

Definition 1.4 [2] A function ¥: 3 — (0, o) is said to be multiplicatively or log convex, if

Y((1 = Dx + Ay) < [y n)]*

forall x,y € Jand A € [0,1].
In [15], Ali et al. established Hermite-Hadamard inequality for multiplicatively convex functions as follows:

Theorem 1.5 Let ¢ be a positive and multiplicatively convex function on interval [v4, v,]. Then

" (171 ‘; Uz) < <f 2 (l/)(x))dx>v2_V1 < G(¢(v1),¢(v2)),
where G(.,.) is the geometric mean.

Definition 1.6 [16] A function ¥: 3 — (0, o) is said to be quasiconvex, if
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P((1 = Dx + Ay) < max{y(x), Y ()}

forall x,y € and 1 € [0,1].

From the above definitions we have

(A= Dx +2ay) < Iy
<P+ AYQ») — ()]

< max{y)(x), y(y)}.

Definition 1.7 [17] A function y: [0, ) — R is said to be s-convex in second sense if

YA =Dx+2y) <A =DP(x) + 2°P()

holds for all x,y € [0,0), A € [0,1] and s € (0,1].
Remark 1.8 For s = 1, Definition 1.7. reduces to Definition 1.3.

In [18], Dragomir and Fitzpatrick proved a variant of Hermite—Hadamard inequality for s-convex functions as
follows:

Theorem 1.9 Let : [0,0) = (0, ) be an s-convex function in second sense, where s € (0,1]. Let vy, v, €
(0,00) and v; < v,. If Y € L[0,1], then the following inequality holds:

28_1‘(/J (U1+1’2) < 1 f:lz l/J(X)dX < w(V1)+¢(V2). (2)

2 ~ vy-v; s+1
Remark 1.10 If we take s = 1 in Theorem 1.9, then the inequality (2) becomes to inequality (1).
Definition 1.11 [19] A function ¥: 3 — (0, ) is said to be multiplicatively or log s-convex if
YL = Dx+ ) < PP o)t
holds for all x,y € 3, 21 € [0,1] and s € (0,1).

Remark 1.11 For s = 1, Definition 1.11 reduces to Definition 1.4.

2. Main Results

In this section we obtain some Hermite-Hadamard type integral inequalities in the setting of multiplicative
calculus for multiplicatively s-convex and convex positive functions.
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Theorem 2.1 Let i be a positive and multiplicatively s-convex function on [v;,v,]. Then the following
inequalities hold:

[ (22) = (2 e) ™ = e/, ©

(3) is called Hermite-Hadamard integral inequalities for multiplicatively s-convex functions.

Proof. If y is a multiplicatively s-convex positive function, then we have

I <v1 —;— vz) ' (lp <(1 — vy +Av, + v, + (1 — /’L)v2>>

2

—In (1,0 ((1—A)v1+lv2 " /'lv1+(1—l)v2))

2 2
<In <(¢((1 — D, + sz)) (Y Qv; + (1 = Dv, ))ZS)

= %[ln (11)((1 - Dy, + /1172)) +In(yp(Av, + (1 - /1)172))].

Integrating the above inequality with respect to A1 on [0,1], we get

Iy (Z5 : 2) < f zl [in (¥ (1 = Dvy +4v2)) dA+ In(P vy + (1 = Dvy)] d
0

1] 1
=55 f In(y(x))dx +-

V2 — V1 vy

1 M '
— f ln(lp(x))dx_

U2

1[ 1
== fvl 1n(¢(x))dx+

V2 — V1

1 (™ '
— fvl ln(lp(x))dx_

1 1 vz
= . 1 d
25_1 vz - 171 -[vl n(lp(X)) x,

which implies that

v+ v,

25—11n1/)< 5 ) < ” i o f:z In(y(x))dx.

Thus, we have

()

25—1

< e(vz—v1 fvz ln(w(x))dx)
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1

= (L2 ()™ )=

Hence, we obtain

2s—1 _1
(= < (22 (p@) ™)™, 4)
2 1
which completes the proof of the left hand side of (3). Now consider the right hand side of (3).
hich I h f of the left hand side of ider the right hand side of (
. 1
( f N (w(x))d">”2'"1 - (e(ffflnw(x»dx))”z-"l
U1
= e"zih(f:f ln(ll)(x))dx)
_ e(folln(lp(v1+)l(v2—v1)))d)l)
< ({0 P ) )ar)
_ e( Jy (1=2)°Inp(v1) +2° It (v))d2)
(ln(w<v1)w(u2))f° AS“”)
=e
= [Eb(v1)¢(vz)]1/(s+l)
Hence, we get the inequality
(L2 e) ™)™ < @) @)]/CH, 5)

Combining the inequalities (4) and (5), we have the inequality (3).

Remark 22 If we choose s=1, then Theorem 2.1 reduces to Theorem 1.5.

Theorem 2.3 Let i and ¢ be multiplicatively s-convex positive functions on [v4,v,]. Then the following
inequalities hold:

1

[t/) (vl er vz) ¢ (vl er 172)]25‘1 j < fuz W)™ f:z (¢(x))dx>v2_v1

V1
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S (CICAICHRCICATICS)) Ko (6)

Proof. Since i and ¢ are multiplicatively s-convex positive functions, we have

(50 5 (o () o5

< A=-Dvi+Av, + v, + (1 = Vv,
=In 1/)( > )

i <¢ <(1 — vy + Av, -;/1171 +(1- /1)172>>

' <1/) <(1 - /1)1271 + Av, N Avy + (; - /1)172)>

i <¢ <(1 - /1)1271 + v, N Avy + (; - /1)172>>

<In <(¢((1 - Doy + /1172))2_5 (pv, + (1 - /1)172))2_5>
+In <(¢((1 = vy +4v,))7  (¢vy + (1 - /1)172))2_5>

= %[ln (¢((1 — vy + sz)) +In(p vy + (1 - A)vz))]

1
tos [1n (¢((1 — D, + sz)) +In(pQv, + (1 — /1)172))].

Integrating the above inequality with respect to A on [0,1], we have

In <¢ (”1 er vz) ¢ (”1 ; vZ)) < j:% [0 ($(@ = vy + 4v,) ) + In((@v; + (A = Dv,))da]

. fl%[m (6((1 = vy + 4v,)) + In(@(Av + (1 = Dv,))dA|

1 1

=_S —
25|vy, —vq

sz In(y(x))dx +

vy V1=V

f " ln(lp(x))dx]

V2
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1

— -
25 vy —vq

fvz ln(d)(x))dx + fvl ln(d)(x))dx]

U1 — 7V

1 1 v2
= 25_1[ 0 fvl In(y(x))dx +

VU3

[ 1n(¢(x))dx],

U = V1 Jy,

which implies that

25-1]p <1/) (v1 -; vz) ¢ (v1 -; v2)> < ” i o f:z ln(lp(x))dx + ” i " f:z ln(¢(x))dx.

Thus, we have

25—1

[ (= er ) (2 ; B < S @) 7 In(p)ax)
_ (ef,}’f In(p )+ 2 ln(qb(x))dx)ﬁ
_ (efv”f In(pe)ax 2 1n(¢<x))dx)ﬁ
= ( f ()™, f (¢<x))d")";’“.
Hence, we attain
0 (222)0 () < (17 )™ 7 0" o

Consider the second inequality in (6):

1

<J:2 (ll’(x))dx.f:z (¢(x))dx>vz—u1

1

(ef;]f 1n(1p(x))dx+f:12 ln(¢(x))dx)vz—v1

1

(e (vz—vl)(fol ln(lp(vl +A(v2—v1)))dl+f01 ln(¢ (v1+A(v, —Ul)))dl))w —
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_ efol ln(lp(vl +A(v, —vl)))dl+f01 ln(¢ (v1+2(v, —vl)))d/l

1-2)5 -5

< o () ™ (b)) Jare [ in((0w0) T (90)" Jar

e Iy (A= In( (@) +2In(P(v2)) )da+ [, ((1-DIn(p (1)) +2°In((v2)) )dA

A5da

1.5 1
= W@ P P iin(p(v1).0(0))0

S ((ZCOTICHACICATICN)) Kaad

Hence, we have

(A C7E) A CIC) ) KRR (CCATICA)NCICATICH) R ©
Combining the inequalities (7) and (8) completes the proof.
Remark 2.4 If we choose s = 1, then Theorem 2.3 reduces to Theorem 7 in [15].

Theorem 2.5 Let i and ¢ be multiplicatively s-convex positive functions on [v4,v,]. Then the following
inequalities hold:

1

V1 +V; 2s—1 Vo X\ vp-v1 1
v (%) - M _ [peDp@y) ] o
. fvvz (¢(x))dx = ¢(171)¢(172) .

Proof. Since ¥ and ¢ are multiplicatively s-convex positive functions, we have

V11V,

ln% =In <¢ (”1 ; ”z) s <v1 er v2>>

2

=1

< v+ A(v, —v) + vy + A(v; — vy)
nl|ly > >

( v +A(v, —vy) + vy + A(vg — v2)>>
—In| ¢ >
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171 + A(Uz —vy) + vy + (v — Uz)))

lnt/) >

I <¢ V1 + 1(52 —vy) + Uy + /1(;71 - Uz)))

< 1n< (v + (v, — vl))) (w(vz + vy — vz)))%>
_1n< ¢(v1 + A(v, — vl))) (¢(U2 + A(vq — Vz)))is>

- % [0 (w(v1 + 2w, = v1)) +In (P (v, + Aw; - v2)))]

_%[ln (@1 + 4@z = v1))) +1In ($(vz +2(v; ~ UZ)))]'

Integrating the above inequality with respect to A on [0,1], we have

(171 +v,
2

1.71+1.72
¢ (%

N—

<

In

< f:% [ln (gb(vl + (v, — vl))) +1n (gb(vz + A(vy — vz))) d/l]

N——

B J:% []n (¢(v1 +A(vy — 171))) +1n (¢(v2 +A(vy — 172))) d/l]

1 1 V2
_ 5[ L In(ipCo))dx + -

UV, — 1

1 (™
- -];;2 ln(zp(x))dx]

1
25 |vy, — g

v, 1 V1
fvl ln(qb(x))dx + —y LZ ln(qb(x))dx]

= 251_1[ ! Ll In(y(x))dx ——f ln(qb(x))dx]

Uy — V1

which is equivalent to

1 V2 1 V2
< a— Ll In(y(x))dx — — Ll In(¢(x))dx.
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Thus, we have

s—1

L fvlz In(y(x))dx—

1 v
< ol [P In(¢(x)dx)

v2-v1

1

_ (efff In(p(0)dx-, 2 m(¢<x))dx)ﬁ

1

ef:f In((x))dx \ V2771

ef:f In(¢p(x))dx

o2 () ™\
L2 (e)™)

W (v1-2"v2) 2 fvvlz (w(x))dx vz_vll

=\ 72 o\ 10
¢(v1;v2) < fvvlz (¢(x))dx ( )

Now, consider the second inequality in (9).

1

1
fvvlz ("b(x))dx s ef:fln(lli(x))dx vy

(@)™ )\

1

- (efv”f In((x))dx— ;2 ln(¢(x))dx)—vz—v1

1

— (e (f01 ln(ll)(vl +A(vy —vl)))dﬂ—fol ln(q.’) (v1+A (v, —vl)))dz))vz -v1

_ ol m(p (o1 +A-v0)) )ar— [y n(@(vr+Aw-v1))) a2

(1—).)5 (1_/1)5‘

< () T @E) Jar- [ in((0e0) 7 (s )ar

= oo (=D IMP@)+25Inp(@,))dA~f; (1= In@1)+2°Ing (v))dA
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1., 1.
= W)Y P In(pwy).pw,))0 M

_ [w(vow(vz) =
dpw)p(w)| -

Hence,

12 () ™\ _ [w(vow(vz) — an

12 ()™ ¢ $(v2)

Using the inequalities (10) and (11) gives the desired result.
Remark 2.6 If we choose s = 1, then Theorem 2.5 reduces to Theorem 9 in [15].

Theorem 2.7 Let i and ¢ be convex and multiplicatively s-convex positive functions, respectively. Then, we
have

1
1 Y2\ Pwy)—pvy)

v dx\ v,—v M

). (W) \*™ ((w(vl))‘“"l)

<

I CIE e. (0D (v,))

1/(s+1)"
Proof. Note that

! 1
fvvlz ("b(x))dx s ef:fln(lli(x))dx vy

[2000)")  \elim@ema

1

- (efff In(p(0)dx-f, 2 1n(¢(x))dx)172——v1

_ efol ln(t,b(vl +A(v, —vl)))d/l—fol ln(qb (v1+A(v, —vl)))d/'l

1-2)S

< oo (PO @)Y w))ar- n((swn) T ()" Jar

1
PO\ BT s
l((%) o >_1“n(¢(v1>¢<vz>)f° me

v
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1
<(w(vz))w("z)>w(vz)—w(w)
()"

e. (¢(U1)¢(V2))

1/(G+1)"
Thus, we have

1
1 (IP(,,Z))V’('Q) Y2)-Y @)

7 dx\ v,—v ALV

L2 @)\ ((w(vl))”’("l)

<

[E00)%) e (dw)dws)

1/(s+1)’

which completes the proof.
Remark 2.8 If we choose s = 1, then Theorem 2.7 reduces to Theorem 11 in [15].

Theorem 2.9 Let y and ¢ be multiplicatively s-convex and convex positive functions, respectively. Then, we
have

1

Sl )TN e (wwp)

dx - "
INCO) (el
(¢(U1))¢(V1)

Proof. Note that

1

1
L W)\ [ el mpe)axr\ e

1

_ (ef;]f ln(w(x))dx—f:f ln(qb(x))dx)vZ—m

_ efol ln(t,b(vl +A(v, —vl)))d/l—fol ln(qb (v1+A(v, —vl)))d/'l

a-s

< o () ™ (b)) Jar- [ (90 +2(9 -9 ) a2

1
1.5 27?2\ @W2)-¢ 1)
In(pDwE)? (W D >> "
()"t

=€
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1/(s+1)

_ e. (ll’(vﬂll’(vz))

1 .
<(¢(v2))¢(172)>¢(v2)—¢(v1)
(¢(v1))¢(171)

Hence,
) N 7 (OO ) i

ax = __r
I,z (¢(0) <M>wz>—¢<vl)
(¢(U1))¢(V1)

)

which is the desired result.

Remark 2.10 If we choose s = 1, then Theorem 2.9 reduces to Theorem 12 in [15].

Theorem 2.11 Let ¢ and ¢ be convex and multiplicatively s-convex positive functions, respectively. Then, we
have

- P(3) m s
<f”2( )dx f"z( )dx v2i171 (%) '(¢(v1)¢(v2))1/( "
p)™ | (p@ ) <= '

e

Proof. Note that

1

( f 7 )™ j - (qb(@)‘”“)E

1
_ (e f:lz ln(1/)(x))dx+f512 In(¢ (x))dx>vz —vy

1

(e (v, —vl)(fol ln(w (v1+A (v, —vl)))d/1+f01 ln(d)(vl +2A(v, —vl)))dl))vrm

—e fol ln(lp(vl +/1(v2—v1)))dl+f01 ln(¢(v1 +A(v, —vl)))dl

a-03

Sef;1n(1p(vl)+A(w(vz>—1p(vl>))am+f;ln((qb(vi)) (6@)" )ar

1

2,0 P 2\ P @2)-Pv1) 1,5

m((%) >_1+ln(¢(‘71)¢(172))f0 e
vy
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1/(s+1)

- P(v2) m
(w) RCICATICS)

(111(171))1!)(”1)

e

Hence,

(f (weo)™. (00)™ )" < .

1/(s+1)

. (¢(U1)¢(Uz))

1
L ((w(vz))w(vz))1/1(172)—1#('71)
()"

This completes the proof.

Remark 2.12 If we choose s = 1, then Theorem 2.11 reduces to Theorem 13 in [15].
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