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Abstract Article info

In this study, we derived a new integral identity for differentiable functions. However, we get  History:

new inequalities which is well known as Hermite-Hadamard (H-H) type by using the integral Received:11.03.2019

identity, which unifies the class of new and known harmonically convex functions. Moreover, Accepted:27.06.2019

in this study, the properties of first and second kind harmonically s-convex and harmonically Keywords:

s-Godunova-Levin functions are studied and some special cases are also dealt. Some important  Convex function,

inferences are made at this study for supporting the results that obtained for classes of Harmonically convex

harmonically convex functions in previous studies. function, Harmonically
h-convex function,
Hermite-Hadamard
inequality.

1. Introduction

Of late years, theory of convex functions has received special attention by many researchers on account of its
importance in different fields of pure and applied sciences such as optimization and economics. Consequently
the classical concepts of convex functions, see [1-4, 8,9, 11, 13]. A significant generalization of convex functions
was the introduction of h-convex functions by Varosanec [12], Noor [5] we introduced and investigate a new
class of harmonically convex functions, which is called harmonically h-convex function and derived some new
Hermite Hadamard like inequalities for harmonically h-convex functions.

In (Noor et al. 2015), the author gave definitions.
2. Materials and Methods

Definition 2.1 A function k:Q R, — R is said to be harmonically second kind of S -convex function,
where s €(0,1], if

k(ﬁ]s(l—v)sk(Dﬁvsk(E), VD,Eel,ve[0]1].

Definition 2.2 A function k: Q <R, — R is said to be harmonically p -function, if

k(ﬁ}sk(Dﬁk(E), VD,Eel, ve[01].

Definition 2.3 A function k: Q cR, — R is said to be harmonically second kind of s -Godunova Levin
function, if

DE 1 1
k(vD+(1—v)EJS T k(D)+Fk(E) .VD,Eel,ve(01),se[01].
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Definition 2.4 Let h: [0,1] < J — R be a non-negative function. A function
k:QcR, - Ris said to be harmonically h-convex function, if

k{Ljsh(l—v)k(D)+h(v)k(E), VD.Eel,ve(0d).

vD+(1-v)E

Definition 2.5 A function k:QQ <R, — R is said to be harmonically first kind of S -convex functions, where
se[0,1], if

DE

k(mjs(l—vs)k(D)stk(E) .VD,Eel,ve[01].

Definition 2.6 A function k:Q cR, — R is said to be harmonically first kind of S -Godunova Levin
function, if
DE 1 1
k < -k(D)+—=k(E), vD,Ecl,ve(0,1),5¢(0,1].
vD+(1-v)E (1_1/) v

In [1], Iscan (2013), proved following Hermite Hadamard type inequality for harmonically convex functions.

Theorem 2.1 Let k:QQ <R, — R be harmonically convex function and b,ce Q with b<c.If ke L[b,c] :
then

k(Zbcj bc ij (b)+k(c)
b+c) c-by X? 2 '

Lemma 2.1 Let k: 1 —R be differentiable function on 1° (interior of | )and b,ce | with b<c. If
k'eL[b,c], then

I
'—. =

k(b)+k(c) bc j-k(X
- b

1-2v , bc dv
2 X? o VC+ 1 V )2 vc+(1—v)b
1

Throughout this section, h(ijio’ | R, be the interval and 1° be the interior of I, unless otherwise
specified.

3. Main Results

Lemma 3.1 Let k : 1 —R be second order differentiable function on 1° (interior of 1 ) and b,c e | with
b<c.If k"eL[b,c], then
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([ 2bc 214 +1 A 2bc ci—-c-b
k - +k 5
b+c 2bc(b2—cz) b+c b+c)| b?c?(b—c)

@) epey Y eyt X

Proof. Let

*_; v(v—4) ) bc V+1(1—v)(l—v—2,) , bc ,
! _‘([(vc+(1—v)b)3k (vc+(1—v)bjd '!.(vc+(1—v)b)3 “ (vc+(1—v)de

By integrating by part, we have

With partial integration

( 2bc] 1 A [ 2bc) 3b+c A
=k - -k >+
b+c 2bc(b2—c2) b+c b+c)| 4b%c?(b—c)® c(c—b)

2bc

A

2
+c(c—b)k(c)+(b_c)

+ck X
;[
Similarly, for
[ 2bc 24-1 _) 2bc )| 4cA-b-3c 2 B k(X
|2=k( ] = +k(b)ﬁ+k( j " e : | (S)dX
b-+c )| 2oc(b® —c?) b*c(b-c) b+c)| ab’c’(b—c)” | (b—c) & X
b+c

When |, and |, are combined, the desired result is obtained. This completes the proof.

Now by Lemma 3.1, we prove our next results.

Theorem 3.1 Let k : 1 — R be second order differentiable function on 1° where b,c e | with b<c¢ and

k"eL[b,c]. 1f [k"|", =0 is harmonically h-convex function, then, we have
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([ 2bc 24+1 A 2bc ci—-c-b A

“ (b+0j[2bc(b2—cz)_b+c}+k(b+cj{bzcz(bC)Z}LC(C_b)k(C)
A 2 tk(X)

_bZC(b—C)Zk(b)+(C—b)3'l[ X3 dX

1 1 1

(vl ) +wa @ | +w (vl

<y

Where

dv

1
2
'//1:_[
0

v(v-21)
(vc +(1-v) b)3

(
(1-v)(1-v-2)

2y (v-A)h(-v) ) ] gy |
2 Jver@ov)py ’ { (ve+(1-v)b)’| P
V- 1 ‘(1_1/)(1—1/—/1)“;(1/) - :Jl.‘(l—v)(l—v—/l)‘hgl—v) i

: ‘(v0+(1—v)b) 1 ‘(VC+(1—v)b)‘

respectively.

Proof By Lemma 3.1, power mean inequality and the fact that |k "|q is harmonically h-convex function, we

| R e

2bc
b+c

2241 A
2bc(b2—c2) b+c

2bc
b+c

ci—-c-b
bzcz(b—c)2

A

c(c—b)k(c)

k'(

A 2 tk(X)
_bzc(b—c)zk(b) (C—b)s‘! X3 dX
<i vv-1) [ e A amv=2) b §
= {(VCJr(l_V)b) K (vc+(1—v)b]d J;.(VCJr(l—v)b)3 ‘ [vc+(1—V)de
< > v(v=2 ) be s t1-v)(1-v-2) , bc y
= !(vc+(1—v)b) k (vc+(1—v)b]d {(vc+(l—v)b)3 ‘ (vc+(1—v)b]d
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vv-4) | q% v(v=2)| {h(V)\k"(b)‘q ]dv
(ve+(1-v)b)’ o|(ve+(1-v)b)|| +h(L-v)k"(c)’
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{
s
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o
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N | 1 e

1
<y, ¢ l//z\k o) +y7[k"(c)’ ) sy, (v k" (0) e @ )
We get the result. This completes the proof.

Corollary 3.1 Under the conditions of Theorem 3.1, if q =1, then, we have
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[ 2bc 214 +1 A 2bc ci—-c-b A

“ (b+cjl2bc(b2cz)_b+c]+k(b+cj{b2C2(b_c)2}+C(Cb)k(c)
A °k(X)

_bzc(b—c)zk(b) (c-b 3;[

XS
<(wlk"(b ()])+(ws k" (b)|+ws |k "(

Where v,, 5, W, ¥, , (3.1) respectively.

)|+ walk( c))
If h(v) =1* in Theorem 3.1, we have the result for harmonically s -convex functions of second kind.

Corollary 3.2 Let k : I =R be second order differentiable function on 1° where b,c e | with b<c¢ and

k"e L[b,c]. If |k "|q ,q >0 is harmonically s -convex function of second kind, then

(22 K6 el

I
b%(b—c)’

2bc
b+c

2241
2bc(b2 —cz)

A 2bc

b+c

ci—-c-b
b’c?(b—c)

A

c—b)k(c)

k(b)+

1

< 1,//11_a (K‘l‘k "(b)‘q +x, ‘k "(c)

Where y,,y,, (3.1) respectively and

1
2
k=]
0

b -aasyy
0 (vc+(1—v)b)3

J(1-v-4)(1-v)
‘ (ve+(1- v)b)3

(vc + (1—1/)b)3

(3.2)

dv

,\,\._\c_.._

Theorem 3.2 Let k: | — R be second order differentiable function on 1° where b,c e | with b<c and

k"eL[b,c]. If |k "|q , 0>0 is harmonically s -convex function of first kind, then

o) =t

1,//117é (Kl ‘k "(b)‘q +(w, —Kl)‘k "(C)‘q )‘1’ + wiiﬁ (KS ‘k "(b)‘q + (v,

2bc
b+c

2241
2bc(b2 —cz)

A 2bc

b+c

ci-c-Db
b%?(b—c)’

A

c(c—h)

k(c)

1

Ok

< _ K_S)‘k n
Where v, v,, (3.1) and x;, k,, (3.2) respectively.
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Proof. By Lemma 3.1, power mean inequality and the fact that |k "|q is harmonically s -convex function of
first kind, we have

[ 2bc 24 +1 A 2bc cl-c-b A
k - +k > |+ k(c)
b+c 2bc(b2—c2) b+c b+c)| b%c?(b—c)’ | c(c—b)

S Sy S A |10 PN
b’c(b-c) (c-b)'5 X

=

T C—y

IN

IA
O 0 |
<
—~~
<
|
Y
P

(ve+(1-v)b) k"(VCJr(blc_")dev ' J;.((lv_c?((i—_:)_b;) k“(vc+(kic—v)deV

-t 1
g g

3 % ‘v(v—ﬂ)‘ , % ‘V(v—ﬂ)‘ . bc ! y

B !(vc+(l )b)’ ‘ !(vc+(l—v)b)3‘ ‘ [vc+(1—v)bj d

. 1 (1—1/)(1—1/—1)‘ , K 1‘(1—1/)(1—1/—1)‘ bc ’ y !
J2.‘(1/C+(1—v)b)3 ; 'g (vc+(1—v)b)3 ‘ (V(H(l_‘/)b) ‘

) f o), K j v(v—4) {vsk"(b)‘q q]dv ‘
0 (vc+(l )b) 0 (vc+(1—v)b) +(1—vs) k (C)‘

[y, (1 o g)\{ of q}w a
% (vc+(l v)b) % (VC+(1 v)b)‘ +(1 1% )k (C)‘

1 1 1
<w (k" 0) )k @ | +wr (s ) + (v k()
This completes the proof.

If h(v) =1 in Theorem 3.1, we have the result for harmonically, p -functions.

Corollary 3.3 Let k: I — R be second order differentiable function on 1° where b,c e | with b<c¢ and

k"eL[b,c]. If |k "|q .0 >0 is harmonically p -function, then
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[ 2bc 24+1 A 2bc ci-c-b y)

‘ (b+0j[2bc(b2—cz)_b+c}+k(b+cj{bzcz(bC)Z}LC(C_b)k(C)
A 2 fk(X

_bZC(b—C)zk(b)+(c—b)3'l[ e

ax

11 q q L
<y (k) + (@) ) v
Where v,,y,, (3.1) respectively.

1 1

a n q n q q

(k@) <))

If h(v) =v"° in Theorem 3.1, we have the result for harmonically S -Godunova Levin functions of second
kind

Corollary 3.4 Let k : I — R be second order differentiable function on 1° where b,c e | with b<c and

k"eL[b,c]. If [k"|",q>0 is harmonically s -Godunova Levin function of second kind, then

k'(ZbCJ 2241 A +k(2bcj cl-c—-b N A K(c)
b+c 2bc(b2—c2) b+c b+c bzcz(b_c)2 c(c-b)

A 2 k(X)
_bZC(b—C)zk(b)+(c—b)3',|: X°

dX

<vr (Al ) + 2 k@ ) v (AR k) )
Where v, v, , (3.1) respectively and
_ 2 ‘v(v —/1)‘ (1-v)”
(VC +(1-v) b)3

A :j.‘(l—v)(l—v—ﬂ)‘vs & 1| (1-v)1-v-2)|@1-v)"

0

(3.3)

v A= dv

(ve+(2-v)b)| L |(ver(2-v)b)

2

Theorem 3.3 Let k : | — R be second order differentiable function on 1° where b,c e with b<c and

k"eL[b,c]. If |k "|q .0 >0 is harmonically s -Godunova Levin function of first kind, then

[ 2bc 21+1 A 2bc ci—-c-b A

‘ (b+cj[2bc(b2c2)b+c}+k[b+cj{b%2(b_c)2}+C(Cb)k(c)
A 2 tk(X)

_bzc(b—c)zk(b)Jr(c—b)S! X®

dX

1 1 1 1
<y (Al = 2k ) v (A ) + 22 k() )
Where y,,,, (3.1)and 4, 4,, (3.3) respectively and
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. % ‘v(v—i)‘
A, = - dv
E').(VC+(1—V)b) ‘(l—vs)
/1: :.1[ ‘(l—v)(l—v—ﬂ)‘

1
2

(VC+(1—V)b)3‘(1—VS)

Proof. By Lemma 3.1, power mean inequality and the fact that |k "|q is harmonically s -Godunova Levin
function, we have

[ 2bc 24 +1 A 2bc ci-c-b A
k - +k = |+ k(c)
b+c 2bc(b2—c2) b+c b+c bzcz(b_c) c(c—b)

A 2 tk(X)
_bzc(b—c)zk(b)+(c—b)3£ X
- v(v-2 be V+1(1 v)(1-v-2) bc ,
B (Vc+(1_v)b)3k vC+(l—v)b d {(vc+(1—v)b)3 K (VC+(1—v)bjd

IN

j(l—v)(l—v—i)k"(chrbc Jdv

: (vC+(1—v)b)3 (1—V)b

< : ‘V(V_}“)‘ v - 2 ‘v(v—/l)‘ ) be a ) a
< '!(VC+(1—V)b)3‘d J {! (vc+(1—v)b)3 k (VC+(l—v)bJ d ]
+ l‘(l—V)(l—v—/I)‘ v A 1‘(1_‘/)(1_‘/_/1)‘ bc q v E
{‘(VCJF(l—V)b)S ; ] [{ (ve+(1-v)b) {vc+(1_v)bJ d J
: l§ 1 i q %
o LS R O B U0 I ) dv
0 (VC+(1—v)b)3 ) (vc+(1—v)b)3 +(1_1V )‘k (C)‘q

1t 1, :
. j-‘(l—v)(l—v—ﬂ)‘dv a Jl“(l—V)(l_v—/i)‘ ;‘k (b)‘ N
D I L e e D I e (O

<ol (k@ + 2 o’ (2O <A )

This completes the proof.
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Theorem 3.4 Let k : I — R be second order differentiable function on 1° where b,ce | with b<c¢ and

k"eL[b,c]. If |k |q 1+l =1, p,q>1, is harmonically h-convex. Then we have
p q

[ 2bc 22+1 A 2bc \| ci-c-b A
‘ (b+Cj[2bc(b2c2)b+0}+k[b+cj{b2cz(b_c)2}+C(Cb)k(c)
A k(X)

-
oo O e

dX

1 . 1 1
<y (,,8 k(b)) +w |k --(c)\“)q I (mk “(b)[' +y, \k"(c)\q)q
Where

Ve (1/C+(1—v)b)3q X
=1 h(v) dv 12_1 h(1-v) dv
. J;. (vc+(1—v)b) ‘ . '!; (vc+(1—v)b)3q

respectively.

Proof. By Lemma 3.1, Holder’s inequality and the fact that |k " is harmonically h-convex function, we have

[ 2bc 2A+1 A 2bc cl-c-b A
k — +k = |+ k(c)
b+c)| 2bc(b®-c*) b+c b+c)| b%c?(b—c)’ | c(c—b)

IA
O eV |
<
—_~
<
|
N

(VC+(1—V;b)3 k"(vw(zC—V)b]dvi ((1v_cv+)((11__vv)_b;;) k"[vc+(tic—V)dev

k"(vc+(blc—v)b]dv

IA
O eV |
<
—~
<
|
NS
w
VR
<
(]
+
—~~
o
e
<
N
O
N—
o
<
+
N | - e
—~~
0
<
N
—_
0
<
|
AR
SN
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k"(vc+(tic—v)b]

L k
(vc +(1—V)b)3q

p

‘v(v—/l)‘pdv !

(VC + (1—v)b)3q

N |

IA
O N |

0

‘(l—v)(l—v—l)‘p dv

+
N | - e
N | - —

Pl = q

v(v—a)dv | | ! h(v)k"(b)[ +h(1=v)[c"(c) L dv
O e URINC RO

0

IA
O N |

k) +h(-v) (e v

1-v)(1-v-2)"dv 1
‘( ) )‘ '!2. (vc+(l—v)b)3q

+
N | - —

1 1

1 o1 1
<y (walk O sk (@) ) +wid (v ) +wcl(e) )
This completes the proof.

If h(v)=v* in Theorem 3.4, we have results for harmonically s -convex functions of second kind.

Corollary 3.5 Let k : I — R be second order differentiable function on 1° where b,c e | with b<c and

k"e L[b,c]. If |k "|q , 1+l =1, p,g>1isharmonically s -convex function of second kind. Then we have
P qQ

k'(ZbCJ 2241 A +k(2bc} ci—-c—b N A ()
b+c 2bc(b2—c2) b+c b+c )| b2c?(b—c)’ | c(c—b)

1 1
2 2 1—1/)s
g = Y dv & = ( dv
' '!J. ’ i !(vc+(1—v)b)3q

1 1 s
‘93:_[ . 3 dv ‘94:_[ (l_V) 3q dv
% % (vc+(1—v)b)
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Theorem 3.5 Let k : I — R be second order differentiable function on 1° where b,ce | with b<c¢ and

k*eL[b,c]. If [k, %+

1

—=1, p,q>1isharmonically s -convex function of first kind. Then we have
q

k'( 2bcj 2241 2 +k[2bcj ci—-c—b N A (c)
b+c)| 2bc(b®—c*) b+c b+c)| b%c?(b—c)’ | c(c—b)
A 2 tk(X)
-——k(b dX
b%(b—c)’ ( )+(c—b)3£ X°
1 1 1 1
<p? (& ke o)f + 5 e --(c)\“)q oyl (,9; k(o) +9; \k"(c)\q)q
Where v,y,, (3.4) respectively and
1 1 ( )
2 s 2 1—y°8
9 :J i o dv 9, :j o dv
0 (VC+(1—V)b) 0 (vc+(1—v)b)
1 S 1 1_ S
e I L WS
% (VC+(1—v)b) 1 (vc+(1—v)b)

Proof. By Lemma 3.1, Holder’s inequality and the fact that |k *[* is harmonically s -convex function of first

i, ve v
(2] (B s |
T O ]

: f = k"(vw(zc—v)b]d”z e )

S f o f e e
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< ;V V- \Y p % ! be q 14
- !‘ ( /1)‘ ‘ '([(1/C+(1—v)b)q [VCJF(l_V)bJ ‘

h ’ 1 be i %
¥ J;(l—v)(l—v—ﬂ)‘ dv 'g(vc+(1—v)b)3q (m(l_v)bJ dv

IN
O N |
<
—
<
|
~
SN
RS
o
<
O N |
[N
[
—
+
—_~
ol ~
| =
<m o
~ —
~
—~
(@]
N—
o
| —
Q|-

(1/C+(l—v)b)3q

SOBE v (% ko) + (e )‘1*

This completes the proof.

If h(v) =1 in Theorem 3.4, we have the result for harmonically p -functions.

Corollary 3.6 Let k : I — R be second order differentiable function on 1° where b,c e | with b<c and

k"eL[b,c]. If |k |q 1+l =1, p,g>1 is harmonically p-function, then we have
p q

k'(Zij 2241 A +k(2bcj cl-c—-b . A K(c)
b+c 2bc(b2—c2) b+c b+c)| b%c?(b—c)’ | c(c—b)

2 2 tk(X)
_mk(b)+(c_b)3£ & X
<ot (kO I s (kO (e

Where v,y (3.4) respectively and

If h(v) =v~° in Theorem 3.4, we have the result for harmonically S -Godunova Levin functions of second
kind.
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Corollary 3.7 Let k : I — R be second order differentiable function on 1° where b,c e | with b<c and

k"e L[b,c]. If |k |q %+% =1, p,g>1 isharmonically s -Godunova Levin function of second kind. Then,
we have
([ 2bc 21+1 2bc ci—-c-b A
k . 7|+ k(c)
b+c 2bc b —c b+c b+c b*c?(b—c) | c(c-b)
A 2 ¢ X
-——k(b)+
b%c(b—c)’ (®) (c— b)sl. X
1 1 1
<y (afk ) + () ) +wh (cos\k (o) +o ()|
Where y,y,, (3.4) respectively and
1 1
2 VoS 2 1-v -S
=J. dV ¢2 ZJ. ( ) 3q dV
0 VC+ (1-v)b ) 0 (vc+(1—v)b)
. (3.5)
v® 1 (1-v)”
(03:_'. 3 dv (04=J dv
1-v)b - K
%(VCJF( V) ) %(vc+(1 v)b)

Theorem 3.6 Let k: I — R be second order differentiable function on 1° where b,ce | with b<c and

k"eL[b,c]. 1f k", %+% =1, p,q>1 harmonically s -Godunova Levin function of second kind. Then,
we have
[ 2bc 22 +1 2bc cl-c-b A
k 7 |+ k(c)
b+c )| 2bc b2—c b+c b+c b%?(b—c)’ | c(c-b)
2 I K(X),,
bzc(b—c) - 3 , X
1 1 1 1
<p? (afk (o) +oi "(c)\“)q g (% k(o) + 3 e (c) )

Where v, v, (3.4) and ¢, @,, (3.5) respectively and

@ =
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Proof. By Lemma 3.1, Holder’s inequality and the fact that |k "[* is harmonically s -Godunova Levin function
of second kind, we have

[ 2bc 2A+1 2bc cA—-c-b A
k + k(c)
b+c)| 2bc bz—c b+c b+c b%c? (b c) c(c-b)

_bzc(;—c)z ® )+(c—b)3-1.k)((>§

i i o e e

| o i [ ()
, ga S| s = (gc_v)b]qdvé

< i.|v v=2) dv B j vc+(11_ o {Vi| (b)) + (1_1V5)k (c)|q}dv:
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This completes the proof.
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